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SUMMARY

Graph-partitioning problems are a central topic of research in the study
of algorithms and complexity theory. They are of interest to theoreticians with
connections to error correcting codes, sampling algorithms, metric embeddings, among
others, and to practitioners, as algorithms for graph partitioning can be used as
fundamental building blocks in many applications. One of the central problems
studied in this field is the sparsest cut problem, where we want to compute the
cut which has the least ratio of number of edges cut to size of smaller side of the
cut. This ratio is known as the expansion of the cut. In spite of over 3 decades of
intensive research, the approximability of this parameter remains an open question.
The study of this optimization problem has lead to powerful techniques for both upper
bounds and lower bounds for various other problems [68, 12, 11, 31], and interesting
conjectures such as the SSE conjecture [86].

Cheeger’s Inequality, a central inequality in Spectral Graph Theory, establishes
a bound on expansion via the spectrum of the graph. This inequality and its many
(minor) variants have played a major role in the design of algorithms as well as in
understanding the limits of computation.

In this thesis we study three notions of expansion, namely edge expansion in graphs,
vertex expanston in graphs and hypergraph expansion. We define suitable notions
of spectra w.r.t. these notions of expansion. We show how the notion Cheeger’s
Inequality goes across these three problems. We study higher order variants of
these notions of expansion (i.e. notions of expansion corresponding to partitioning
the graph/hypergraph into more than two pieces, etc.) and relate them to higher

eigenvalues of graphs/hypergraphs. We also study approximation algorithms for these

X



problems.
Unlike the case of graph eigenvalues, the eigenvalues corresponding to vertex
expansion and hypergraph expansion are intractable. We give optimal approximation

algorithms and computational lower bounds for computing them.



CHAPTER 1

INTRODUCTION

Graph partitioning refers broadly to the task of partitioning the vertex set of a graph
into two or more pieces. There are numerous ways to quantify the quality of a partition;
most of them are functions of the sizes of the various pieces, the fraction of the edges
that are cut by the partitioning and/or the number of vertices in the boundary of
the partition. Graph-partitioning problems are a central topic of research in the
study of algorithms and complexity theory. They are of interest to theoreticians with
connections to error correcting codes [97], sampling algorithms [95], metric embeddings
[68], among others, and to practitioners, as algorithms for graph partitioning can be
used as fundamental building blocks in many applications such as image segmentation
[94], clustering [37] , parallel computation [60] and VLSI placement and routing [4].
Some of the standard measures for quantifying the quality of a partition are k-
median [59], k-cut [91], minimum diameter [15], expansion etc. Kannan, Vempala and
Vetta [51] show that several of these measures fail to capture the natural clustering in
simple examples, and argue that expansion is one of the best objective functions for
measuring the quality of a cluster. Given an edge-weighted graph G = (V, E, w), the
expansion or edge-expansion or conductance of a subset S C V of vertices, denoted by
¢c(S), is defined as the ratio the total weight of edges leaving it to the size of the set,

w(S, S)

$a(5) = — {w(S), w(5)}

where by w(S) we denote the total weight of edges incident to vertices in S and
w(S,T) is the total weight of edges between vertex subsets S and T'. The expansion

of the graph G is defined as
def

¢c = min dg(S) .

ScV



Finding the optimal subset that minimizes expansion ¢¢(.S) is known as the SPARSEST
Cut problem.

The expansion of a graph and the problem of approximating it have been highly
influential in the study of algorithms and complexity, and have exhibited deep connec-
tions to many other areas of mathematics. In particular, motivated by its applications
and the NP-hardness of the problem, the study of approximation algorithms for
sparsest cut has been a very fruitful area of research, leading, in particular, to the
theory of metric embeddings and more recently the Unique Games conjecture and the
Small-set Expansion hypothesis.

Building on the work of Cheeger [29], Alon and Milman [3, 1] proved the discrete
Cheeger Inequality, a central inequality in Spectral Graph Theory. This inequality

establishes a bound on expansion via the spectrum of the graph:

where ), is the second smallest eigenvalue of the normalized Laplacian! matrix of
the graph. This theorem and its many (minor) variants have played a major role
in the design of algorithms as well as in understanding the limits of computation
(78, 96, 97, 43, 38, 13, 8]. We refer the reader to [46] for a comprehensive survey. The
proof of Cheeger’s inequality is algorithmic, using the eigenvector corresponding to A,
to find a set S satisfying ¢(S) < v/2Xs.

Some applications of graph partitioning require finding clusters in graphs/networks
which have a small number of nodes in the boundary of the parts. This is captured by
the Vertex Expansion of the graph, a notion of expansion similar to edge-expansion.
The vertex expansion of a set of vertices in a graph is defined as the ratio of the

number of vertices in the boundary of the set to the size of the set. As in the case of

IThe normalized Laplacian matrix is defined as Lo D~'/2(D — A)D~'/? where A is the
adjacency matrix of the graph and D is the diagonal matrix whose (i,)"" entry is equal to the degree
of vertex i.



edge expansion, the vertex expansion of the graph is defined as the minimum value
of vertex expansion over all sets of size at most half of the size of the graph. Vertex
Expansion has applications in image segmentation [94], parallel computation [60] and
VLSI placement and routing [5], among others and is a major primitive for many
graph algorithms, specifically for those that are based on the divide and conquer
paradigm [64].

There is an abundant spectral and approximation theory for edge expansion prob-
lems, but surprisingly little is known about their vertex expansion counterparts. An
approximation algorithm for vertex expansion implies one with the same approxima-
tion guarantee for edge expansion. However the converse is not known to be true,
which indicates that vertex expansion might be harder than edge expansion.

As in the case of edge expansion, the vertex expansion of a graph is also NP-hard
to compute. Therefore, one can only hope to compute an approximation in polynomial
time. The problem of approximating edge or vertex expansion can be studied at
various regimes of parameters of interest. Perhaps the simplest possible version of
the problem is to distinguish whether a given graph is an expander. For an absolute
constant dg, a graph is a dp-vertex (resp. edge) expander if its vertex (resp. edge)
expansion is at least dg. The problem of recognizing a vertex (resp. edge) expander
can be stated as follows: Given a graph G, distinguish between the following two cases
(a) (Non-Expander) the expansion is < ¢, and (b) (Expander) the expansion is > 4y
for some absolute constant dy. Notice that if there is some sufficiently small absolute
constant ¢ (depending on dy), for which the above problem is easy, then we could
argue that it is easy to “recognize” a vertex expander. For the edge case, Cheeger’s
inequality yields an algorithm to recognize an edge expander. In fact, it is possible to
distinguish a dy edge expander graph from a graph whose edge expansion is < 63/2,
by just computing the second eigenvalue of the graph Laplacian. It is natural to ask if

there is an efficient algorithm with an analogous guarantee for vertex expansion. More



precisely, is there some sufficiently small € (an arbitrary function of &), so that one
can efficiently distinguish between a graph with vertex expansion > ¢y from one with
vertex expansion < e. Bobkov, Houdré and Tetali [21] proved a Cheeger like inequality
for Vertex Expansion in graphs, relating a Poincairé-type functional graph parameter
called A\, to vertex expansion. Unlike the case of edge expansion, this inequality
does not yield an algorithm to recognize vertex expanders, as the computation of A\,
appears to be intractable.

While studying graphs has been a fruitful approach in modeling many practically
relevant problems, some problems require more general mathematical models. A
hypergraph is a generalization of a graph in which an edge can connect any number of
vertices. Formally, a hypergraph H is a pair H = (V, E) where V' is a set of elements
called nodes or vertices, and E C 2V \ {()} is a set of non-empty subsets of V' called
hyperedges or edges. Hypergraph expansion can be defined in manner similar to
edge expansion in graphs, it is defined as the least among all cuts in the hypergraph
of the ratio of the number of the hyperedges cut to the size of the smaller side of
the cut. Hypergraph partitioning problems are of immense practical importance,
having applications in parallel and distributed computing [25], VLSI circuit design
and computer architecture [52, 42|, scientific computing [36] and other areas. Inspite
of this, there hasn’t been much theoretical work on them. There is a rich spectral
theory of graphs, based on studying the eigenvalues and eigenvectors of the adjacency
matrix (and other related matrices) of graphs [3, 1, 2, 8] (we refer the reader to [33]
for a comprehensive survey on Spectral Graph Theory). However, it has remained
open to define a spectral model of hypergraphs, whose spectra can be used to estimate
hypergraph parameters a la Spectral Graph Theory. Spectral graph partitioning
algorithms are widely used in practice for their efficiency and the high quality of
solutions that they often provide [18, 44]. Besides being of natural theoretical interest,

a spectral theory of hypergraphs might also be relevant for practical applications.



In this thesis, we study these three notions of expansion, namely edge expansion in
graphs, vertex expansion in graphs and hypergraph expansion. We show how the notion
of Laplacian eigenvalues and Cheeger’s Inequality go across these three problems. We
study higher order notions of these notions of expansion (i.e. expansion corresponding
to partitioning the graph/hypergraph into more than two pieces, etc.) and relate
them to higher eigenvalues of graphs/hypergraphs.Unlike the case of graph eigenvalues,
the eigenvalues corresponding to vertex expansion and hypergraph expansion are
intractable. We give optimal approximation algorithms and computational lower

bounds for computing them (under a complexity theoretic assumption).

1.1 Contributions of this Thests
1.1.1 Graph Partitioning and Higher Eigenvalues

The normalized Laplacian matrix of a graph G, denoted by L¢ is defined as Lg dof

D7Y2(D — A)D™'/2 where A is the adjacency matrix of the graph and D is the
diagonal matrix whose (i,4)" entry is equal to the degree of vertex i. Let us denote
the eigenvalues of Lo by 0 < Ay < ... < \,. A basic fact in spectral graph theory is
that a graph is disconnected if and only if Ay, the second smallest eigenvalue of its
normalized Laplacian matrix, is zero. Cheeger’s Inequality can be viewed as robust
version of this fact; qualitatively, it says that a graph has a “sparse” cut if and only if
A9 is “small”. Similarly, it can be shown that the graph has k components if and only
if A\ is zero. A natural question to ask is if a robust version of this fact can be proved.
We address this question in Chapter 3 in two ways. First, we show that a graph can
be partitioned into k pieces such that the total fraction of edges cut is O (\/)\_k log k)
This shows that if A\; is “small”, then the graph can be partitioned in the k pieces
while cutting a “small” fraction of edges Next, our main result, is that there exists an
absolute constant ¢ € (0,1) such that a graph can be partitioned into ck pieces such

that each piece has expansion O (\//\k log k) Complementing this, we show that any



k-partition of the vertex set of a graph will have at least one piece whose expansion
is at least \;/2. This shows a graph can be partitioned into roughly k pieces each
having “small” expansion if and only if A\; is “small”. The latter result is the best
possible in terms of the eigenvalues up to constant factors.

The underlying problem of partitioning a graph in k pieces, say Si, ..., Sk, while
minimizing ¢% ({Si, ..., Sk})  max; ®(S;) seems to be a natural clustering problem
in its own right, which can be used to model the existence of several well-formed
clusters in a graph. Our upper and lower bounds imply a bi-criteria O (y/OPT log k)
approximation bound for ¢%. However, many practical applications require multi-
plicative approximation algorithms for graph expansion parameters. We present a
O (v/Iognlog k)-approximation algorithm for computing ¢¢; in Chapter 5.

The spectral bound on ¢F, implies that for any k, there is a subset S whose size
is at most a O (1/k) fraction of the graph and ¢(S5) = O (\/m) This gives a
bound for the small-set expansion problem which, for a parameter k, asks to compute
a set of vertices of size 1/k fraction of the graph and having the least expansion.
This problem was posed by Raghavendra and Steurer [86], and was shown to be
intimately connected to the UNIQUE GAMES problem. We describe the significance of

this problem in greater detail in Section 2.4.
1.1.2 Vertex Expansion in Graphs

Bobkov, Houdré and Tetali [21] proved a Cheeger like inequality for vertex expansion
in graphs, relating a Poincairé-type functional graph parameter called A\, to vertex
expansion (we formally define A\, in Chapter 6). A, appears to be hard to compute
exactly. We study the computational aspects of Ay, and of vertex expansion in
graphs. In Chapter 6 we give a natural SDP relaxation for A\, ; using a simple
random projection based rounding algorithm, we get a O (logd) approximation to

Aoo;, Where d is the largest vertex degree of the graph. We use this to construct an



algorithm to approximate vertex expansion to within O <\/m> This improves
the O (\/m ) approximation bound of Alon [1].

It is natural to ask if the approximation bound of O (W) for vertex
expansion is best that can be obtained in polynomial time, or in other words, is there
a matching lower bound of (2 <\/m> for the computation of vertex expansion?
Most known computational lower bounds for vertex expansion are those that follow
from the computational lower bounds for edge expansion. Since Cheeger’s inequality
yields a O (m ) approximation bound for edge expansion, any computational
lower bound for edge expansion can not be used to obtain an optimal computational
lower bound for vertex expansion. In this thesis, we show a reduction from SSE to
the problem of distinguishing between the case when vertex expansion of the graph is
at most ¢ and the case when the vertex expansion is at least Q(v/elogd). We give the
formal definition of SSE in Chapter 2. This immediately implies that it is SSE-hard to
find a subset of vertex expansion less than C \/W for some constant C, thereby
implying that our approximation bound for vertex expansion is optimal (upto constant
factors). Moreover this implies for all constant ¢ > 0, it is SSE-hard to distinguish
whether the vertex expansion < ¢ or at least an absolute constant. (The analogous
threshold for edge expansion is /¢ with no dependence on the degree). Thus our
results suggest that vertex expansion is harder to approximate than edge expansion.
In particular, while Cheegers Inequality can certify constant edge expansion, it is
SSE-hard to certify constant vertex expansion in graphs.

In Chapter 4, we give a factor-preserving reduction from vertex expansion in graphs
to hypergraph expansion. We show that A\, as defined by Bobkov et. al. coincides
with the second smallest eigenvalue of a certain Markov operator on the resulting

hypergraph.



1.1.3 Hypergraph Expansion

Unlike graphs, hypergraphs do not have any canonical matrix structure that can be
studied. The canonical tensor forms of hypergraphs have been studied, but without
much success (see Section 4.1.1 for a brief survey); we show that the spectral properties
of such tensors are unrelated to the expansion properties of hypergraphs. We also
show that there can be no linear operator for hypergraphs whose spectra captures
hypergraph expansion in a Cheeger-like manner. Our main contribution is the definition
of a new hypergraph Markov operator M : R" — R" (generalizing the adjacency
matrix of graphs). We describe this operator in Chapter 4. The corresponding
Laplacian operator is defined as L 1 — M where I is the identity operator. As
in the case of graphs, the smallest eigenvalue of this Laplacian operator is zero and
the second smallest eigenvalue is zero if and only if the hypergraph is disconnected.
We show that eigenvalues of this Laplacian operator can be used to bound many
combinatorial properties of graphs. In particular, we prove a Cheeger-like inequality for
hypergraphs, relating the second smallest eigenvalue of this operator to the expansion
of the hypergraph. We bound other hypergraph expansion parameters, like small set
expansion, ¢F, etc, via higher eigenvalues of this operator. We give bounds on the
diameter of the hypergraph as a function of the second smallest eigenvalue of the
Laplacian operator. We also prove a hypergraph Ezpander Mixing Lemma showing
that hypergraph expanders behave like random hypergraphs.

Any Markov operator defines a canonical Markov process as follows. Starting
with an initial distribution on the vertices p® : V' — RT, we can recursively define
pttt e s (p"). In this case, the Markov process can be viewed as a dispersion process
on the vertices of the hypergraph, and can be used to model rumour spreading in
networks, Brownian motion, etc., and might be of independent interest. We bound
the Mizing-time of this process as a function of the second smallest eigenvalue of the

Laplacian operator. All these results are generalizations of the corresponding results



for graphs.

Our Laplacian operator is non-linear and thus computing its eigenvalues exactly
appears to be intractable. For any k € Z(, we give a polynomial time approximation
algorithm to compute an approximation to the &% smallest eigenvalue of the operator.
We show that this approximation factor is optimal under the SSE hypothesis for
constant values of k.

We give approximation algorithms for hypergraph expansion and hypergraph

small-set expansion problems in Chapter 7.



CHAPTER 11

PRELIMINARIES

We will denote graphs by G = (V, E,w) where V is the set vertices, E C V% is the set
of edges and w : E — R™ gives the weights on the edges. We will denote hypergraphs
by H = (V, E,w) , where V is the set vertices, E C 2V \ {0} is the set of hyperedges
(we will often refer to hyperedges as just edges) and w : E — R™ gives the weights on
the edges. For graphs and hypergraphs, we will use n aof |V| to denote the number
of vertices, m & |E| to denote the number of edges and r & maxeep le] to denote
the size of the largest hyperedge. The (weighted) degree of a vertex v € V' is defined

as d, & > w(e). The degrees of the vertices define a canonical probability

ecEwee
distribution on the vertices. We use p* : V' — [0,1] to denote this probability

distribution, i.e.

() <2
Ziev di

We say that a graph/hypergraph is regular if all its vertices have the same degree. We

say that a hypergraph is uniform if all its hyperedges have the same cardinality. We
use D to denote the n x n diagonal matrix whose (i,4)"" entry is d;.

A list of edges e,...,e; such that e; Ne;y1 # O for ¢ € [l — 1] is referred as a
path. The length of a path is the number of edges in it. We say that a path eq, ..., ¢
connects two vertices u,v € V' if u € e; and v € ¢;. We say that the graph/hypergraph
is connected if for each pair of vertices u,v € V, there exists a path connecting them.
The diameter of a graph/hypergraph, denoted by diam(H), is the smallest value
l € Z~q, such that each pair of vertices u,v € V have a path of length at most [

connecting them.

10



Matrices related to Graphs. For a graph GG, we denote its weighted adjacency
matrix by Ag, i.e. Ag is the n x n matrix whose rows and columns are indexed by V'

such that

i) w({i,j}) it {i,j} € B

0 otherwise

The Laplacian matrix L of G is defined as
L=D-A.

The normalized Laplacian matrix £ of a graph G is defined as

LED (D~ A)D 2.

It is easy to see that both L and L as positive semidefinite.

Fact 2.0.1.
L>=0.

Proof. Fix any X € R". Let Y denote Y = D=3 X. Then we have

XTLX =YTLY =) dY? =2 w({i,jhYiy;=> w({i,j}) (i -¥;)>>0.

icV i~j i~vj

]

Eigenvalues of £. Since L > 0, all its eigenvalues are non-negative. An easy fact
to show is that the smallest eigenvalue of L is 0. This can be seen as follows. Let

1 € R" denote the vector which has 1 in every coordinate. Then
L1=0.

Similarly, the smallest eigenvalue of L is also 0 as evidenced by the vector D21. We

will denote the eigenvalues of L by 0 < Ay < A3 < ... < A\,

11



Remark 2.0.2. A folklore result in linear algebra is that the matrices D7'A and
D='2AD~'/2 have the same set of eigenvalues. This can be seen as follows; let v be

an eigenvector of D' A with eigenvalue A, then for the vector (D'/?v)
D™2AD™V? (DY?y) = (D'?) - (D' A) v = (DY?) - (Av) = A (D'?v) .
Hence, D'/?v will be an eigenvector of D~/2AD~1/2? having the same eigenvalue \.

2.1 Definitions of Problems

Since we will be studying many notions of expansion, to avoid ambiguity, we will refer

to the usual notion of expansion as EDGE EXPANSION. We define it again formally.

Definition 2.1.1 (EDGE EXPANSION IN GRAPHS ). Given a graph G = (V, E, w),

we define the expansion of a set S C V as follows.

W w(S.5)
¢a(S) = min {w(S), w(S)}

where w(S,T") is the total weight of edges between vertex subsets S and 7" and w(.S)
denotes the total weight of edges incident to vertices in S. We will also denote the
latter quantity of vol(.S). We will drop the subscript G whenever the graph is clear
from the context.

The expansion of the graph G is defined as

def .
ba = min Pa(S) .

The problem of computing ¢ is also referred to as the SPARSEST CUT problem.

Definition 2.1.2 (VERTEX EXPANSION). Given a graph G = (V, E), the vertex

boundary of a set S C V of vertices is defined as

N(S) d:ef{veg | Ju € S such that {u,v} € E} .

12



The vertex expansion of S, denoted by ¢V (S), is defined as the ratio of the size of the

vertex boundary of S to the size of S

v def IN(S)|
¢G<S> - ’V’ |S‘ |5" :

We will drop the subscript G whenever the graph is clear from the context. The vertex

expansion of the graph G is defined as the least value of ¢V (S) over all sets S

Vv def . v
G—gﬂcl‘f/l(? (5).

For our proofs, the notion of Symmetric Vertex Expansion is useful.

Definition 2.1.3 (SYMMETRIC VERTEX EXPANSION). Given a graph G = (V. E),

we define the the symmetric vertex expansion of a set S C V' as follows.

def ‘NG(S)UNG(5)|

DL(S) = V|- .

Definition 2.1.4 (BALANCED VERTEX EXPANSION). Given a graph G and balance

parameter b, we define the b-balanced verter expansion of G as follows.

Vibal def i gbV(S).
S:|S||§|>bn2
and
V,bal def . v
o = min P(9).
S:[S||S|=bn?

V,bal def V. bal V,bal def £V bal
We define ¢ = 9251/100 and ¢ = P10

Definition 2.1.5 (HYPERGRAPH EXPANSION). Given a hypergraph H = (V, E, w),
and a set S C V', we denote by E(S,T), the edges which have at least one end point

in S, and at least one end point in 7T, i.e.

EST) Y {ecE:enS#0andenT # 0} .

We define the expansion of S as

ZeeE(S,S) w(e)
min {w(S), w(S)}

on(S) &

13



where w(S) = >, o d; as before. We will drop the subscript H whenever the hy-

ies
pergraph is clear from the context. We define the expansion of the hypergraph H

as

Problem 2.1.6 (HYPERGRAPH BALANCED SEPARATOR). Given a hypergraph H =
(V,E,w), and a balance parameter ¢ € (0,1/2], a set S C V is said to be c-balanced
if en <|S| < (1 —¢)n. The - HYPERGRAPH BALANCED SEPARATOR problem asks
to compute the c-balanced set S C V' which has the least sparsity sp(S) defined as
follows.
sp(S) & . LEE.5)
15119

Small Set Expansion. We will be studying the “small set” versions of EDGE
EXPANSION, VERTEX EXPANSION, and HYPERGRAPH EXPANSION. We define this as

follows.

Problem 2.1.7 (SMALL SET EXPANSION). Given a graph/hypergraph (V, E, w), and

a parameter ¢ € (0,1/2], its SMALL SET EXPANSION is defined as

as < min a(S)
S:p*(5)<o

where a(-) denotes ¢(-) in the case of edge expansion in graphs, ¢V (-) in the case of

vertex expansion in graphs and ¢(-) in the case of hypergraph expansion.

2.2 Related Work

Approximation Algorithms. The approximability of the SPARSEST CUT problem
has been studied extensively in the literature. The algorithmic proof of Cheeger’s
Inequality yields a O <\/ﬁ ) algorithmic bound for the SPARSEST CUT problem.
The first multiplicative approximation algorithm for this problem was due to Leighton

and Rao [64], who gave a O (logn)-approximation algorithm. In a seminal work,

14



Arora, Rao and Vazirani [13] gave a O (\/ log n)—approximation algorithm for this
problem. This is currently the best known approximation guarantee for the SPARSEST

CuT problem.

General Sparsest Cut. A more general version of the SPARSEST CUT problem,
referred to as the GENERAL SPARSEST CUT problem, has also been extensively
explored in the literature. The problem is defined as follows. Let G = (V, E,w)
be a graph. Assume that we are given k pairs of vertices {s1,t1},..., {sk, tx} and
corresponding demands Dy, ..., D;, > 1. The sparsity of a cut (S, S) for a set S C V

is defined as

() def i w(E(S,S9))
Zi:l D; |Ts[si] — Is[ti]]

where Ig[-] is the indicator function of S. The sparsest cut is the cut having least

sparsity among all cuts

def .
On = gncl‘l/lq)(S)

The special case when all pairs of vertices are demand pairs, is closely related to graph
expansion. Auman and Rabani [14], and Linial, London and Rabinovich [68] showed
that the GENERAL SPARSEST CUT problem (and the SPARSEST CUT problem) is
closely related to metric embeddings, and used this connection to obtain a O (log k)-
approximation algorithm for this problem. Subsequently, Chawla, Gupta and Racke
28] gave a O <log% k:)—approximation algorithm, and Arora, Lee and Naor [11] gave

the currently best known approximation guarantee of O (\/log kloglog k:)

Computational Lowerbounds. The SPARSEST CUT problem was shown to be
NP-hard by Matula and Shahrokhi [79]. Ambhul, Mastrolilli and Svensson [6], building
on the work of Khot [55], showed that this problem can not have a PTAS assuming the
Exponential Time Hypothesis (ETH). Raghavendra, Steurer and Tulsiani [88] showed
a lower bound of €2 (\/ﬁ ) for this problem assuming the Small-set Expansion

15



Hypothesis (see Section 2.4 for a formal description of this hypothesis). Khot and
Vishnoi [56] showed that the GENERAL SPARSEST CUT problem is can not be

approximated to within any constant factor assuming the Unique Games conjecture.

Integrality Gaps. The study of linear and semi-definite relaxations of problems
has been a fruitful approach towards designing approximation algorithms. The
approximation factor achieved is bounded by the ratio of the optimal solution of the
problem to the optimal solution of the relaxation. The O (y/logn)-approximation
algorithm of Arora et. al. [13] is based on semi-definite programming. The standard
SDP relaxation for the SPARSEST CUT problem has an intergrality gap of Q(1/v/X2).
However, Arora et. al. [13] showed that adding triangle inequality constraints between
every triplet of vertices breaks the integrality gap and the resulting SDP solution
can be rounded to an integral solution that is at most O (y/logn) times the cost of
the SDP solution. This leads one to speculate if a better approximation factor can
be obtained by a better rounding algorithm for this stronger SDP relaxation or by
strengthening the SDP for SPARSEST CUT by adding more constraints.

In a break-through work, Khot and Vishnoi [56] showed that the SDP relaxation for
GENERAL SPARSEST CuT with triangle inequality constraints, has an integrality gap
of at least Q ((loglogn)'/6=°(). Following a series of works [80, 58], the current best
integrality gap known is (log n)Q(l) due to Cheeger, Kleiner and Naor [30]. Building
on the work of Khot and Vishnoi [56], Devanur et. al. [35] showed that the SDP
relaxation for (uniform) SPARSEST CUT with triangle inequality constraints, has an
integrality gap of at least Q(loglogn). In a recent work, Kane and Meka [50] gave a

family of instances having integrality gap at least (ViogTogn)

Vertex Expansion. The work of Alon [1] implies a polynomial time algorithm to
compute a set having vertex expansion at most O ( \d - gbV), where d is the largest

vertex degree in the graph. Leighton and Rao [64] gave a O (log n)-approximation
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algorithm for computing the vertex expansion. Subsequently Feige, Hajiaghayi and
Lee [39], building on the work of [13], gave a O (y/logn)-approximation algorithm for

this problem.

2.3 Cheeger’s Inequality

For the sake of completeness, we give a proof of the Cheeger’s Inequality.

Theorem 2.3.1 ([1, 3]). For any graph G = (V, E, w),

A
§§¢G<\/2)\2

Towards proving this theorem, we first prove the following lemma. The proof of

this lemma can be found in [33].

Lemma 2.3.2. Let X € (R1)" be a vector such that |supp(X)| < n/2 and

Ziij ({i, 5D | X — X <
> diXi h

Then one of the level sets of X, say S, satisfies ¢pc(5) < €.

Proof. W.l.o.g. we may assume that X; > Xy > ... > X,, > 0. Let S; denote the set

consisting of the first i vertices in this ordering (breaking ties arbitrarily). Then,

Sy w (£, 431X — X > Ygmiw ({8,51) Y05 Xo = Xin

7>

Zi d; X; Zz di X;
i (X = Xi)w(E(S;, 85))
2 i (Xi = Xip)w(S))
> min —w(E(Si’ Sl»
~ e w(S;)

XifX¢+1>0

= min ¢(5;).
i€[n]
Xi—X;+1>0

Next, we show the following lemma.
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Lemma 2.3.3. Let X € R" be any vector. Then for some level set S C supp(X)

satisfies

>ivjw ({7 5}) (X — X;)?
#5) < \/2 > di X} '

Proof.

ZiNj w ({’L,j}) ‘XZQ T X]2|
Zi din?
2y W ({1 73) [Xi = X[ - | XG + X
Zi din'Z

Ve W) (K- XS e i) (G X
< S X2 (Cauchy-Schwarz)

VS (D) (X = X0V X

Zi diXi2

,%zwwmﬂmx—&f
Zi din? '

Invoking Lemma 2.3.2 with the vector X? finishes the proof of this lemma. O]

We are now ready to finish the proof of Theorem 2.3.1.

Proof of Theorem 2.3.1. 1. Let S C V be any set such that vol(S) < vol(V)/2,

and let X € R” be the indicator vector of S. Let Y be the component of X
orthogonal to p*. Then

M < Yiyw{i ) (i-Y)r o Y w({ig)) (X - X;)?

Zi di)fiz - Zz diXiQ - (Zz diXi)Q/(Zi di)
O wEGS) S
vol(S) — vol(S)?/vol(V) 1 —vol(S)/vol(V)

<2¢(95).

Since the choice of the set S was arbitrary, we get

A

- )
5 S %6
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2. By the definition of vy we have
<D_%AD_%> Vo = (1 — )\Q)VQ .

W.lo.g. we may assume that p* (supp(vy)) < p* (supp(vy)). Since all the

entries of A are non-negative, we have

(D_%AD_%> vi > (1 — Xo)vy (coordinate wise)

and hence
(I — D_%AD_%> v < Aoy (coordinate wise) .
Therefore,
% <A and " (supp(vy)) < %

Invoking Lemma 2.3.3 on v, we get a set S C supp(vy ) having ¢(S) < v2\s.

Therefore,
bc < V2.

This finishes the proof of the theorem.

2.4 The Small Set Fxpansion Hypothesis

A more refined measure of the edge expansion of a graph is its expansion profile.

Specifically, for a graph G the expansion profile is given by the curve

65 = min_o(S) V6 € [0,1/2].

The problem of approximating the expansion profile has received much less attention,
and is seemingly far less tractable. In summary, the current state-of-the-art algorithms
for approximating the expansion profile of a graph are still far from satisfactory.
Specifically, the following hypothesis is consistent with the known algorithms for

approximating expansion profile.
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Hypothesis (Small-Set Expansion Hypothesis, [86]). For every constant n > 0, there
exists sufficiently small & > 0 such that given a graph G it is NP-hard to distinguish

the cases,
Yes: there exists a vertex set S with volume p(S) = and expansion ¢(S) < n,
No: all vertex sets S with volume pu(S) = & have expansion ¢(S) =1 —n.

Apart from being a natural optimization problem, the SMALL SET EXPANSION
problem is closely tied to the Unique Games Conjecture. Recent work by Raghavendra
and Steurer [86] established a reduction from the SMALL SET EXPANSION problem in
graphs to the well known Unique Games problem, thereby showing that Small-Set
Expansion Hypothesis implies the Unique Games Conjecture. This result suggests
that the problem of approximating expansion of small sets lies at the combinatorial
heart of the Unique Games problem.

In a breakthrough work, Arora, Barak, and Steurer [8] showed that the problem
SMALL SET EXPANSION admits a subexponential time algorithm, namely an algo-
rithm that runs in time exp(n”/9). However, such an algorithm does not refute the
hypothesis that the problem SMALL SET EXPANSION(7, ) might be hard for every
constant n > 0 and sufficiently small 6 > 0.

The Unique Games Conjecture is not known to imply hardness results for problems
closely tied to graph expansion such as BALANCED SEPARATOR. The reason being
that the hard instances of these problems are required to have certain global structure
namely expansion. Gadget reductions from a unique games instance preserve the
global properties of the unique games instance such as lack of expansion. Therefore,
showing hardness for graph expansion problems often required a stronger version of
the EXPANDING UNIQUE GAMES, where the instance is guaranteed to have good

expansion. To this end, several such variants of the conjecture for expanding graphs
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have been defined in literature, some of which turned out to be false [10]. The Small-
Set Expansion Hypothesis could possibly serve as a natural unified assumption that
yields all the implications of expanding unique games and, in addition, also hardness
results for other fundamental problems such as BALANCED SEPARATOR. In fact,
Raghavendra, Steurer and Tulsiani [88] show that the the SSE hypothesis implies
that the Cheeger’s algorithm yields the best approximation for the SPARSEST CUT

problem.

2.5 Probabilistic Inequalities
We collect here some standard probabilistic inequalities that we will make use of.

Fact 2.5.1 (One-sided Chebychev Inequality). For a random variable X with mean

i and variance o and any t > 0,

1
PX <pu—to] < —.

Fact 2.5.2 (Paley-Zygmund Inequality). For a random variable Z > 0 with finite

variance, and any t € (0,1),

&=
N

PZ>tE[Z]] > (1-1)?

Fact 2.5.3 (Hoeffding’s Inequality). Let X1, ..., X,, be independent random variables,

such that each X; is bounded almost surely, i.e.
P[X; € [a;,b;]] = 1 for some a;,b; € R.

Then the mean X & (>, Xi) /n satisfies

P[X—E[X] > 1] <exp (_ Z?j(’if ai)2) .

Properties of Gaussian Variables. The next few facts are folklore about
Gaussians. Let ¢/, denote the (1/k)™ cap of a standard normal variable, i.e., t1,, € R

is the number such that for a standard normal random variable X, P [X >t /k] =1/k.
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Fact 2.5.4. For a standard normal random variable X and for every k > 100,

bk &~ \/2logk — loglog k

Fact 2.5.5. Let X1, Xs,..., Xy be k independent standard normal random variables.

Let Y be the random variable defined as Y % max {Xili € [k]}. Then
1.ty <E[Y] < 2ylogk
2. E[Y? <4logk

3. E[Y*Y] < 4elog”k

Proof. For any Zi,...,Z, € R and any p € Z*, we have max; Z; < (D_; Zf)%. Now

Y* = (max; X;)* < max; X7

E[YY] < E (Z:Xff’); <<E

Z:Xi4 P ]) ( Jensen’s Inequality )

) (Z(E [Xﬂ>(2(§)p!)2!2p>p<4p2ki (using (4p)!/(2p)! < (4p)*)

Picking p = log k gives E[Y*] < 4elog” k.
Therefore E [Y?] < /E[Y*] < 4logk and E[Y] < \/E[Y?] < 2y/Ilogk.
O

The next lemma bounds the probability that a sum of standard normal random
variables is not too small.
Lemma 2.5.6. Suppose z1, ..., 2z, are gaussian random variables (not necessarily

independent) such B[y, z?] =1 then
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Proof. We will bound the variance of the random variable R =Y, 27 as follows,
E[RY] =) Bl
1]
<) (ElH])* (L)

= Z 3E[23]E[zf] (Using E[¢g"] = 3 (E[g2])2 for gaussians )

2
=3 (Z E[zﬂ) =3
By the Paley-Zygmund inequality (Fact 2.5.2),

P [R> %E[R]] > (%)2 E[R)® 1

E[R?] 7 12°

]

Lemma 2.5.7 ([27]). Let X1,..., Xx and Y1, ..., Y} be i.i.d. standard normal random

variables such that for all i € [k], the covariance of X; and Y; is at least 1 — &%, Then

P [argmax; X; # argmax;Y;| < ¢ <5\/log k)

for some absolute constant c;.

Lemma 2.5.8 ([71] ). Given r standard normal random variables g, ..., g, with

pairwise covariance at least 1 — €2,

i k
P [gi >ty and g; <ty for somei,j € [r]] < cl%r’}sx/logk‘logr.
2.6 M:scellaneous Inequalities

Next, we recall Weyl’s Inequality.

Lemma 2.6.1 (Weyl’s Inequality). Given a Hermitian matriz B with eigenvalues

A < A < ..o <\, and a positive semidefinite matriz E, if ] < ANy, < ..o <N

denote the eigenvalues of B’ ©p_ E, then X, < ;.
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Proof. The i'* eigenvalue of B’ can be written as

, . 2Bz
A = max  min —
S:rank(S)=t x€S IT' X

. 2'Bx —2TEx
= max min =
S:rank(S)=t v€S T T
. 2Bz
< max — min —z
S:rank(S)=i x€S T X

]

Proposition 2.6.2. For any two non zero vectors u; and u;, if 4; = w;/ ||w]| and

uj = u;/ ||us|| then

[ VA [ e (1

< 2 lui = ]
Proof. Note that 2 |Ju;|| ||u;]] < |Jusl|® + ||u]]. Hence,

s — a1 (lleall® + llusl®) = (2 = 24, @) (lull” + g 1)

2 2 2 2 ~ o~
< 200l A Nl 17 = Clall™ + s %) (s 45))

If (d;,1;) > 0, then
s — 1% (lussll® + Nl %) < 200eall® + a1 = 2 el g {02, 435)) < 2 Mg — 5]
Else if (u;,d;) < 0, then
s — a1 (lleall® + o l1*) < 4Cleal’® + lugI” = 2 il gl @i, ) < 4w = w1
0

2.6.1 Notation

We use p to denote a probability distribution on vertices of the graph/hypergraph. For

a set of vertices S, we define u(S) = [

ves H(7). We use s to denote the distribution
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u restricted to the set S C V(G). For the sake of simplicity, we sometimes say that
vertex v € V(G) has weight w(v), in which case we define p(v) = w(v)/ >, o w(u).
We denote the weight of a set S CV by w(S).

For an z € R, we define 2+ & max {z,0} and =~ o max {—x,0}. For a non-zero
vector u, we define i & u/ ||u|l. We use 1 € R™ to denote the vector having 1 in
every coordinate. For a vector X € R", we define its support as the set of coordinates
at which X is non-zero, i.e. supp(X) &f {i: X(i) # 0}. We use [[-] to denote the
indicator variable, i.e. I[z] is equal to 1 if event = occurs, and is equal to 0 otherwise.

We use xg to denote the indicator function of the set S C V, i.e.

1 veS
Xs(v) =
0 otherwise
We denote the 2-norm of a vector by |-||, and its 1 norm by ||-||,.

We use II(+) to denote projection operators. For a subspace S, we denote by
[Tg : R — R™ the projection operator that maps a vector to its projection on 5. We
denote by I : R® — R™ the projection operator that maps a vector to its projection

orthogonal to S.
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THE COMPLEXITY OF EXPANSION PROBLEMS

PART I

Spectral Bounds



CHAPTER II1

HIGHER ORDER CHEEGER INEQUALITIES FOR
GRAPHS

3.1 Introduction

In this chapter we study extensions of EDGE EXPANSION in graphs to more than one
subset. We study multiple natural generalizations of SPARSEST CUT problem. All
these generalizations are parametrized by a positive integer k, and reduce to the EDGE
EXPANSION problem when restricted to the case kK = 2. A natural question is whether
these problems are connected to higher eigenvalues of the graph. We obtain upper and
lower bounds for these generalizations of SPARSEST CUT using higher eigenvalues. In

the rest of the section, we briefly describe each generalization and present our results.

Problem 3.1.1 (MIN SUM K-PARTITION). Given a weighted undirected graph G' =
(V, E,w) and an integer k > 1, find the k-partition of V' with the least sum-sparsity,
where the sum-sparsity of a k-partition P = {S1,..., Sk} is defined as the ratio of the
weight of edges between different parts to the sum of the weights of smallest £ — 1

parts in P, i.e.,

¢Sum(7)) d:ef ZHAJ 'LU(V;, ‘/J) )
min;egy w(VAV))

Variants of the MIN SUM K-PARTITION have been considered in the literature.
Closer to this is the k-cut problem which asks to partition a graph into & pieces so as
to minimize the fraction of edges cut. Saran and Vazirani [91] gave a 2-approximation
algorithm for this problem.

It is easy to see that the lower bound in Cheeger’s inequality implies a lower bound
on ¢*™(-),

oMM (P) = Ao/2 V partitions P ..
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As it turns out, this lower bound cannot be strengthened for k£ > 2. To see this,
consider the following simple construction: construct a graph G by taking k — 1 cliques
Ch, Cy, ..., Cr_q each on (n —1)/(k — 1) vertices along with an additional vertex v.
Let the cliques (1, ..., Cy_1 be connected to v by a single edge. Now, the graph G
will have k& — 1 eigenvalues close to 1 because of the k — 1 cuts ({v},C;) for i € [k —1].
However, the k™ eigenvalue will be close to 0, since any other cut which is not a linear
combination of these & — 1 cuts will have to cut through one of the cliques. Therefore,
A 1s a constant smaller than 1/2. But minp ¢*™(P) = (k—1)/((k—2)(n/k)?) ~ k*/n>.
Thus, Az > minp ¢**™(P) for small enough values of k.

Our main result is an upper bound on the Sparsest k-Partition via the higher

eigenvalues. Specifically, we show the following.

Theorem 3.1.2. For any edge-weighted graph G = (V, E,w), and any integer 1 <

k < n, there exists a k-partition Sy, ..., Sk of the vertices such that

oMM ({S1, ..., Sk}) <8V A logk.
Moreover, such a partition can be identified in polynomial time.

The proof of Theorem 3.1.5 is based on a simple recursive partitioning algorithm
that might be of independent interest.

The second problem we study is the following.

Problem 3.1.3 (K SPARSE-CUTS). Given an edge weighted graph G = (V, E, w)
and an integer k£ > 1, find k£ disjoint non-empty subsets Si,...,S, of V such that

max; ¢ (S;) is minimized.

Note that the sets S, ..., S, need not form a partition of the set of vertices, i.e.,
there could be vertices that do not belong to any of the sets. Therefore problem
models the existence of several well-formed clusters in a graph without the clusters

being required to form a partition.
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Along the lines of lower bound in Cheeger’s inequality, it is not hard to show that
the k'™ smallest eigenvalue of the normalized Laplacian of the graph gives a lower

bound to the K SPARSE-CUTS problem. Formally, we prove the following lower bound.

Proposition 3.1.4. For any edge-weighted graph G = (V, E,w), for any integer

1 <k < n, and for any k disjoint subsets Sy,..., S, CV

max @i (S;) = %

where Ay, ..., \, are the eigenvalues of the normalized Laplacian of G.

Complementing the lower bound, we show the following upper bound on K SPARSE-

CUTS problem in terms of \j.

Theorem 3.1.5. For absolute constants ¢, C, the following holds: For every edge-
weighted graph G = (V, E,w), and any integer 1 < k < n, there exist ck disjoint

subsets Sy, ..., Sq of vertices such that

max ¢g(S5;) < Cy/ A logk

where Ay, ..., A\, are the eigenvalues of the normalized Laplacian of G. Moreover, the

sets Sy,...,Se satisfying the inequality can be identified in polynomial time.

The proof of Theorem 3.1.5 is algorithmic and is based on spectral projection.
Starting with the embedding given by the smallest k eigenvectors of the (normalized)
Laplacian of the graph, a simple randomized rounding procedure is used to produce k
vectors having disjoint support, and then a Cheeger cut is obtained from each of these
vectors. The running time is dominated by the time taken to compute the smallest k
eigenvectors of the normalized Laplacian.

In general, one can not prove an upper bound better than O(y/A;logk) for K
SPARSE-CUTS. This bound is matched by the family of Gaussian graphs. For a

constant € € (—1,1), let Ny denote the infinite graph over R¥ where the weight of
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an edge (z,y) is the probability density that two standard Gaussian random vectors
X,Y with correlation ! 1 — ¢ equal z and y respectively. The first & eigenvalues of
the Laplacian of Ny . are at most ¢ ([88]). The following lemma bounds the expansion

of small sets in N ..

Lemma 3.1.6 ([23]). For any set S C R* with Gaussian probability measure at most
1/k,

o,.(5) = 2 (V=logk)

For any £ disjoint subsets S, ...,S; of the Gaussian graph N ., at least one of

the sets has measure smaller than %, thus implying

max o, . (55) = 9 (velogk) = 2 (VAclogk)

It is natural to wonder if the above bounds extend to the case when the k-sets are
required to form a partition. First, it is easy to see that Theorem 3.1.5 also implies an
upper bound of O(y/A;log k) on max; ¢(S;) for the case when the sets are required to

form a partition of the vertex set.

Corollary 3.1.7. For any edge-weighted graph G = (V, E,w) and any integer 1 <

k < n, there exists a partition of the vertex set V into ck parts Sy, ..., S such that

max ¢(5;) < Cv/ A logk

for absolute constants ¢, C.

Complementing the above bound, we show that for a k-partition Sy, S5, ..., Sk,
the quantity max; ¢¢(.S;) cannot be bounded by O(v/\x polylogk) in general. We view
this as further evidence suggesting that the K SPARSE-CUTS problem is the right

generalization of SPARSEST CUT to multiple subsets.

Le correlated Gaussians can be constructed as follows : X ~ N (0,1)* and Y ~ (1—) X ++/2c — e2Z
where Z ~ N(0,1)*.
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Theorem 3.1.8. There exists a family of graphs such that for any k-partition

{S1,...,Sk} of the vertex set

2
miax¢g(Si) > (C'min {%,nﬁ} v .

We also recall the SMALL SET EXPANSION problem (Problem 2.1.7).

Problem 3.1.9 (SMALL SET EXPANSION). Given an edge weighted graph G =
(V,E,w) and k > 1, find a subset of vertices S such that w(S) < w(V)/k and ¢g(S5)

1s minimized.

As an immediate consequence of Theorem 3.1.5, we get the following optimal

bound on the small-set expansion problem.

Corollary 3.1.10. For any edge-weighted graph G = (V,E w) and any integer
1 < k < n, there is a subset S with w(S) = O(1/k)w(V) and ¢ (S) < Cv/ Mg logk for

an absolute constant C.
3.1.1 Related work

The classic SPARSEST CUT problem has been extensively studied, and is closely
connected to metric geometry [68, 14]. Leighton and Rao [64] gave an O(logn) factor
approximation algorithm via an LP relaxation. The same approximation factor can
also be achieved using using properties of embeddings of metrics into Euclidean
space [68, 14]. This was improved to O(y/logn) via a semi-definite relaxation and
embeddings of special metrics by Arora, Rao and Vazirani [12]. In many contexts, and
in practice, the eigenvector approach is often preferred in spite of a higher worst-case
approximation factor.

Arora, Barak and Steurer [8] showed that the expansion of sets of size at most n/k
can be bounded by O(y/Api00log, n). Using a semidefinite programming relaxation,
Raghavendra, Steurer and Tetali [87] gave an algorithm that outputs a small set with

expansion at most \/OPT log & where OPT is the sparsity of the optimal set of size
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at most n/k. Bansal et.al. [16] obtained an O(y/lognlogk) approximation algorithm
also using a semidefinite programming relaxation.

A problem closely related to the MIN SUM K-PARTITION problem is the k-cut
problem that asks for a k-partition which minimizes the fraction of edges cut. Saran
and Vazirani [91] gave a 2-approximation algorithm for this problem.

In an independent work, [63] have obtained results similar to Theorem 3.1.5 with
different techniques. They also studied a close variant of the problem we consider, and
show that every graph G has a k partition such that each part has expansion at most
O(k*\/A\r). Other generalizations of the sparsest cut problem have been considered
for special classes of graphs (]20, 53, 98]).

A randomized rounding step similar to the one in our algorithm was used previously

in the context of rounding semidefinite programs for unique games ([27]).
3.1.2 Notation

Recall that we use 0 = Ay < Ay < ...\, to denote the eigenvalues of L5 and use
Vi, Vs, ..., V, to denote the corresponding eigenvectors. Let v; def D_%vi for each ¢ € [n].

Then,
v Lovi =Y w({z,y}) (vi(z) — v;(y))*.

z~y
Since Vi # j (v;,v;) =0, >, dv;(1)v;(1) = 0.

Given a k-partition P = {S1,..., Sk} we denote the sum of the weights of the
edges with endpoints in different pieces by E(P). More formally,

Y wle)

GEE(Si,gi)

def

E(P) <

N | —

Organization. We study the MIN SUM K-PARTITION problem and prove Theo-
rem 3.1.2 in Section 3.2. We prove our upper bound for K SPARSE-CUTS (Theorem 3.1.5)
in Section 3.3 and we prove the lower bound for K SPARSE-CUTS (Proposition 3.1.4)

in Section 3.4.
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3.2 Min Sum k-partition

3.2.1 Recursive partitioning algorithm

We propose the following recursive algorithm for finding a k-partitioning of GG. Use
the second eigenvector of £ to find a sparse cut (C,C). Let G’ = (V, E') be the graph
obtained by removing the edges in the cut (C,C) from G and adding self loops at
the endpoints of the edges removed. Let £’ be the normalized Laplacian of the graph
obtained. The matrix £’ is block-diagonal with two blocks for the two components
of G'. The spectrum of £’ (eigenvalues, eigenvectors) is the union of the spectra of
the two blocks. The first two eigenvalues of £ are now 0 and we use the third largest
eigenvector of £’ to find a sparse cut in G’. This is the second eigenvector in one of
the two blocks and partitions that block. We repeat the above process till we have at
least k£ connected components. This can be viewed as a recursive algorithm, where
at each step one of the current components is partitioned into two; the component
partitioned is the one that has the lowest second eigenvalue among all the current

components. The precise algorithm appears in Algorithm 3.2.1.
3.2.2 Analysis

In this section, we analyze the recursive partitioning algorithm given in Algorithm 3.2.1.
Our analysis will also be a proof of Theorem 3.1.2. We begin with some monotonicity

properties of eigenvalues.

Monotonicity of Eigenvalues. We first prove a lemma about the monotonicity

of eigenvalues on removing edges from the graph.

Lemma 3.2.2. Let L be the normalized Laplacian matriz of the graph G. Let F be
any subset of edges of G. For every pair {i,j} € F, remove the edge {i,j} from G
and add self loops at i and j to get the graph G'. Let L' be the normalized Laplacian

matriz of G'. Let the eigenvalues of L be 0 < Ay < ... <\, and let the eigenvalues of
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Algorithm 3.2.1.
Input: Graph G = (V, E,w), k € Z such that 1 < k <n.
Initialize ¢ := 2, and G; = G, £; = normalized Laplacian matrix of G;.

1. Find a sparse cut (C;, C;) in G; using the " eigenvector of £; (the first i — 1
are all equal to 0).

2. Set V(Gi41) =V and

{{v,v}| 3 u such that {u,v} € Eg,(C,C)}
with w({v,v}) = Z{u,v}eEGi(C,C’) w({u,v}).
3. If i = k then output the connected components of (G;;; and End else

4. Let L; 1 be the normalized Laplacian matrix of G, 1.

Figure 1: Recursive Algorithm for MIN SUM K-PARTITION

L be0< N, <Ny < ... <N, Then X, < \; Vi € [n].

Proof. Let C ' £ — £’ is the matrix corresponding to the edge subset F'. It has

non-negative entries along its diagonal and non-positive entries elsewhere such that
Vicy=-—>, 41 Cij- C' is symmetric and positive semi-definite as for any vector x of
appropriate dimension, we have
1
ZETC.T = Zcijxixj = —5 ZC@(IE — xj)z = 0.
] i#]

Using Lemma 2.6.1, we get that X, < \; Vi € [n]. O

Lemma 3.2.2 shows that the eigenvalues of £; are monotonically non-increasing

with ¢. This will show that ¢¢,(C;) < v/2A;. We are now ready to prove Theorem 3.1.2.

Proof of Theorem 3.1.2 . Let P be the partition output by the algorithm and let S(P)

denote the sum of weights of the smallest £ — 1 pieces in P. Note that we need only
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the smaller side of a cut to bound the size of the cut:
w(Eq(S,5)) < ¢¢ w(S).

We define the notion of a cut —tree T' = (V(T'), E(T)) as follows: V(T) = {V} U
{Cili € [k]} (For any cut (C;, C;) we denote the part with the smaller weight by C;
and the part with the larger weight by C;. We break ties arbitrarily). We put an edge
between 51,5, € V(T') if AS € V(T') such that 4 C S C Sy or Sy € S C 5y, (one
can view S; as a ‘top level” cut of Sy in the former case).

Clearly, T' is connected and is a tree. We call V' the root of T'. We define the level
of a node in 7" to be its depth from the root. We denote the level of node S € V(T)
by L(S). The root is defined to be at level 0. Observe that S; € V(T') is a descendant
of Sy € V(T) if and only if S; C S;. Now

E(P) = U;Eg,(Cy, C;) = U; Uj.r(cp)=i Ba,; (C5,Cj) .

We make the following claim.
Claim 3.2.3.
w(Uj e, ~E(C;. C)) < 2/A S(P

Proof. By definition of level, if L(C;) = L(C}), i # j, then the node corresponding to
C; in the T' can not be an ancestor or a descendant of the node corresponding to Cj.
Hence, C; N C; = ¢. Therefore, all the sets of vertices in level ¢ are pairwise disjoint.

Using Cheeger’s inequality we get that

E(C;,C;) < 23/ Mw(C;

Therefore
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This claim implies that ¢(P) < 2v/Ay, height(T).

The height of T might be as much as k. But we will show that we can assume
height(7") to be log k. For any path in the tree vy, vs, . .., v,_1, v, such that deg(vy) > 2,
deg(v;) = 2 (i.e. v; has only 1 child in T') for 1 < i < k, we have w(C,,,,) < w(C,,)/2,

as v;y1 being a child of v; in the T" implies that C

Vit+1

was obtained by cutting C,,

using it’s second eigenvector. Thus

p

S w(C) < w(Cl).

i=2
Hence we can modify the T" as follows : make the nodes vs, ..., v, children of vs.
The nodes vs, ..., v,—1 now become leaves whereas the subtree rooted at v, remains

unchanged. We also assign the level of each node as its new distance from the root.
In this process we might have destroyed the property that a node is obtained from by

cutting its parent, but we make the following claim.

Claim 3.2.4.

w(Uj.rcp)=iE(C}, Cj)) < 4V A, S(P)

Proof. If the nodes in level i are unchanged by this process, then the claim clearly
holds. If any node v; in level ¢ moved to a higher level, then the nodes replacing v; in
level ¢ would be descendants of v; in the original 7" and hence would have weight at
most w(CYy,). If the descendants of some node v; got added to level 7, then, as seen
above, their combined weight would be at most w(C,.). Hence,

J

w(Ujep=B(C, C) <2 [ 2V A Y w(C)) | <4V S(P)

J:L(Cy)=i

]

Repeating this process we can ensure that no two adjacent nodes in the 7" have

degree 2. Hence, there are at most log k vertices along any path starting from the
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root which have exactly one child. Thus the height of the new cut — tree is at most

2log k and hence

E(P) <8/ A logk S(P)  and ¢ < %;j)) < 8v/ A\ logk .

3.3 k sparse-cuts
3.3.1 Geometric Embeddings

Rayleigh Quotient. Recall that for a graph G = (V, E,w), and an embedding

f:V = Rof G on to R, the Rayleigh quotient of f is given by

[TLaf

and if we let ¢ = D~Y/2f, then

B gTLg o ZZ‘NJ' w ({27]}) (gi - gj)2
~ ¢"Dg > dig? '

We can generalize this definition to higher dimensional embeddings. Let f : V — R¢

R(f)

be an embedding of the graph G in to d-dimensional Euclidean space R for some
positive integer d. We will often use f; to denote f(i). Again, we let g; = fi/\/d;.

Then
st Xy (1,71 99) = 904
> dillg ()] '

It is clear that the Rayleigh quotient of an embedding f measures the ratio between

R(f)

the averaged squared length of the edges to the average squared length of vectors in

the embedding.

Spectral Embedding. The eigenvectors of L vy, ...v, form an orthonormal set of

vectors, i.e.,

1 ifa=0b
<Va7vb> =

0 otherwise
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By orthonormality of the vectors {v,} we will have,
> diwa(i)ou(i) = (Va, Vi) = b
eV
Hence for each ¢ € [n], the set of vectors vy, ... v, yield an isotropic embedding of the

graph in to R?. For the sake of concreteness, we state this observation formally below.

Lemma 3.3.1. For k € [n], the embedding u : V — R¥ given by the top k-eigenvectors

Vi, ..., Vg ,l.€.,

s an isotropic embedding satisfying
> did; (uli), u(j)* = k > dillu(@)* =k
ijev eV

and

Proof. It follows from the definition of u that

k

Zdz lu@)I* =D (i)’ =k.

I=1 ieV
Next,

S did; (u(i), u()? = 3 (Zw(z‘)vz(j))

i,jev ijeV \I=1

= Z Z Vll(i)Vll(j)Vb(i)Vh(j)

1,J€V 11,l2€[K]

= Z <V117V12>2

l1,l2€[k]

=k.

Here the last equality follows from the fact that {v; : i € [n]} is set of orthonormal

vectors.
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3.3.2 Gaussian Projection Algorithm

We now present the rounding algorithm that we will use to prove Theorem 3.1.5. At
a high level our algorithm can be viewed as follows. Given a graph G = (V, E, w), we
start with the spectral embedding u : V' — R* (Lemma 3.3.1). Next we pick k& random
directions g¢i,...,gx (For technical reasons, we pick gi,...,gr to be independent
Gaussian vectors). We perform a preliminary partitioning of the vertices by assigning
a vertex i to the set represented by the direction g; along which (i) has the largest
projection. We refine these sets using a standard local-search approach based on the
lengths of the vectors u(i) (Lemma 2.3.2). We show that with constant probability,

Q(k) of the resulting sets have expansion at most O ( R (u) log k)

Algorithm 3.3.2.
Input: Graph G = (V, E,w), parameter k and an isotropic embedding u : V' — R

1. Pick k independent Gaussian vectors g1, gs, ..., gr ~ N(0,1)% Construct
vectors hy, ha, ..., hi € R™ as follows:

hi(a) = Hua”? if i = argmax;c {(ta, g;)}
l 0 otherwise.

2. For j =1,...,k, sort the coordinates of h; according to their magnitude, and
pick the level set having the least expansion (Lemma 2.3.2).

3. Output all subsets with expansion smaller than C'\/R (u)log k for an appro-
priately chosen constant C'.

Figure 2: The K SPARSE-CUTS Algorithm

3.3.3 Analysis

In this section, we will present the analysis of the Random Projection algorithm
(Algorithm 3.3.2). We begin with an outline of the argument. We summarize the

analysis as follows.

38



Theorem 3.3.3. For a graph G = (V, E,w), parameter k € Z=o and an embedding
w:V — R such that

Zdl ”’LLIHZ =k and Z dldj <'LLZ',Uj>2 =k.

eV i,j€V

Then, with constant probability, Algorithm 3.5.2 outputs ck non-empty disjoint sets
each having expansion at most C'\/R (u)logk for some universal constants ¢, C' > 0.

Theorem 3.1.5 follows directly from Theorem 3.3.3 and Lemma 3.3.1.

Theorem 3.1.5. Invoking Theorem 3.3.3 with the spectral embedding given by the top
k eigenvectors (Lemma 3.3.1) yields that G has ck non-empty disjoint subsets each
having expansion at most C'y/\i log k. O

3.83.3.1 Proof Outline of Theorem 3.3.3

Notice that the vectors hy, ho, ..., hy have disjoint support since for each coordinate
J, exactly one of the (u;, g;) is maximum. Therefore, the cuts obtained by the vectors
h; yield k disjoint sets. It is sufficient to show that a constant fraction of the sets so
produced have small expansion. We will show that for each ¢ € {1,...,k}, the vector
h; has a constant probability of yielding a cut with small expansion. The outline
of the proof is as follows. Let f denote the vector h;. The choice of the index 1 is
arbitrary and the same analysis is applicable to all other indices i € [k]. We recall

Lemma 2.3.2.

Lemma 3.3.4 (Restatement of Lemma 2.3.2). Let X € R" be a vector such that
|supp(X)| < n/2 and
2ing W ({00 1Xi = X5l
> diXi -
Then one of the level sets of X, say S, satisfies ¢pc(S) < e.

Applying Lemma 2.3.2, the expansion of the set retrieved from f = h; is upper

bounded by,
Ziij i, 3D 1fi = 1]
Ei difi .
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Both the numerator and denominator are random variables depending on the choice
of random Gaussians g1, ..., gx. It is a fairly straightforward calculation to bound the

expected value of the denominator.

Lemma 3.3.5.
E

Zdifi] =1.

Bounding the expected value of the numerator is more subtle. We show the

following bound on the expected value of the numerator.

Lemma 3.3.6.

E

Zw({iaj})‘fi—fj\] <(9< R(u)logk) .

i~

Notice that the ratio of their expected values is O(y/R (u)logk), as intended. To
control the ratio of the two quantities, the numerator is to be bounded from above,
and the denominator is to be bounded from below. A simple Markov inequality can
be used to upper bound the probability that the numerator is much larger than its
expectation. To control the denominator, we bound its variance. Specifically, we will

show the following bound on the variance of the denominator.

Lemma 3.3.7.
Var

Zdzfz] <1.

The above moment bounds are sufficient to conclude that with constant probability,

the ratio

Therefore, with constant probability over the choice of the Gaussians g1, ..., gk, (k)

of the vectors hy, ... hy yield sets of expansion O(y/R (u)log k).
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3.3.3.2  Main Proofs

Let f denote the vector hy. The choice of the index 1 is arbitrary and the same analysis
is applicable to all other indices i € [k]. We first separately bound the expectations of
the numerator and denominator of the sparsity of each cut, and then the variance of
the denominator. The proofs of these bounds will follow their application in the proof

of our main theorem.

Expectation of the Denominator. Bounding the expectation of the denominator

is a straightforward calculation as shown below.

Lemma 3.3.8 (Restatement of Lemma 3.3.5).

Zdifi] =1.

Proof of Lemma 3.3.5. For any i € [n], recall that

E

||qu2 if (i, g1) > (s, 9;) Vi € [k]
0 otherwise

The first case happens with probability 1/k and so f; = 0 with the remaining

probability. Therefore

E

Expectation of the Numerator. For bounding the expectation of the numerator
we will need a lemma that is a direct consequence of Lemma 2.5.7 about the maximum

of k i.i.d normal random variables.

Corollary 3.3.9. For any i,j € [n],

LA >0 and f; =0 < cr (I - )
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The following lemma is the main technical lemma in bounding the expected value

of the numerator.

Lemma 3.3.10. For any indices i,j € [n],

2c1 + 1)+/logk
Bl il < E VOB o G+ )

Proof.

Ellfi = fil] = lwl’P[fi > 0 and f; = 0] + [[u;|*P[f; > 0 and f; = 0]
+ [llwll® = Nuyl*| £, £ > 0]

-~ V0ogk 1
<a (Hui—ujH (flwi® +||uj||2)+|!|ui\|2—||uj||2\z

(Using Corollary 3.3.9)

2¢y log
< = gl il + [l 1 +—| = Uy, U+ )

(Using Proposition 2.6.2)

2c1+/log k
k

1
< i = | (el Tz 1) + 5 lls = s Clleall + Tug 1)

(Using the Cauchy-Schwarz inequality)

]

We are now ready to bound the expectation of the numerator, we restate the

lemma for the convenience of the reader.

Lemma 3.3.11. (Restatement of Lemma 3.3.6)

Zw (i, 3D [ fi = fil] <2(2e1 +1)V/R (u)logk.

ZN]
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Proof of Lemma 3.3.6.

E|> w({i )i - fjl]

i~
(201 + 1 )V1og k Z

’LNj

({7,531 llus = wyll (il + [luzll) - (Lemma 3.3.10)

(2¢1 + 1)y/1og k
< p > w ({3 s = wll* )Y w (53 (el + [lug )

ZN] ZN]

(Using the Cauchy-Schwarz inequality)

< Bat MOER R (w). (Zdi ||uz-||2) S w (i, D2 (Judl? + lel)

2(2¢; + 1)y/log k 2
VR (Z d [ )

=2(2¢; + 1)v/R (u) log k (Using Zdi Jug|* = k)

Variance of the Denominator. Here too we will need some groundwork. Let G
denote the Gaussian space. The Hermite polynomials {Hi}i€Z>g form an orthonormal
basis for real valued functions over the Gaussian space G, i.e., E,eg[H;(9)H;(g)] =1
if 7 = j and 0 otherwise. The k-wise tensor product of the Hermite basis forms an
orthonormal basis for functions over G*. Specifically, for each o € Z’;O define the

polynomial H, as
Ho(on, o H%@

The functions {Ha}aez’; , form an orthonormal basis for functions over G*. The degree
of the polynomial H,(x) denote by |a is |a] = ). a.

The Hermite polynomials form a complete eigenbasis for the noise operator on
the Gaussian space (Ornstein-Uhlenbeck operator). In particular, they are known
to satisfy the following property (see e.g. the book of Ledoux and Talagrand [62],

Section 3.2).
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Fact 3.3.12. Let (g;, hy)%_, be k independent samples from two p-correlated Gaussians,
i.e., E[g?] = E[h?] = 1, and E[g;h;] = p. Then for all a € Z%,,

E[H,(g1,. .. gr)Har(ha, ... he)] = pl if a = o/ and 0 otherwise
Let B : G¥ — R be the function defined as follows,

1 if (x> 2, Vi€ [k]) or (xq < a; Vi € [k])

B(z) =
0 otherwise
Then
1
E[B] = E[B?] = T
Lemma 3.3.13. Let u,v be unit vectors and ¢, ...,qgr be i.i.d Gaussian vectors.
Then,
1 91
E[B((U,gﬁ Yo <uﬂgk>)B(<Uvgl> PRI <U>gk>)] < E + <u7 U> E :

Proof. The function B on the Gaussian space can be written in the Hermite expansion

B(z) =), BaHa(x) such that

1
B2 =E[B? = -
> B =EIBY =

Using Fact 3.3.12, we can write

E[B(<u’gl>7""<uﬂgk>)B(<U791>7"'7<U>gk’>)] = (E[BD2+ Z Bip|a|
a€Zb,|al>0

where p = (u,v). Since B is an even function, only the even degree coefficients are

non-zero, i.e., B, = 0 for all |a| odd. Along with p < 1, this implies that

E[B(<u791> R <u79k>)B<<U791> Y <v79k>)] < (E[B])Z + p2 Z Bi

a,|al>2
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Next we bound the variance of the denominator.

Proof of Lemma 3.3.7.
E Zdidjfifj]

_de ) [lus]|* E [ H I f'H ]
. Z dzdj Hquz ||U,J||2E [B((ﬂi,91> S <ai,gk>)B(<ﬂj791> sy <ajvgk)>)]

1
de g || ||| - (k—+ (u,,u3>2) (Lemma 3.3.13)

de g, ) (Zd i | )

== S i 3.1
</<: k+k2 k;> (Using Lemma 3.3.1 )

< 2.
Therefore

Var

Zdifi]> <1

Z dif;

E > did;fif;
12

_<E

Putting It Together

Proof of Theorem 3.3.3. For each [ € [k], from Lemma 3.3.5 and Lemma 3.3.7 we get

that

<

E Zdihl(z’)] =1 and  Var|) diy(i)
Therefore, from the One-sided Chebyshev inequality (Fact 2.5.1), we get

2
(]E[Zi dihl(i)] )
2
2 /

P [Z dily (i) > l] Z 2 ’ "
Z, 2 (M > +Var [S, dihu(i)]
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where ¢ is some absolute constant. Therefore, with constant probability, for Q(k)

indices [ € [k], >, dih(i) > 1/2. Next, for each [, using Markov’s inequality

P> w({i.g}) (i) = h(j)] < 2/¢E

i~vg

> w({i g} (i) - fu(j)\” >1-c/2.
i~

(2)
Therefore, with constant probability, for a constant fraction, say ¢, of the indices

[ € [k], we have

iy @ ({031 (i) = )| _ 4 B2 i w ({2, 53) (i) — hz(j)@
> ditu(d) S B> difu()]

=CVR (u)logk

for some constant C'. Applying Lemma 2.3.2 on the vectors with those indices will give
ck disjoint sets S, ..., S such that ¢g(S;) = Cv/Axlogk Vi € [ck]. This completes
the proof of Theorem 3.3.3. O

3.4 Lower bound for k Sparse-Cuts

In this section, we prove a lower bound for the K SPARSE-CUTS in terms of higher
eigenvalues (Proposition 3.1.4) thereby generalizing the lower bound side of the

Cheeger’s inequality.
Proposition 3.4.1 (Restatement of Proposition 3.1.4). For any edge-weighted graph
G = (V, E), for any integer 1 < k < n, and for any k disjoint subsets Sy,..., Sy CV

max ¢¢(S;) = - .

where Ay, ..., \, are the eigenvalues of the normalized Laplacian of G.

Proof. Let a denote max; ¢ (S;). Let T def V\(U;S;). Let G’ be the graph obtained

by shrinking each piece in the partition {7',.S; : i € [k]} of V' to a single vertex. We

denote the vertex corresponding to .S; by s; Vi and the vertex corresponding to T" by
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t. Let £ be the normalized Laplacian matrix corresponding to G’. Note that, by

construction, the expansion of every set in G’ not containing ¢ is at most a.

Let U & {D%Xsi i€ [k]} Here X is the incidence vector of the set S C V.

Since all the vectors in U are orthogonal to each other, we have

XTLx XTLX iy w (i, g} (Vi - Y5)?

A= min max—— < max = max
S:rank(S)=k X€S XTX \XESpan(U) XTX Y eRk%{0} szgflz

For any z € R, let ™ L max {z,0} and 2~ aof max {—z,0}. Then it is easily

verified that for any V;,Y; € R,

(Vi - Y2 <Y =Y )2+ (v =Y, ).

7 7 7 J
Therefore,
SN w' ({i ) (Vi - V)
i >
< (zzwf (G 05—+ 3 S (1.3 07— w)
i >i i >i
<2 (Z > w ({@ ) [ = (G )Y w ({i ) [(v)? - (Y¢)2\> :
i j>i i j>i
Without loss of generality, we may assume that V" > Y;F > ... > V," >V, =0. Let
T; ={s1,...,s;} for each i € [k]. Therefore, we have
k
SO W {E |G = ) < D () = (V)W (B(TLT))
i j>i i—1

< @Y (%)~ (%)) (T)

k
= a) d(y;)?.

Here we are using the fact that w'(E(T},T;)) < aw'(T;) which follows from the

definition of v and that w'(T}41) — w'(T;) = d;,,. Similiarly, we get that

DD W {7 — (7)) < aZdQ(Yi_)z'

i 3>t
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Putting these two inequalities together we get that
D v ({i ) (i—Y)? <20y dY?.
> i

Therefore, \¢(£) < 2max; ¢p¢(S;). O

3.5 Gap examples

In this section, we present constructions of graphs that serve as lower-bounds against
natural classes of algorithms. We begin with a family of graphs on which the perfor-

mance of recursive partitioning algorithms is poor for the k-Sparse cuts problem.
3.5.1 Recursive Algorithms

Recursive algorithms are one of most commonly used techniques in practice for graph
multi-partitioning. However, we show that partitioning a graph into k pieces using a
simple recursive algorithm can yield as many k(1 — o(1)) sets with expansion much
larger than O (\/)\—k polylog k:) Thus this is not an effective method for finding many
sparse cuts.

The following construction (Figure 3) shows that partition of V' obtained using

the recursive algorithm in Algorithm 3.2.1 can give as many as k(1 — o(1)) sets have

expansion (1) while A\, < O(k*/n?).

Figure 3: Recursive algorithm can give many sets with very small expansion
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In this graph, there are p L ke sets S; for 1 <@ < k. We will fix the value of ¢ later.
Each of the S; has k'~¢ cliques {S;; : 1 < j < k'¢} of size n/k which are sparsely
connected to each other. The total weight of the edges from S;; to S;\\S;; is equal to a
constant c. In addition to this, there are also k — k° vertices v; : 1 <1 < k — k*. The

weight of edges from 5; to v; is equal to £7°.
Claim 3.5.1. 1. ¢(S;;) < (c+ 1)k*/n* Vi, j
2. ¢(S;) < 1/(c+1)o(Si;) Vi, j
3. A = O(k?/n?)

Proof. 1.
c+ (k*,ﬁ—_)f (c+1)k?

(2 et S S

P(Sij) =

2. w(S;) = >_; w(Si;), but for each S;; only 1/(c + 1) fraction of edges incident at
Si; are also incident at S;. Therefore, ¢(S;) < 1/(c+ 1)p(S;5).

3. Follows from (1) and Proposition 3.1.4.
[l

For appropriate values of € and k, the partition output by the recursive algorithm
will be {S; : i € [k]}U{v; : i € [k — k°]}. Hence, k(1 —0(1)) sets have expansion equal

to 1.
3.5.2  k-partition

In this section, we give a constructive proof of Theorem 3.1.8, i.e., we construct a
family of graphs such that for any k-partition {Si, ..., Sk} of the graph, max; ¢(.S;) >
O(k? \/g) We view this as further evidence suggesting that the K SPARSE-CUTS

problem is the right generalization of sparsest cut.
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Figure 4: k-partition can have sparsity much larger than Q(1/Agpolylogk)

Lemma 3.5.2. For the graph G in Figure 4, and for any k-partition Sy, ..., Sy of its

Proof. In Figure 4, Vi € [k], S; is a clique of size (n — 1)/k (pick n so that k|(n — 1)).

vertexr set,

There is an edge from central vertex v to every other vertex of weight pn. Here p is
some absolute constant. Let P’ % {S1U{v},85,85,...,S:}. Forn > k3, it is easily

verified that the optimum k-partition is isomorphic to P’. For k < o(n%), we have

max ¢¢(S;) = ¢a(S1 U{v}) = —— © <ZE)

R (=) ok \m
Applying Proposition 3.1.4 to Sy, ..., Sk, we get that \y = O(pk?/n). Thus we have

the lemma. N

3.6 Conclusion

We exhibited new connections between higher eigenvalues of the graph Laplacian and
higher order graph partitions a la Cheeger’s Inequality. Crucial to our proofs, is a new

bound on the covariance of two truncated Gaussian random variables (Lemma 3.3.13).
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A natural question to ask is if our bounds are optimal? We show that our bounds
for K SPARSE-CUTS is tight upto constant factors in the number of sets, and our
bound for SMALL SET EXPANSION is tight upto constant factors in the size of the
set. We prove an upper bound of O (\//\_k log k:) for MIN SUM K-PARTITION, however

we do not know if this is tight (the corresponding factor for the Gaussian graph is

S (\/ i log k;)) We leave these questions as open problems.

Problem 3.6.1. Does every graph G = (V, E), for every parameter k € [n] have k

disjoint non-empty subsets, say S, ..., Sk, such that

max 6($;) < O (V/Aelogk)?

1€[k]

Problem 3.6.2. Does every graph G = (V, E), for every parameter k € [n] have a

k-partition, say Si, ..., Sk, such that
oM™ ({S1,...,Sk}) <O <\/ A log k:)?

Acknowledgements. The results in this chapter were obtained in joint work with

Prasad Raghavendra, Prasad Tetali and Santosh Vempala [72, 73].
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CHAPTER IV

SPECTRAL PROPERTIES OF HYPERGRAPHS

4.1 Introduction

There is a rich spectral theory of graphs, based on studying the eigenvalues and
eigenvectors of the adjacency matrix (and other related matrices) of graphs. Cheeger’s
Inequality and its many (minor) variants have played a major role in the design of
algorithms as well as in understanding the limits of computation [96, 97, 38, 13, 8].
We refer the reader to [46] for a comprehensive survey.

It has remained open to define a spectral model of hypergraphs, whose spectra can
be used to estimate hypergraph parameters a la Spectral Graph Theory. Hypergraph
expansion and related hypergraph partitioning problems are of immense practical
importance, having applications in parallel and distributed computing [25], VLSI circuit
design and computer architecture [52, 42], scientific computing [36] and other areas.
Inspite of this, there hasn’t been much theoretical work on them (see Section 4.1.1).
Spectral graph partitioning algorithms are widely used in practice for their efficiency
and the high quality of solutions that they often provide [18, 44]. Besides being of
natural theoretical interest, a spectral theory of hypergraphs might also be relevant
for practical applications.

The various spectral models for hypergraphs considered in the literature haven’t
been without shortcomings. An important reason for this is that there is no canonical
matrix representation of hypergraphs. For an r-uniform hypergraph H = (V, E, w) on

the vertex set V' and having edge set E C V", one can define the canonical r-tensor
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form A as follows.

1 {ir,....i,} € E
def ’ ?
Ay i) = :

0 otherwise
This tensor form and its minor variants have been explored in the literature (see
Section 4.1.1 for a brief survey), but have not been understood very well. Optimizing
over tensors is NP-hard [45]; even getting good approximations might be intractable
[24]. The spectral properties of tensors seem to be unrelated to combinatorial properties
of hypergraphs (See Section 4.8).

Another way to study a hypergraph, say H = (V, E, w), is to replace each hyperedge
e € I/ by complete graph or a low degree expander on the vertices of e to obtain a
graph G = (V, E'). If we let r denote the size of the largest hyperedge in E, then it is
easy to see that the combinatorial properties of G and H, like min-cut, sparsest-cut,
among others, could be separated by a factor of Q(r). Therefore, this approach will
not be useful when r is large.

In general, one can not hope to have a linear operator for hypergraphs whose
spectra captures hypergraph expansion in a Cheeger-like manner. This is because the
existence of such an operator will imply the existence of a polynomial time algorithm
obtaining a O (\/W ) bound on hypergraph expansion, but we rule this out by
giving a lower bound of Q(y/OPT logr) for computing hypergraph expansion, where
r is the size of the largest hyperedge (Theorem 8.0.4).

In this chapter, we define a new Markov operator for hypergraphs, obtained by
generalizing the random-walk operator on graphs. Our operator is simple and does
not require the hypergraph to be uniform (i.e. does not require all the hyperedges to
have the same size). We describe this operator in Section 4.2 (See Definition 4.2.1).
We present our main results about this hypergraph operator in Section 4.2.1 and
Section 4.2.3. Most of our results are independent of r (the size of the hyperedges),

some of our bounds have a logarithmic dependence on r, and none of our bounds have
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a polynomial dependence on r. All our bounds are generalizations of the corresponding

bounds for graphs.
4.1.1 Related Work

Freidman and Wigderson [40] study the canonical tensors of hypergraphs. They bound
the second eigenvalue of such tensors for hypergraphs drawn randomly from various
distributions and show their connections to randomness dispersers. Rodriguez [90]
studies the eigenvalues of graph obtained by replacing each hyperedge by a clique
(Note that this step incurs a loss of O(r?), where r is the size of the hyperedge).
Cooper and Dutle [34] study the roots of the characteristic polynomial of hypergraphs
and relate it to its chromatic number. [47, 48] also study the canonical tensor form
of the hypergraph and relate its eigenvectors to some configured components of that
hypergraph. Lenz and Mubayi [65, 66, 67] relate the eigenvector corresponding to
the second largest eigenvalue of the canonical tensor to hypergraph quasi-randomness.
Chung [32] defines a notion of Laplacians for hypergraphs and studies the relationship
between its eigenvalues and a very different notion of hypergraph cuts and homologies.
(84,99, 83, 82] study the relation of hypergraphs to rather different notion of Laplacian
forms and prove isoperimetric inequalities, study homologies and mixing times.
Peres et. al.[85] study a “tug of war” Laplacian operator on graphs that is similar
to our hypergraph Markov operator and use it to prove that every bounded real-valued
Lipschitz function F' on a subset Y of a length space X admits a unique absolutely
minimal extension to X. Subsequently a variant of this operator was used to for

analyzing the rate of convergence of local dynamics in bargaining networks [26].

4.2 The Hypergraph Markov Operator

We now formally define the hypergraph Markov operator M : R" — R" (Defini-
tion 4.2.1). For a hypergraph H, we denote its Markov operator by My. We drop

the subscript whenever the hypergraph is clear from the context. We note that unlike
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Definition 4.2.1 (The Hypergraph Markov Operator).
Given a vector X € R", M(X) is computed as follows.

1. For each hyperedge e € E, let (i, jo) := argmax
arbitrarily (See Remark 4.5.2).

| X; — Xj|, breaking ties

1,j€e

2. We now construct the weighted graph G x on the vertex set V' as follows. We
add edges {{i., je} : € € E'} having weight w({i., j.}) := w(e) to Gx. Next,
to each vertex v we add self-loops of sufficient weight such that its degree in
Gx is equal to d,; more formally we add self-loops of weight

w({v,0})=d,— Y wle).

e€Ewe{ic,je}

3. We define Ay to be the random walk matrix of Gx, i.e., Ax is obtained from
the adjacency matrix of G'x by dividing the entries of the 7" row by the degree
of vertex 7 in Gx.

Then,

def

MX) L AxX.

Figure 5: The hypergraph Marko Operator

most of spectral models for hypergraphs considered in the literature, our Markov
operator M does not require the hypergraph to be uniform (i.e. it does not require all

hyperedges to have the same number of vertices in them).

Remark 4.2.2. Let Gx denote the adjacency matrix of the graph in Definition 4.2.1.
Then, by construction, Ax = D~'Gy, where D is the diagonal matrix whose (i,7)"
entry is d;. We will often study D~'/2G'x D~'/? in the place of studying D~'Gx (see

Remark 2.0.2).

Definition 4.2.3 (Hypergraph Laplacian). Given a hypergraph H, we define its

Laplacian operator L as

LY

Here, I is the identity operator and M is the hypergraph Markov operator. The action
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of L on a vector X is L(X) Cx— M(X). We define the matrix Lx Ly Ay (See

Remark 4.2.2). We define the Rayleigh quotient R (-) of a vector X as

aef XTL(X)

R(X) XTX

Our definition of M is inspired by the co-Harmonic functions studied by [85]. We
note that M is a generalization of the random-walk matrix for graphs to hypergraphs;
if all hyperedges had exactly two vertices, then {i., j.} = e for each hyperedge e and
M would be the random-walk matrix (i.e. the normalized adjacency matrix).

Let us consider the special case when the hypergraph H = (V, E, w) is d-regular.

We can also view the operator M as a collection of maps {f, : R" — R"} as

r€Zs0
follows. We define the action of f. on a tuple (zy,...,z,) as follows. It picks the
coordinates i, j € [r] which have the highest and the lowest values respectively. Then
it decreases the value at the i coordinate by (z; — x;)/d and increases the value at
the j coordinate by (x; — x;)/d, whereas all other coordinates remain unchanged.
For a vector X € R™, the computation of M (X) in Definition 4.2.1 can be viewed as
applying these maps to X, where for each hyperedge e € E, f is applied to the tuple

corresponding to the coordinates of X represented by the vertices in e.

Comparison to other operators. A natural question to ask is if any other set of

maps, say {g, : R" — R"} , used in this manner gives a ‘better’ Markov operator?

T‘EZ}O

A natural set of maps that one would be tempted to try are the averaging maps which
map an r-tuple (z1,...,2,) to (O, xi/r,..., > x;/T).

If we consider the embedding of the vertices of a hypergraph H = (V, E, w)
on R, given by the vector X € RY, then the length [(-) of a hyperedge e € E
is I(e) & max; je. | X; — X;|. We believe that [(e) is the most essential piece of

information about the hyperedge e. As a motivating example, consider the special case
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when all the entries of X are in {0,1}. In this case, the vector X defines a cut (S5, 5),
where S = supp(X), and the [(e) indicates whether e is cut by S or not. Building
on this idea, we can use the average length of edges to bound expansion of sets. We
will be studying the length of the hyperedges in the proofs of all the results in this
chapter. A well known fact from Statistical Information Theory is that moving in the
direction of VI will yield the most information about the function in question. We
refer the reader to [81, 19, 92] for the formal statement and proof of this fact, and for
a comprehensive discussion on this topic. Our set of maps move a tuple precisely in
the direction of VI, thereby achieving this goal.

For an hyperedge e € E the averaging maps will yield information about the
function E; je. | X; — Xj| and not about I(e). In particular, the averaging maps will
have a gap of factor (r) between the hypergraph expansion® and the square root
spectral gap? of the operator. In general, if a set of maps changes r’ out of r coordinates,
it will have a gap of Q(r’) between hypergraph expansion and the square root of the
spectral gap.

Our set of maps {f,} are the very natural greedy maps which bring the pair

r€Zso
of coordinates which are farthest apart slightly closer to each other. Let us consider
the continuous dispersion process where we repeatedly apply the markov operator
((1 —dt)I +dt M) ( for an infinitesimally small value of dt) to an arbitrary starting
probability distribution on the vertices (see Definition 4.2.9). In the case when the
maximum value (resp. minimum value) in the r-tuple is much higher (resp. much
lower) than the second maximum value (resp. second minimum value), then these set
of greedy maps are essentially the best we can hope for, as they will lead to the greatest

decrease in variance of the values in the tuple. In the case when the maximum value

(resp. minimum value) in the tuple, located at some coordinate i; € [r] is close to the

1See Definition 2.1.5.
2The spectral gap of a Laplacian operator is defined as its second smallest eigenvalue. See
Definition 4.2.7 for the definition of eigenvalues of the Markov operator M.
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second maximum value (resp. second minimum value), located at some coordinate
io € [r], the dispersion process is likely to decrease the value at coordinate iy till it
equals the value at coordinate i, after which these two coordinates will decrease at
the same rate (see Section 4.5 and Remark 4.5.2). Therefore, our set of greedy maps

addresses all cases satisfactorily.
4.2.1 Hypergraph Eigenvalues

As in the case of graphs, it is easy to see that the hypergraph Laplacian operator is

positive semidefinite.

Proposition 4.2.4. Giwven a hypergraph H and its Laplacian operator L,
XTL(X)>0 VYXeR".

Proof. XTL(X) = XT(I — Ax)X. Since Ax is a random-walk matrix, [ — Ax = 0.

Hence, the proposition follows. O

Stationary Distribution. A probability distribution p on V' is said to be stationary
if M(p) = p. We define the probability distribution p* as follows.

d;
Zjev dj

1* is a stationary distribution of M, as it is an eigenvector with eigenvalue 1 of Ax

w(i) = forie V.

VX e R"™

Laplacian Eigenvalues. An operator L is said to have an eigenvalue A € R if for
some vector X € R" L(X) = AX. It follows from the definition of L that A is an
eigenvalue of L if and only if 1 — A is an eigenvalue of M. In the case of graphs, the
Laplacian Matrix and the adjacency matrix have n orthogonal eigenvectors. However
for hypergraphs, the Laplacian operator L (respectively M) is a highly non-linear
operator. In general non-linear operators can have a lot more more than n eigenvalues

or a lot fewer than n eigenvalues.
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From the definition of stationary distribution we get that p* is an eigenvector of
M with eigenvalue 1. Therefore, ©* is an eigenvector of L with eigenvalue 0.

We start by showing that L has at least one non-trivial eigenvalue.

Theorem 4.2.5. Given a hypergraph H, there exists a vector v € R" and a A € R
such that (v, p*) =0 and L(v) = Av.

Given that a non-trivial eigenvector exists, we can define the second smallest
eigenvalue v as the smallest eigenvalue from Theorem 4.2.5. We define v, to be the
corresponding eigenvector.

It is not clear if L has any other eigenvalues. We again remind the reader that in
general, non-linear operators can have very few eigenvalues or sometimes even have
no eigenvalues at all. We leave as an open problem the task of investigating if other
eigenvalues exist. We study the eigenvalues of L when restricted to certain subspaces.

We prove the following theorem (see Theorem 4.5.6 for formal statement).

Theorem 4.2.6 (Informal Statement). Given a hypergraph H, for every subspace S
of R™, the operator llgL has an eigenvector, i.e. there exists a vector v € S and a
v € R such that

MgL(v) =~v.

Given that L restricted to any subspace has an eigenvalue, we can now define

higher eigenvalues of L a la Principal Component Analysis (PCA).

Definition 4.2.7. Given a hypergraph H, we define its k" smallest eigenvalue ~;
and the corresponding eigenvector vy recursively as follows. The basis of the recursion
is vi = p* and 73 = 0. Now, let Sy := span ({v; : i € [k]}). We define 7, to be the

smallest non-trivial® eigenvalue of Hﬁk,lL and v to be the corresponding eigenvector.

We will often use the following formulation of these eigenvalues.

3By non-trivial eigenvalue of Hé‘kil L, we mean vectors in R™\ S;_; as guaranteed by Theorem 4.2.6.
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Proposition 4.2.8. The eigenvalues defined in Definition 4.2.7 satisfy

XTI, L(X) 0 (X
TEITXIIE X X (X)-

Vi, = argmin Al LX) _ argmin R (X)
k — X T - X1vi, Vg1 :
XTHSk,lX Lotk

4.2.2 Hypergraph Dispersion Processes

A Dispersion Process on a vertex set V' starts with some distribution of mass on the
vertices, and moves mass around according to some predefined rule. Usually mass
moves from vertex having a higher concentration of mass to a vertex having a lower
concentration of mass. A random walk on a graph is a dispersion process, as it can
be viewed as a process moving probability-mass along the edges of the graph. We
define the canonical dispersion process based on the hypergraph Markov operator

(Definition 4.2.9). This dispersion process can be viewed as the hypergraph analogue

Definition 4.2.9 (Continuous Time Hypergraph Dispersion Process). Given
a hypergraph H = (V,E,w), a starting probability distribution x° on V, we
(recursively) define the probability distribution on the vertices at time ¢ + dt, for an
infinitesimal time duration dt, as a function of the distribution at time ¢ as follows.

P = (1 —dt) I +dt M) op'.

Figure 6: Continuous Time Hypergraph Dispersion Process

of the random walk on graphs; indeed, when all hyperedges have cardinality 2 (i.e.
the hypergraph is a graph), the action of the hypergraph Markov operator M on a
vector X is equivalent to the action of the (normalized) adjacency matrix of the graph
on X. This process can be used as an algorithm to estimate size of a hypergraph
and for sampling vertices from it, in the same way as random walks are used to

accomplish these tasks in graphs. We further believe that this dispersion process
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will have numerous applications in counting/sampling problems on hypergraphs, in
the same way that random walks on graphs have applications in counting/sampling
problems on graphs.

A fundamental parameter associated with the dispersion processes is its Mizing

Time.

Definition 4.2.10 (Mixing Time). Given a hypergraph H = (V, E,w), a probability

distribution g is said to be ¢-mixed if

= ']l < 5.

Given a starting probability distribution u°, we define its Mizing time t7™ (u°) as the

smallest time ¢ such that
(T R
where the p' are as given by the hypergraph Dispersion Process (Definition 4.2.9).
We will show that in some hypergraphs on 2* vertices, the mixing time can be
O (poly(k)) (Theorem 4.2.17). We believe that this fact will have applications in

counting/sampling problems on hypergraphs a la MCMC (Markov chain monte carlo)

algorithms on graphs.
4.2.3 Summary of Results

We first show that the Laplacian operator L has eigenvalues (see Theorem 4.2.6 and
Proposition 4.2.8). We relate these eigenvalues to other properties of hypergraphs as

follows.
4.2.3.1 Spectral Gap of Hypergraphs

A basic fact in spectral graph theory is that a graph is disconnected if and only if A,
the second smallest eigenvalue of its normalized Laplacian matrix, is zero. Cheeger’s
Inequality is a fundamental inequality which can be viewed as robust version of this

fact.
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We prove a generalization of Cheeger’s Inequality to hypergraphs.

Theorem 4.2.11 (Hypergraph Cheeger Inequality). Given a hypergraph H,

Expander Mixing Lemma. The Expander Mixing Lemma [2] for graphs says that
expanders behave like random graphs, in respect to the number of edges that cross
any cut. More formally, given a graph G = (V| E,w), for any two non-empty sets

S,TcCcV
d|S| |T
) - P < o) ST

where Ay is the second smallest eigenvalue of the graph Laplacian. We prove the

hypergraph version of this Lemma.

Theorem 4.2.12. Given a d-reqular hypergraph H = (V, E, w), for any two non-empty
sets S, T CV

d|S||T
1) - B < o qpayfsTTET

Hypergraph Diameter. A well known fact about graphs is that the diameter
of a graph G is at most O (logn/ (log(1/(1 — A\2)))) where Aq is the second smallest
eigenvalue of the graph Laplacian. Here we prove a generalization of this fact to

hypergraphs.

Theorem 4.2.13. Given a hypergraph H = (V, E, w) with all its edges having weight

1, its diameter is at most

4.2.3.2  Higher Order Cheeger Inequalities.

A well known fact in spectral graph theory is that a graph has at least k components if

and only if Az, the k%" smallest eigenvalue of its normalized Laplacian matrix, is zero.
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It is easy to see that the analogous fact for hypergraphs is also true. The following is

a robust version of this fact for graphs.

Theorem 4.2.14. [63, 70] For any graph G = (V, E,w) and any integer k < |V|,

there exists a k-partition of V' into {Si,..., Sk} such that

max ¢(5;) < O <k3\/)\_k) .

i€[k]
Moreover, for any k disjoint non-empty sets Sy,..., S, CV

Ak
S) = 2k
rirggfqb() )

We prove a slightly weaker generalization to hypergraphs.

Theorem 4.2.15. For any hypergraph H = (V, E,w) and any integer k < |V|, there

exists a k-partition of V into {S1,..., Sk} such that

max 6(S;) < O (K*v/3 logr) .

i€[k]
Moreover, for any k disjoint non-empty sets Sy,..., S, CV

Yk
S) > 1k
rgé%c?cb() 5

Small-set Expansion. Recall that the SMALL SET EXPANSION problem (Prob-
lem 2.1.7) asks to compute the set of size at most |V|/k vertices having the least
expansion. Corollary 3.1.10 bounds small-set expansion in graphs via higher eigenval-
ues of the graph Laplacians as follows. It says that for a graph G and a parameter

k € Zo, there exists a set S C V of size O (n/k) such that

6(8) < O (\/)\k log k) .

We prove a generalization of this bound to hypergraphs (see Theorem 4.6.1 for formal

statement).
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Theorem 4.2.16 (Informal Statement). Given hypergraph H = (V, E,w) and param-

eter k < |V, there exists a set S C V' such that |S| < O (|V|/k) satisfying

¢(S) < O (min {r, k} /1)
where 1 is the size of the largest hyperedge in E.
4.2.83.3  Mizing Time Bounds

A well known fact in spectral graph theory is that a random walk on a graph mixes in
time at most O (logn/A2) where A, is the second smallest eigenvalue of graph Laplacian.
Moreover, every graph has some vertex such that a random walk starting from that
vertex takes at least {2(1/)\y) time to mix, thereby proving that the dependence of the
mixing time on A, is optimal. We prove a generalization of the first fact to hypergraphs
and a slightly weaker generalization of the second fact to hypergraphs. Both of them
together show that dependence of the mixing time on 75 is optimal. Further, we
believe that Theorem 4.2.17 will have applications in counting/sampling problems on

hypergraphs a la MCMC (Markov chain monte carlo) algorithms on graphs.

Theorem 4.2.17 (Upper bound on Mixing Time). Given a hypergraph H = (V, E, w),
for all starting probability distributions u° : V- — [0, 1], the Hypergraph Dispersion

Process satisfies
mix log(n/d
D)
Y2

Theorem 4.2.18 (Lower bound on Mixing Time). Given a hypergraph H = (V, E, w),

there exists a probability distribution ° on V such that ||u° — 1/nl|, = 1/2 and

mix lOg(l/(S)
£ (1) > 164,

We view the condition in Theorem 4.2.18 that the starting distribution p° satisfy
|1® —1/n||, > 1/2 as the analogue of a random walk in a graph starting from some

vertex (i.e. it is far from being mixed).
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4.2.3.4  Vertex Expansion in Graphs and Hypergraph Expansion

We present a factor preserving reduction from vertex expansion in graphs to hyper-
graph expansion. Recall that the notion of Vertex Expansion and Symmetric Vertex
Expansion are computationally equivalent up to constant factors (Theorem 8.3.1 and

Theorem 8.3.2).

Theorem 4.2.19. Given a graph G = (V, E) of mazximum degree d and minimum
degree c1d (for some constant c1), there ezists a polynomial time computable hypergraph
H = (V. E') on the same vertex set having the hyperedges of cardinality at most d + 1

such that for all sets S C 'V,

-V (S) < ou(S).

SN

c10m(S) <

Remark 4.2.20. The dependence on the degree in Theorem 4.2.19 is only because
vertex expansion and hypergraph expansion are normalized differently : the vertex
expansion of a set S is defined as the number of vertices in the boundary of S divided
by the cardinality of S, whereas the hypergraph expansion of a set S is defined as the

number hyperedges crossing S divided by the sum of the degrees of the vertices in S.

Theorem 4.2.19 implies that all our results for hypergraphs directly extend to vertex
expansion in graphs. More formally, we have a Markov operator M and a Laplacian
operator L, whose eigenvalues satisfy the vertex expansion (in graphs) analogs of
Theorem 4.2.11%, Theorem 4.2.12, Theorem 4.2.13, Theorem 4.2.15, Theorem 4.2.16,
Theorem 4.2.17, Theorem 4.2.18, and Theorem 6.1.5.

4.2.8.5  Discussion

We stress that none of our bounds have a polynomial dependence on r, the size of the

largest hyperedge (Theorem 4.2.16 has a dependence on min {r, k}) . In many of the

1A Cheeger-type Inequality for vertex expansion in graphs was also proven by [21].
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practical applications, the typical instances have r = O(n®) for some a = €2(1); in
such cases, bounds of poly(r) would not be of any practical utility.

We also stress that all our results generalize the corresponding results for graphs.
4.2.4 Organization

We begin with an overview of the proofs in Section 4.3. We prove Theorem 4.2.6 (for-
mally Theorem 4.5.6) and Proposition 4.2.8 in Section 4.5. We prove Theorem 4.2.11,
Theorem 4.2.12 and Theorem 4.2.13 in Section 4.4.1. We prove Theorem 4.2.15 and
Theorem 4.2.16 in Section 4.6. We prove Theorem 4.2.17 and Theorem 4.2.18 in
Section 4.5. We prove Theorem 4.9.1 in Section 4.9. We prove Theorem 4.2.19 in

Section 4.7.

4.3 QOwverview of Proofs

Hypergraph Eigenvalues. To prove that hypergraph eigenvalues exist (Theo-
rem 4.2.6 and Proposition 4.2.8), we study the hypergraph dispersion process in
a more general setting (Definition 4.5.1). We start the dispersion process with an
arbitrary vector u° € R”. Our main tool here is to show that the Rayleigh quotient
(as a function of the time) monotonically decreases with time. More formally, we show
that the Rayleigh quotient of p!*9, the vector at time ¢ + dt (for some infinitesimally
small dt), is not larger than the Rayleigh quotient of u', the vector at time ¢. If the
under lying matrix A, did not change between times ¢ and ¢ + dt, then this fact can
be shown using simple linear algebra. If the under lying matrix A, changes between
t and t + dt, then proof requires a lot more work. Our proof involves studying the
limits of the Rayleigh quotient in the neighborhoods of the time instants at which the
support matrix changes, and exploiting the continuity properties of the process.

To show that eigenvectors exist, we start with a candidate eigenvector, say X, that
satisfies the conditions of Proposition 4.2.8. We study a slight variant of hypergraph

dispersion process starting with this vector X. We use the monotonicity of the
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Rayleigh quotient to conclude that V¢ > 0, the vector at time ¢ of this process, say
X!, also satisfies the conditions of Proposition 4.2.8. Then we use the fact that the
number of possible support matrices [{Ay : Y € R"}| < 0o to argue that there exists
a time interval of positive Lebesgue measure during which the support matrix does
not change. We use this to conclude that the vectors X' during that time interval
must also not change (the proof of this uses the previous conclusion that all X* the

conditions of Proposition 4.2.8) and hence must be an eigenvector.

Mixing Time Bounds. To prove a lower bound on the mixing time of the Hy-
pergraph Dispersion process (Theorem 4.2.18), we need to exhibit a probability
distribution that is far from being mixed and takes a long time to mix. To show that a
distribution p takes a long time to mix, it would suffice to show that p—1/n is “close”
to vo, as we can then use our previous assertion about the monotonicity of the Rayleigh
quotient to prove a lower bound on the mixing time. As a first attempt at constructing
such a distribution, one might be tempted to consider the vector 1/n + v,. But this
vector might not even be a probability distribution if vo(i) < —1/n for some coordinate
i. A simple fix for this would to consider the vector u & 1/n+vy/(n |ve| ). But
then |[u — 1/nl|; = |lv2/(n ||v2||)|; which could be very small depending on |jva]| .
Our proof involves starting with v, and carefully “chopping” of the vector at some
points to control its infinity-norm while maintaining that its Rayleigh quotient is still
O (72).

The main idea used in proving the upper bound on the mixing time of (Theo-
rem 4.2.17) is that the support matrix at any time ¢ has a spectral gap of at least
. Therefore, after every unit of the time, the component of the vector u' that is
orthogonal to 1, decreases in fo-norm by a factor of at least 1 — -y, (irrespective of
the fact that the support matrix might be changing infinitely many times during that

time interval).
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Hypergraph Diameter. Our proof strategy for Theorem 4.2.13 is as follows. Let
M I/2+ M/2 be a lazy version of M. Fix some vertex u € V. Consider the
vector M’(x,). This vector will have non-zero values at exactly those coordinates
which correspond to vertices that are at a distance of at most 1 from w. Building
on this idea, it follows that the vector M"(x,) will have non-zero values at exactly
those coordinates which correspond to vertices that are at a distance of at most ¢ from
u. Therefore, the diameter of H is the smallest value ¢t € Z~, such that the vectors
{M"(x,) : u € V} have non-zero entries in all coordinates. We will upper bound the
value of such a t. The key insight in this step is that the support matrix Ay of any

vector X € R™ has a spectral gap of at least s, irrespective of what the vector X is.

Hypergraph Cheeger Inequality. We appeal to the formulation of eigenvalues

in Proposition 4.2.8 to prove Theorem 4.2.11.

Yo = min XTL(X) — ZeeE w(e) maXi,jGE(Xi — Xj)2
2 x11 XTX ] ZZ XZ2

First, observe that if all the entries of the vector X were in {0, 1}, then the support
of this vector X, say S, will have expansion equal to R (X). Building on this idea,
we start with the vector vo, and use it to construct a line-embedding of the vertices
of the hypergraph, such that the average “distortion” of the hyperedges is at most
@) (\/%) Next, we represent this average distortion as an average over cuts in the
hypergraph and conclude that at least one of these cuts must have expansion at most
this average value. Overall, we follow the strategy of proving Cheeger’s Inequality for

graphs. However, we need some new ideas to handle hyperedges.

Higher Order Cheeger Inequalities. Proving our bound for hypergraph small-
set expansion (Theorem 4.2.16) requires a lot more work. We start with the spectral
embeddings, the canonical embedding of the vertex set into R* given by the top &

eigenvectors. As a first attempt, one might try to “round” this embedding using the
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rounding algorithms for small set expansion on graphs, namely the algorithms of [16]
or [87]. However, the rounding algorithm of [16] uses the fact that the vectors should
satisfy £2-triangle inequality and more crucially uses the fact that the inner product
between any two vectors is non-negative. Neither of these properties are satisfied by
the spectral embedding®. The rounding algorithm of [87] crucially uses the fact that
the Rayleigh quotient of the vector X; obtained by picking the {** coordinate from
each vector of the spectral embedding be “small” for at least one coordinate [. It
is easy to show that this fact holds for graphs, but this is not true for hypergraphs

)

because of the “max” in the definition of the eigenvalues.

Our proof starts with the spectral embedding and uses a simple random projection
step to produce a vector X. This step is similar to the rounding algorithm of [70],
who studied a variant of small-set expansion in graphs. We then bound the length®
of the hyperedges. Here we deviate from [70], as hyperedges have more than two
vertices and can not be analyzed in the same way as edges in graphs. We handle the
hyperedges whose vertices have roughly equal lengths by bounding the variance of
their projections in the random projection step. We handle the hyperedges whose
vertices have very large disparity in lengths by showing that they must be having
a large contribution to the Rayleigh quotient. This suffices to bound the expansion
of the set obtained by our rounding algorithm (Algorithm 4.6.2). To show that the
set is small, we use a combination of the techniques studied in [73] and [70]. This
gives uses the desired bound for small-set expansion. To get a bound on hypergraph

multi-partitioning (Theorem 4.2.15), at a high level, we use a stronger form of our

hypergraph small-set expansion bound together with the framework of [70].

5If the v;’s are the spectral embedding vectors, then one could also try to round the vectors v; ® v;.
This will have the property (v; ® v;,v; ® v;) > 0. However, by rounding these vectors one can only

hope to prove a O (\/fykz polylog k‘) (see [72]).

Length of an edge e under X is defined as max; je. |X; — X;|.
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4.4 Spectral Gap of Hypergraphs

We define the Spectral Gap of a hypergraph to be 79, the second smallest eigenvalue

of its Laplacian operator.
4.4.1 Hypergraph Cheeger Inequality

In this section we prove the hypergraph Cheeger Inequality Theorem 4.2.11.

Theorem 4.4.1 (Restatement of Theorem 4.2.11). Given a hypergraph H,

Towards proving this theorem, we first show that a good line-embedding of the

hypergraph suffices to upper bound the expansion.

Proposition 4.4.2. Let H = (V, E, w) be a hypergraph with edge weights w : E — R*

and let Y € [0,1)Vl . Then there exists a set S C supp(Y) such that

> ecr w(e) max; je. |Y; — Yl
Zi d;Y;

Proof. We define a family of functions {F} : [0, 1] = {0,1}}, ., as follows.

¢(5) <

1 z>r
Fo(z) =

0 otherwise

Let S, denote the support of the vector F,.(Y'). For any a € [0, 1] it is easy to see that

/01 F(a)dr=a. (3)

Now, observe that if a — b > 0, then F,.(a) — F.(b) > 0 Vr € [0, 1] and similarly if

a—b <0 then F,.(a) — F.(b) < 0 Vr €0, 1]. Therefore,

/01 Fo(a)dr — /01 F(b)dr

=la—10|. (4)

/0 IFy(a) — F,(8)] dr =
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Also, for a hyperedge e = {a; : i € [r]} if |a1 — as| > |a; — a;|Va;, a; € e, then
|F(a1) — Fr(a2)| = |Fr(a;) — Fr(a;)]  Vr €[0,1] and Va;,a; € e. (5)

Therefore,

Jo 2, wle) max; je. |[F(Y;) — Fo(Y;)| dr

oy 3, diF(Yi)dr
S Y. w(e) male',jEe Jo [F:(Y3) — F.(Y)| dr (Using (5))
Jo 22 diF(Y;)dr

> wle) maxije | fo F (YD) = [y Fr(Y5)|dr |
— (Using (4))

> di fol F(Y;)dr
w(e) max; e |Y; = Y; :
_ > w(e) Zdj}e/ | il (Using (3)) .

Therefore, 3r" € [0, 1] such that

> wle) maxyee [P (V) = Fu(Y)] _ 32, wle) maxie. |Y; = Y|
> diFu(Y;) h S, diY;

Since F.(-) is a value in {0, 1}, we have

2 We) maijee [Fr(Yi) = B ()] _ 2.cwle)lleds cut by Sl _ o )
Zie\/ diFo (Y:) a ZieSr/ d; N e

Therefore,

2. w(e) max; jee |Y; — Vil
Zi d;Y;

¢(ST/) < and ST’ - SUpp(Y) :

]

Proposition 4.4.3. Given a hypergraph H = (V, E,w) and a vector Y € RV such

that (Y, u*y =0, there exists a set S C V' such that
4(S) < VIR(Y).

Proof. Since (Y, p*) = 0, we have

2eepw(e) maxijec (Y = V5)* 37 pw(e) max;je.(V; — Vj)

RO = S V= 5 a2 (5 d) >y did; (Yi=Y5)" /(,di)
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Let X = Y +c1 for an appropriate ¢ € R such that [supp(X )| = |supp(X )| = n/2.

Then we get

Deenwle) maxijec(Xi — X;)* 30 pw(e) maxijee(X; — X;)?
S didy (X — X5)?2 (30 dy) 2 dilXP = (32, dilXa)?/ (32 di)

R(Y) = > R(X) .

For any a,b € R, we have
(at —=b")2+(a” —b)* < (a—b)?

Therefore we have

> ecp W(€) max; jec(Xi — X;)?
Zi diXiz
(Cecr wle) maxijec(X;" — X7)°) + (Xoep wle) maxijec(X; — X;)°)
> di(XGT)? 4 30 di(X7)?
> min D eer W(€) MaXijee (X — Xj+)2 > eer W(e) max; jee(X; — X;)Q
- > di(X)? ’ S d(X )2

R(Y)>R(X) =

>

Let Z € {X T, X~} be the vector corresponding the minimum in the previous inequal-

ity.
Zw IzI;Eé)e(}ZQ Z2‘_Zw %zgz{\Z Z\(Z; + Z;)
eckE ecE
2
; e) max(Z; - Z;) \/ ZdZ
Therefore,

1,j€e Z2 - ZQ
Zedw(e);i; % -2 <V2R(Z) < V2R (Y

Invoking Proposition 4.4.2 with vector Z, we get that there exists a set S C V' such
that

¢(9) < V2R (Y).
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We are now ready to prove Theorem 4.2.11.

Proof of Theorem 4.2.11.

1. Let S C V be any set such that vol(S) < vol(V)/2, and let X € R" be the

indicator vector of S. Let Y be the component of X orthogonal to p*. Then

> w(e) max; je.(Y; — Y;)? > w(e) max; jee(X; — X;)?

S Y7 S X~ (S X (S, d)
o wESS) )
vol(S) — vol(S)2/vol(V) — 1 — vol(S) /vol(V)
< 2¢(5).

Since the choice of the set S was arbitrary, we get

£ )
5 S

2. Invoking Proposition 4.4.3 with vy we get that

on < V2R (v2) = /27,

4.4.2 Hypergraph Expander Mixing Lemma

Theorem 4.4.4 (Restatement of Theorem 4.2.12). Given a d-reqular hypergraph

H = (V,E,w), for any two non-empty sets S, T C V

d|S| |T
1)) - T < 1 gy fsT.

Proof. Fix non-empty sets S,T C V. We construct a graph G = (V, E’, w) as follows.
For each hyperedge e € E, we add an edge to F’ as follows. If e € E is cut by both S
and T, then we pick any one vertex from e N .S and any one vertex from e N7T. If e is
cut only by S (resp. T'), then we pick any one vertex from eN .S (resp. eNT) and

any one vertex from e NS (resp. eNT). If e is cut neither by S nor by T, then we

73



pick any pair of vertices. Next, we add sufficient self-loops at each vertex to make G
d-regular. We let A be the normalized adjacency matrix of G. By construction, it is

easily verified that

X§AxT = - |E(S,T) (6)
xs(I —A)xs = o(S) x§xs = Z x&xs (Using Theorem 4.2.11) (7)
xr(I = A)xr = o(T) xpxr = B xrxr  (Using Theorem 4.2.11) (8)

Let Yg be the component of xg orthogonal to 1, i.e.

e S
Yo & xs - (xs,1/v/n)1/\/n=xs — %1-
Then,
Y§AYs =Y Vs =Yg (I - A)Ys =Yg Vs — x5(I — A)xs
<(1—-72/2)xsxs  (Using [|Ys]| < |lxs| and (7)) (9)
Similarly,
YJTAYT <(1- ’72/2)X%XT (10)
Now,
1 T 5] e
—|E(S,T)‘ :XSAXT: —1+Y5 A _1+YT
d n n
_ g Ty gy Sl v
=|S[|T|- — - 1"AL+ —Yg Al + —Y; A1 + Yg AYr
n n n
1
=|9| |T|-ﬁ-n+0+O+YSTAYT (A1 =1 and (Ys,1) =0)
Since A > 0,
1 T
~ L |E(S,T)| - S| |T| ‘ < \/YSTAYS \/YITAYT (Cauchy-Schwarz Inequality)
d n
< (1 =72/2) lIxsll [Ixzll (Using (9) and (10))
< (1 =72/2)VIS| T Uxsll < V/1S1)-

This finishes the proof of the theorem.
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4.4.3 Hypergraph Diameter

In this section we prove Theorem 4.2.13.

Theorem 4.4.5 (Restatement of Theorem 4.2.13). Given a hypergraph H = (V, E, w)

with all its edges having weight 1, its diameter is at most

diam(H)<O< log? )

log [

Remark 4.4.6. A weaker bound on the diameter follows from Theorem 4.2.17

1
diam(H) < O ( Og”) .
Y2

We start by defining the notion of operator powering.

Definition 4.4.7 (Operator Powering). For at € Z-(, and an operator M : R” — R",

for a vector X € R"™ we define M*(X) as follows

L MMNX) and MUX) Y M(X).

M'(X)
Next, we state bound the norms of powered operators.
Lemma 4.4.8. For vector w € R", such that (w, 1) = 0,

M) < (1 =) ||l -

Proof. We prove this by induction on ¢. Let vy, ..., v, be the eigenvectors of A, and
let A1, ..., A\, be the the corresponding eigenvalues. Let w = > | ¢;v; for appropriate

constants ¢; € R. Then, for t =1,

M A cIN?
|| (W)H — || wwH \/Z'L 17 \/Z Slnce each >\7, c [071]7 A? g)\z)

o] ]

TM
=/l < VT (11)
Similarly, for ¢ > 1.
M) = [|M 7 @) < (1= 2)2 [ M) < (1= 72)""2 o]

where the last inequality follows from the induction hypothesis. O
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Proof of Theorem 4.2.13. For the sake of simplicity, we will assume that the hyper-
graph is regular. Our proof easily extends to the general case. We define the operator
M I/2+ M/2. Then the eigenvalues of M" are 1/2 + ~;/2, and the corresponding
eigenvectors are v;, for i € [n].

Our proof strategy is as follows. Fix some vertex u € V. Consider the vector
M'(xu). This vector will have non-zero values at exactly those coordinates which
correspond to vertices that are at a distance of at most 1 from u (see also Remark 4.5.2).
Building on this idea, it follows that the vector M"(y,,) will have non-zero values at
exactly those coordinates which correspond to vertices that are at a distance of at
most ¢ from u. Therefore, the diameter of H is the smallest value ¢ € Z- such that
the vectors {M"(x.) : u € V} have non-zero entries in all coordinates. We will upper
bound the value of such a ¢.

Fix two vertices u,v € V. Let x,, x» be their respective characteristic vectors and

let w,,w, be the components of y,, x, orthogonal to 1 respectively

def 1 def 1
wuzxu—ﬁ and MUIXU—E~

T
1 1 1 1 n 1
||wu||:\/<xu——) (Xu——):\/l————+—2: 1——. (12)
n n n n n n

Since 1 is invariant under M’ we get

1 T 1 1 !
XSM/t()ﬁ)) = <— + (.Uu) Mlt <_ + WU) = <_ _'_ wu) <_ + Mlt<w’U))
n n n n

1 1
=+ 04+ 1" M"(w,) + wI M"(w,).
n n

Then

Now since M’ is a dispersion process, if (w,, 1) = 0, then (M’(w,),1) = 0 and hence

(M"(w,),1) = 0. Therefore,

1
xEM"x, = - + wIM™(w,). (13)
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Now,

N2
|wh M (wy)| < Jlwul] || M (w0)|| < (1 272) l|lwall [|wsll (Using Lemma 4.4.8).

Therefore, from (13) and (12),

1 [1-7\" 1 [(1—7\" 1
sz'tW——( ) ol ool = 2= (1222) 7 (121} . (g
n 2 n 2 n

Therefore, for

< 2log(n/2)

Ewarny
log (1*’72>

we have x2Z My, > 0. Therefore,

logn

log < 1—172 )

diam(H) <

4.5 The Hypergraph Dispersion Process

In this section we will prove Theorem 4.2.6, Proposition 4.2.8, Theorem 4.2.17 and
Theorem 4.2.18. For the sake of simplicity, we assume that the hypergraph is regular.

All our proofs easily extend to the general case.

Definition 4.5.1 (Projected Continuous Time Hypergraph Dispersion Process).

Given a hypergraph H = (V, E, w), a projection operator IIg : R — R" for some
subspace S of R" and a function w® : V' — R such that w° € S, we (recursively)
define the functions on the vertices at time ¢ + dt, for an infinitesimal time duration
dt, as a function of w! as follows

Wt T (1= dt)] + dt M) ow' .

Figure 7: Projected Continuous Time Hypergraph Dispersion Process

Remark 4.5.2. We make a remark about the matrices Ay for vectors X € R" in

Definition 4.2.1 when being used in the continuous time processes of Definition 4.2.9
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and Definition 4.5.1. For a hyperedge e € E, we compute the pair of vertices
(ie, Je) = argmax; ;c. (Xi— Xj)

and add an edge between them in the graph Gx. If the pair is not unique, then we

define

St dZEf{i €e:w(i) :njleaexwt(j)} and R! dl:ef{ie e: w(i) :I}leiglwt(j)}
and add to Gx a complete weighted bipartite graph on S x R! with each edge having
weight w(e)/ (|S'] |R).

A natural thing one would try first is to pick a vertex, say iy, from S’ and a vertex,
say ji1, from R! and add an edge between {i1, j; }. However, in such a case, after 1
infinitesimal time unit, the pair (i1, j;) will no longer have the largest difference in
values of X among the pairs in e X e, and we will need to pick some other suitable
pair from S? x RE\ {(i1, j1)}. We will have to repeat this process of picking a different
pair of vertices after each infinitesimal time unit. Moreover, each of these infinitesimal

time units will have Lebesgue measure 0. Therefore, we avoid this difficulty by adding

a suitably weighted complete graph on S’ x R! without loss of generality.

Note that when IIg = I, then Definition 4.5.1 is the same as Definition 4.2.9. We
need to study the Dispersion Process in this generality to prove Theorem 4.2.6 and

Proposition 4.2.8.

Lemma 4.5.3 (Main Technical Lemma). Given a hypergraph H = (V, E,w), and a

function w® : V — R, the Dispersion process in Definition 4.5.1 satisfies the following

properties.
1.
112
WA o () sl w0, (15)
2.
R (W) <R (W)  Vt,dt>0. (16)
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Proof. Fix a time ¢t > 0.

1. Let

def

A= Ay and A =(1—dt)]+dtA.
Then
oo 7 = a7 = (' =, ! w9 = ()T = g A)(I + T A')e!
Now, limg; .o(I + gA’) = I 4 1. By construction, we have w'* € S. Therefore,
o I = [l [J" = 24t ") (7 — )
Therefore

dfw]®
dt

—2R () ']

2. Let
AT A, AEA—d)I+dtA, A A

()T (1 — Ap)ut
(W) (W)

(wt—i-dt)T(I _ Ag)wt+dt

R (Wt) = (Wi T (ytrdt)

and R (wt+dt) =

From the definition of the process, we have w!*dt = ITgAjw’ and therefore

(wh)T AL TTg(I — Ay)IIg ALt

t+dt\ __
R = O AT A ()

If Ay = Ay, then we can finish the proof of this lemma by using Proposition 4.5.5.

Thefore, we will assume that A; # As.

We make the following claim.

Claim 4.5.4. For S!, R. as in Remark 4.5.2, f.(t) defined as follows.

£() % ) S (W) —wt(5)

t T
|Se| |Re| iESé,jGR@

1 a continuous function of t ¥t > 0.
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Proof. This follows from the definition of process. The projection operator
IIg, being a linear operator, is continuous. Being a projection operator, it has
operator norm at most 1. For a fixed edge e, and vertex v € e, the rate of change
of mass at v due to edge e is at most w’(v)/d (from Definition 4.5.1). Since,
v belongs to at most d edges, the total rate of change of mass at v is at most
wh(v).

Therefore, for any fix any time ¢, and for every € > 0,

£

|f6(t)_fe<t0)|<5 V|t—t0|<ﬁ.

We will construct a matrix A such that

(W!)"(I = At
()T ()

R (wt) >

and
(WHTATLg(I — A)TgAlwttt
(wt)TA’HSA’(wt)

where A" = (1 — dt)] + dt A. This will suffice to prove this lemma by using

R (wt+dt> <

Proposition 4.5.5.

We will start with an empty graph (i.e. no edges) G on the vertex set V' and
add weighted edges to it. At the end we will let A be the normalized adjacency

matrix of G.

Recall from Remark 4.5.2 that

St def {2 ce:wi(i) = maxwt(j)} and R def {z Ce:w'(i) = minwt(j)} )

j€e j€e

The contribution of e to the numerator of R (w') is

% S (W) —w'(G)”

i€St,jeER,
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If S! C SPdt and RY C RIT) then

w(e) . A\ 2
‘St+dt‘ |Rt+dt| Z (wt-i-dt(z) N wt-i—dt(]))

iesitdt jepitdt

_ ?(21‘/ Z (wt+dt(i) —wt+dt(j))2 . (17)

‘SEH e|7/€S£7jeRé

In this case we add to G the complete weighted bipartite graph on S% x R with

each edge having weight w(e)/ (|St||RL]).

Next, we consider the case when S! (£ SI4t for some e € E (the case R (£ R
can be handled in the same way). Let B C E be the set of all such edges. By
taking dt to be small enough and breaking ties arbitrarily we can assume that
Sidt C St Ve € B. By making dt sufficiently small, we may assume that for
each e € B, Jv € S!\ S such that v ¢ S Ve € (0,dt]. We define the

following limiting quantities.
f;im d:ef Eg%i fe (t + 5)7 Séim d:ef m5>OS£+E Rleim d:ef m5>OR?—€ :
Then, by construction,
Slim _ St—i—dt and Rlim _ Rt+dt
e - e n e e . (18)

Then, from Claim 4.5.4, we get
_ plim w(e) t/- tr \\2
fe(t)_fe - |S£m||Rleim| . Z ' (w (2)_("')(]))
ieSlim je Rlim

- L @O -s0) . (9

ie STt je RET
In this case we add to G a complete weighted bipartite graph on Sim x Rlim

We add self loops at each vertex of G' to make this graph d-regular. And we let

with each edge having weight w(e)/ (|Si™

lim
|Re

A be the normalized adjacency matrix of G. Note that A is also the limit point
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of A+ (the limit is well defined as, Si™, Ri™ are well defined as shown above):

A = hm AthrE (20)

e—0t
and using (19)
@I = At =Y Y0 felt) = (@) = Aw' (21)
ceB c€E\B

Therefore,

WHT A TTg (I — Ag)TTgAf (W)
(wh)T AT A} ()

R (wt-i-dt) _ (

- <Wt)Tﬁt?§z€H_Siz?j:;lll (@) (By construction; using (17), (18))
~ (WHTATIg(] — AT A’ (w!)
_ (wt)iA,HSA,(Wi) (From (20))

By definition, we have w’ € S and IIgA'w! € S. Using this and [ — A" = dt(I — A)

we get

(WHT ATLg(I — A)IgA'(wh)
(wt)TA’HSA’(wt)

1 (wt)T<HSA/H5)(] — (H5A1H5>>(HSA/HS)(wt) ‘

dt (W) T (ITg A'TLg ) (I A'TLg ) (w?)
Therefore,
R (w4 = 1 ()T (Mg A'TLs) (1 — (s A'Ls)) (IIs A'ls ) (w')
YT ()T (s A'TLg) (T A'TLg) (w?)
< l(wt)T(] — HsA/H3>(wt)
St (wh)T (wt)

(Using Proposition 4.5.5 with TIgA'Tlg )
@I = A
(W)™ (w!)
@7 - A

= W) (Using (21))

=R ()

(Using 1 — A" =dt(I — A) and v’ € S)
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Proposition 4.5.5. Let A be a symmetric n X n matriz with eigenvalues oy, . . ., oy,

and corresponding eigenvectors vy, ..., v, such that A = 0. Then, for any X € R"

XT(I—A)X  XTAT(I - A)AX 360 (i — ;) (i + ay) -0
XTX XTATAX >y qal g

where X =), c;v;.

Proof. We first note that the eigenvectors of I — A are also vy,...,v, with 1 —

ai, ..., 1 —a, being the corresponding eigenvalues.

XT(I - A)X  XTAT(I - A)AX

XTX XTATAX
Zi sz(l - 0‘%’) iczzaiz(l - ai)
- 2 - 202

J i 8 (1= o) + (1= ) = (1= ay)a? = (1 - ay)ad)

J
> o
i G (i — ay)*(ai + o)

i,j 173
2 2 2
Zici i GO

4.5.1 Eigenvalues in Subspaces

Theorem 4.5.6 (Formal statement of of Theorem 4.2.6). Given a hypergraph H, for
every subspace S of R™, the operator IlgL has a eigenvector, i.e. there exists a vector

vesS and ay € R such that

. XTIHgL(X)
HsL(V) =YV and Y= I)l(légl W

Proof. Fix a subspace S of R™. Then 7 is also fixed as above. We define the set of

vectors U, as follows.
U, ©{X eS: XTX =1 and X"TIL(X) =7} . (22)

From the definition of «, we get that U, is non-empty. Now, the set U, could

potentially have many vectors. We will show that at least one of them will be an
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eigenvector. As a warm up, let us first consider the case when |U,| = 1. Let v denote
the unique vector in U,. We will show that v is an eigenvector of IIgL. To see this,

we define the unit vector v/ as follows.

e ITg M (v)
[TLs M (v)]|

Since v is the vector in S having the smallest value of R (-), we get

But from Lemma 4.5.3(2), we get the R (-) is a monotonic function, i.e. R (V') < R (v)

. Therefore

Therefore, v/ also belongs to U,,. But we assumed that |U,| = 1. Therefore, v/ = v, or

in other words v is an eigenvector of IlgL.
HsL(v) = (1 = [sM(v)[)v =v.

The general case when |U,| > 1 requires more work, as the operator L is non-linear.
We follow the general idea of the case when |U,| = 1. We let w° 'y for any v € U,.

We define the set of unit vectors {w’} tefo.1] Tecursively as follows (for an infinitesimally

small dt).
et def (1 —dt)I 4+ dtTIgM) o W' (23)
|((1 = dt)I +dtIlgM) o wt||
As before, we get that
WwelU, Vt=0. (24)

If for any ¢, w' = W Vt' € [t,t + dt], then w' = w¥ V¢ > ¢, and we have that w! is
an eigenvector of IIgM, and hence also of IIgL (of eigenvalue 7). Therefore, let us
assume that w’ # w9t vt > 0.

Let A, be the set of support matrices of {w'},., i.e.

def

Aw:{AthtZO}.
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Note that unlike the set {wt}t>0 which could potentially be of uncountably infinite
cardinality, the A, is of finite size. A matrix Ay is only determined by the subsets of

maximal and minimal vertices (under X) in each hyperedge. Therefore,
|Au| < (22’")m < 00.
Now, since |A,| is finite, (using Lemma 4.5.7) there exists p, ¢ € [0, 1], p < ¢ such that
A = Awe Vt € [p,q.

For the sake of brevity let A aof A,» denote this matrix.
We now show that w? is an eigenvector of IIgL. From (24), we get that for

infinitesimally small dt (in fact anything smaller than ¢ — p will suffice),
R (w”) = R (W) = 0.

Let vy, ...,y be the eigenvalues of A’ % (1 —dt)I +dtA) and let vy, ..., v, be the

corresponding eigenvectors. Since A is a stochastic matrix,

Ar-(1—=2dt)] = =1 or oy =

Vi . (25)

DN | —

Let cq,...,c, € R be appropriate constants such that

WP = 5 Civ; .

i

Then using Proposition 4.5.5, we get that

0 = R(W)—R (")
1 ((wp)T(] LAY ()T ATIG(T — HSA’)HSA’wP)

dt (wP)Twr B (wP)T AT g A’wP
_ i22i,j cici(ai — a;)*(ai + ay)
dt > ¢} z‘C?O‘% .

Since, all o; > 1/2 (from (25)), the last term can be zero if and only if for some

eigenvalue o € {a; : 1 € [n]},

¢; # 0 if and only if oy = .
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Or equivalently, w” is an eigenvector of A, and w' = wP Vt € [p, ¢|. Hence, by recursion

Therefore,

1 —
Mg L(wP) = ( dta) w?
Since we have already established that R (w?) = <, this finishes the proof of the

theorem.

Proposition 4.2.8 follows from Theorem 4.5.6 as a corollary.

Proof of Proposition 4.2.8 . We will prove this by induction on k. The proposition is
trivially true of £ = 1. Let us assume that the proposition holds for £ — 1. We will

show that it holds for k. Recall that v;, is defined as

XTIy L(X)

Vi = argminy YL X
k-1

Then from Theorem 4.5.6, we get that vi is indeed an eigenvector of HéﬁlL with

eigenvalue
XTHLék_lL(X)
XTHa_IX

Y = min
0

Lemma 4.5.7. Let f : [0,1] — {1,2,...,k} be any discrete function. Then there

exists an interval (a,b) C [0,1], a # b, such that for some a € {1,2,... k}
f(z)=a  Vze(ab).

Proof. Let v(-) denote the standard Lebesgue measure on the real line. Then since f

is a discrete function on [0, 1] we have

k

dw(f ) =1.

i=1
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Then, for some « € {1,2,...,k}

x|

v (fTHa) =
Therefore, there is some interval (a,b) C f~'(«) such that
v((a,b)) >0.
This finishes the proof of the lemma. O]

4.5.2 Upper bounds on the Mixing Time

Theorem 4.5.8 (Restatement of Theorem 4.2.17). Given a hypergraph H = (V, E, w),
for all starting probability distributions u° : V- — [0, 1], the Hypergraph Dispersion
Process (Definition 4.2.9) satisfies
i (#0) < log(n/d) .
2
Proof. Fix a distribution u° on V. For the sake of brevity, let A; denote A, and let

A} denote ((1 —dt)I +dt A,). We first note that
A= (1—2dt) [+ =0 V. (26)

This follows from the fact that A; being a stochastic matrix, satisfies I = A, = —1.
Let 1 > ay > ... > «a, be the eigenvalues of A; and let 1/y/n,vs,...,v, be the
corresponding eigenvectors. Let o & (1 —dt) + dto; for i € [n] be the eigenvalues
of Aj. Writing ' in this eigen-basis, let ¢q,. .., ¢, € R be appropriate constants such

that u' = >, ¢;v;. Since p' is a probability distribution on V, its component along

the first eigenvector v, = 1/4/n is

, 1\ 1 1
=N RS R T

Then, using the fact that o) = (1 —dt) +dt-1 = 1.

n 1 n
Mt+dt — Az/t Mt — E OJQCiUz‘ = — + E a;civi. (27)
n
i=1 =2
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Note that at all times ¢ > 0, the component of ' along 1 (i.e. ¢;v;) remains unchanged.

Since for regular hypergraphs p* = 1/n,

t+dt | %

m (28)

(I = || = 1/n]| =

n
/
., C;U;
=2

Since all the o} > 0 (using (26)) and ag > o; Vi > 2, o > o2 Vi > 2. Therefore,

from (28)

n

Y @ =ay|ut=1/n|| . (29)

1=2

||/1't+dt _ 1/”“ < 0/2

We defined 7, to the second smallest eigenvalue of L. Therefore, from the definition
of L, it follows that (1 — 72) is the second largest eigenvalue of M. In this context,
this implies that

ap <1 —1.

Therefore, from the definition of o

ay=(1—dt)+dtas < (1 —dt) +dt(l —~)=1—dt,.

Therefore, from (29),
4%~ 1/n]) < (1 deow) [l — 1/ < % [~ 1/
Integrating with respect to time, from time 0 to ¢,
o~ 1/n]] < e [~ 1/m] < 26

Therefore, for ¢t > log(n/d) /72,

0
Y e Y RV e VA e

NZD
Therefore,

t(rsnix (MO) < log(n/6) _

V2
O

Remark 4.5.9. Theorem 4.2.17 can also be proved directly by using Lemma 4.5.3,

but we believe that this proof is more intuitive.
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4.5.3 Lower bounds on Mixing Time
Next we prove Theorem 4.2.18

Theorem 4.5.10 (Restatement of Theorem 4.2.18). Given hypergraph H = (V, E, w),

there exists a probability distribution u° on V such that ||u° — 1/n||, = 1/2 and

mix log(1/9)
t(; (,MO) = T"}/g .

In an attempt to motivate why Theorem 4.2.18 is true, we first prove the following

(weaker) lower bound.

Theorem 4.5.11. Given a hypergraph H = (V,E,w), there exists a probability

distribution p° on 'V such that || — 1/n||, > 1/2 and

tgnix (NO) > log(1/0)

bn

Proof Sketch. Let S C V be the set which has the least value of ¢5(S5). Let pu°: V —
[0, 1] be the probability distribution supported on S that is stationary on S, i.e.
1 .
) m 1eS

po(i) =

0 i¢S

Then, for an infinitesimal time duration dt, only the edges in E(S, S) will be active
in the dispersion process, and for each edge e € E(S, S), the vertices in e N S will be

sending 1/d fraction of their mass to the vertices in e N S. Therefore,

S dt

05y _ (s — L P (G

e€E(S,9)

In other words, mass escapes from S at the rate of ¢y initially. It is easy to
show that the rate at which mass escapes from S is a non-increasing function of time.
Therefore, it will take at least Q(1/¢p) units of time to remove 1/2 of the mass from

the S. Thus the lower bound follows.
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Now, we will work towards proving Theorem 4.2.18.

Lemma 4.5.12. For any hypergraph H = (V, E,w) and any probability distribution

10 on V, let o = ||u° — 1/n|]*>. Then

mix (0 log(ar/d)
TN R G am

Proof. For a probability distribution pu’ on V, let w’ be its component orthogonal to

p=1/vn
T IS A IR
. <’Wﬁ>ﬁ‘“ n
As we saw before (in (27)), only w’, the component of uf orthogonal to 1, changes
with time; the component of u* along 1 does not change with time. For the sake of

brevity, let A = R (u° — 1/n). Then, using Lemma 4.5.3(2) and the definition of w,

we get that

= —2R (w') dt > —2Adt.
Integrating with respect to time from 0 to ¢, we get

log ||<,utH2 — log HwOH2 > —2)\t.

Therefore
)2 t 2 t 2
OV T Ve V1 SRS
O] [0 = 1/n]| o
Hence
log(a/0)
t t
Thus

mix (.0 log(a/0)
W02 R =1
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Lemma 4.5.13. Gliven a hypergraph H = (X, E) and a vector X € RV, there exists

a polynomial time algorithm to compute a probability distribution p on V' satisfying

I = 2/nlly = and R (p—1/n) <AR(X — (X, 1) 1/n) .

N | —

Proof. For the sake of building intuition, let us consider the case when (X,1) = 0. As
a first attempt, one might be tempted to consider the vector 1/n + X. This vector
might not be a probability distribution if X (i) < —1/n for some coordinate i. A
simple fix for this would to consider the vector ;' < 1 /n+ X/(n || X]|). This is

clearly a probability distribution on the vertices, but

and ||X|,/(n || X],) < 1/2 depending on X, for e.g. when X is very sparse.

X
n [ Xl

, 1

ILL__
n

XL
X

1

Therefore, we must proceed differently.

Since we only care about R (X — (X,1)1/n), w.lo.g. we may assume that
|supp(X )| = |supp(X ™) by simply setting X := X +¢1 for some appropriate constant
c. W.lLo.g. we may also assume that || X || > || X~||. Let w be the component of X

orthogonal to 1

+ +

n n

def
w=XT—

By definition, we get that (w,1) = 0. Now,
, N PIX X
oz Y k@lz Y ez 25T g

i€supp(w™) i€supp(X )

We now define the probability distribution g on V' as follows.

def 1 w
pE = e
2 |Jwlly

n
We now verify that u is indeed a probability distribution, i.e. u(i) > 0Vi € V. If
vertex i € supp(X ™), then clearly u(i) > 0. Lets consider an i € supp(X ™).

w@) =X /e 1 .
— > —— (Using (30)) .
2wlly 2 flwlly n
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Therefore, (i) = 1/n+w(i)/(2|jw||;) = 0 in this case as well. Thus, p is a probability

distribution on V. Next, we work towards bounding R (u — 1/n).

D wle) e (1) = )" = o 3wl e () — )’
< o e ma (X6~ XG)F G

We now bound ||w||,.

X+1)°

X+
ol = |+ = (x*, 1) 1mP = [+ = IXHE

_ +112 _
= e -1

- (3

Since [supp(X )| < n/2,

n
X< S I

Combining this with (32), and using our assumption that || X || > || X ||, we get

2 2 XTI X X
= || X" - L > > :
Joollz = [l == 5 y
Therefore,
o] LX) L X=X 1n1/n|’
= tmlf = 0 > g s - )
Allwlly = 4llwlly 4{lwlly
Therefore, using (31) and (33), we get
R (11— 1/n) < 4R (X = (X, 1)1/n)
and by construction
w 1
=/l = 52| =3
o2l 2
O

We are now ready to prove Theorem 4.2.18.

Proof of Theorem 4.2.18.
Let X = vy. Using Lemma 4.5.13, there exists a probability distribution g on V
such that

and R (u—1/n) <4y

N —

I = 1/nll, =
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and for this distribution p, using Lemma 4.5.12, we get

mix 10g(1/5)
t > =10
5 (1) 16 5

]

Remark 4.5.14. The distribution in Theorem 4.2.18 is not known to be computable
in polynomial time. We can compute a probability distribution p in polynomial time

SllCh
: log(1/6
t6mlx (/L) > g( / )

and >
cyo logr

I =1/nll, =

N | —

for some absolute constant c. Using Theorem 6.1.5, we get a vector X € R™ such that
R (X) < 12 log r for some absolute constant ¢;. Using Lemma 4.5.13, we compute a

probability distribution v on V' such that

|lv —1/n]|, > and R(v—1/n) <4dcryzlogr.

DN | —

and for this distribution v, using Lemma 4.5.12, we get

- log(1/4
4dcyy logr

4.6 Higher Eigenvalues and Hypergraph Expansion
In this section we will prove Theorem 4.2.16 and Theorem 4.2.15.
4.6.1 Small Set Expansion

Theorem 4.6.1 (Formal Statement of Theorem 4.2.16). There exists an absolute
constant C' such that every hypergraph H = (V, E,w) and parameter k < |V|, there

exists a set S CV such that |S| < 16 |V| /k satisfying

#(S) < C'min {\/rlog k, klogkloglogk\/logr} NG

where r is the size of the largest hyperedge in E.
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Our proof will be via a simple randomized polynomial time algorithm (Algo-
rithm 4.6.2) to compute a set S satisfying the conditions of the theorem. Let t;;
denote the (1/k)™ cap of the standard normal random variables, i.e., t;/x € R is the

number such that for a standard normal random variable X, P [X >t /k] =1/k.

Algorithm 4.6.2.

1. Spectral Embedding. We first construct a mapping of the vertices in R¥
using the first k eigenvectors. We map a vertex ¢ € V' to the vector u; defined

as follows. .

In other words, we map the vertex i to the vector formed by taking the i*"
coordinate from the first k eigenvectors.

2. Random Projection. We sample a random Gaussian vector g ~ N(0, 1)*
and define the vector X € R" as follows.

X (i) def wil|? i (i, g) =t
0 otherwise '

3. Sweep Cut. Sort the entries of the vector X in decreasing order and output
the level set having the least expansion (See Proposition 4.4.2).

Figure 8: Rounding Algorithm for Hypergraph Small set Expansion

We prove some basic facts about the Spectral Embedding (Lemma 4.6.3). The

analogous facts for graphs are well known (folklore).

Lemma 4.6.3 (Spectral embedding).

D eep MaXijee we) ||u; — vy’

> il

S

> difjul® =k

eV
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Z dzdj <UZ‘, Uj>2 =k.

1,jEV

Proof. The proof of this is identical to the proof of Lemma 3.3.1.

We will use the following variant of Lemma 3.3.13.

Lemma 4.6.4. Given two unit vectors u;,u; € R",

_ _ L2
ngIEDO,l)" [(uzag> P tl/k: and <uj7g> = tl/k] < E <ulau]> +

1

ﬁ .

Main Analysis. To prove that Algorithm 4.6.2 outputs a set which meets the
requirements of Theorem 4.6.1, we will show that the vector X meets the requirements
of Proposition 4.4.3. We will need an upper bound on the numerator of cut-value of

the vector X (Lemma 4.6.5), and a lower bound on the denominator of the cut-value

of the vector X (Lemma 4.6.6).

Lemma 4.6.5.

E g@(k\/m).

S w(e) max | X; — X,

i,j€e
eckE ’

Proof. For an edge e € E we have
E X, - X|| < 2=’ P (i, g) =t Vi€
max X, = | < max [l < o] P [{ing) > v Vi

+ max ||uZH2 P [(ﬂi,g> >ty and (U, g) < ti/ for some i, j € [rﬂ (34)
ice g~N(0,1)"

The first term can be bounded by

7 e[ ” = | < o macflui = wl] - flui + ] <
1
27 max [|u; — ugf| max [Jus]| . (35)
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Now for a hyperedge e € F, using Lemma 2.5.8,

P [(ﬂi,g> >ty and (uj,g) < ti; for some i,j € e}
gNN(Ovl)n

klog k log log k
<o l® l:g %8 T max ||i; — @] logr. (36)

i,j€e

To bound the second term in (34), we will divide the edge set F into two parts £y

and FE, as follows.

|

2
E1d=ef e € I/ : max 7 <2 and Ezdzef BGEim.aXHUZH2>2 :
Bice [y Bi€e [|uy||

FE is the set of those edges whose vertices have roughly equal lengths and FEs is the

set of those edges whose vertices have large disparity in lengths. For a hyperedge

e € Ey, using Proposition 2.6.2 and (36), the second term in (34) can be bounded by

2¢c1k log klog log k i — U
C1 ngog og maXIIUz||2maX i — ujl] \/@
S Ml [l 2
2c1k log klog log k
< ‘ ogkog o8 nllaXHuleaXHui—ujH\/logr. (37)
ce 1,)€€

Let us analyze the edges in E,. Fix any e € Ey. Let e = {uy,...,u,} such that
|lur]] = ||ual| = ... = ||u.||- Then from the definition of Ey we have that

2
[ |

;> 2.
e |

Rearranging, we get
luall® < 2 (el = Nl *) = 2 (wr = v + ) <2l + | fJun — |
< 2v2max [luif| max [Ju; — uy|| -
1€e 1,)€€e
Therefore for an edge e € Es, using this and (36), the second term in (34) can be
bounded by
4
s ma (39)

Using (34), (35), (37) and(38) we get

E {HlaX|4X¥ —')<j|

i,j€e

klog kloglog k \/
] < 8¢ ng 0g 108 max [|u| max [[u; —ujl| /logr.(39)
Ce 1,jce
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E Y w(e) max |X; - X; |]

1,)€€
eeE

< 8c1k log k log log k+/log r Z w

e) max [|u;|| max [u; — u;l|
1€e 1,)]€€

k
eck
8ciklog klog log k+/log r
< ? Zw( max||ul|| Z max||uz—uj||
ecE eceE

k ;
1<% ecE

8c1klog klog log k+/log r
< > difus))® Zw(e)lg;gﬂui—ujHQ

< 8¢y k log k log log kA/ i log r (Using Lemma 4.6.3)

Lemma 4.6.6.

P> diX; > ] > 1
eV 8

Proof. For the sake of brevity, we define D & Y ey diXi. We first bound E[D] as

follows.

=S dillwl? P [{dng) >t

2% g~N(O.1)
1
= Z d; ||| - z (From the definition of ¢;;)
eV
1
=k- L= 1 (Using Lemma 4.6.3) .

Next we bound the variance of D.
= Zdidj sl s 2 P [ (@, 6) > 1 and. (s, g) > 1]

1
de s | | ) ( (i, 1;)° ﬁ) (Using Lemma 4.6.4 )

:_de RT (Zd s )

]. 2 .
= k+ ﬁ k=2 (Using Lemma 4.6.3) .
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Since D is a non-negative random variable, we get using the Paley-Zygmund

inequality (Fact 2.5.2) that

1 IN\N°E[D]?® 1 1 1
P|D>-E[D]|l >|(= — . =2
{ 2 [ ]] <2> E[D? 4 2 8
This finishes the proof of the lemma.
O
We are now ready finish the proof of Theorem 4.6.1.
Proof of Theorem 4.6.1. By definition of Algorithm 4.6.2,
n
E [Jsupp(X)[] = 7
Therefore, by Markov’s inequality,
P | [supp(X)| < 16”] Sqo (40)
su <16 >1——.
PP k 16
Using Markov’s inequality and Lemma 4.6.5,
1
P ZmaX\Xi — X,| < 256¢;klog kloglog kv/vk logr] >1- 35 (41)
1,)€€
eclk
Therefore, using a union bound over (40), (41) and Lemma 4.6.5, we get that
ijee | Xi — Xj = 1
P {ZGEEw(e)IZn?ZZ; | i <0 (k@) and [supp(X)| < 16%} 2 32

Invoking Proposition 4.4.3 on this vector X, we get that with probability at least

1/32, Algorithm 4.6.2 outputs a set S such that

o(S) < @) (k\/”yk 10g7"> and |S] < 16%. (42)
This finishes the proof of the theorem. O
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4.6.2 Hypergraph Multi-partition

In this section we only give a sketch of the proof of Theorem 4.2.15, as this theorem

can be proven by essentially using Theorem 4.6.1 and some ideas studied in [70, 73].

Theorem 4.6.7 (Restatement of Theorem 4.2.15). For any hypergraph H = (V, E, w)

and any integer k < |V|, there exists a k-partition of V into {Si,..., Sk} such that

max ¢(5;) < O (kz‘ﬂ/vk logr> .

i€[k]
Moreover, for any k disjoint non-empty sets Sy,..., Sy CV

Vi
ALY
lgéﬁg]ccb( ) = 5

Proof Sketch. The first part of the theorem can be proved in a manner similar to
Theorem 4.6.1, additionally using techniques from [70]. As before, we will start with
the spectral embedding and then round it to get k-partition where each piece has
small expansion (Algorithm 4.6.8). Note that Algorithm 4.6.8 can be viewed as a
recursive application of Algorithm 4.6.2; the algorithm computes a “small” set having
small expansion, removes it and recurses on the remaining graph.

Note that step 3a of Algorithm 4.6.8 is somewhat different from step 2 of Algo-
rithm 4.6.2. Nevertheless, with some more work, we can bound the expansion of the
set obtained at the end of step 3b by O (k*\/;logr). The proof of this bound on
expansion follows from stronger forms of Lemma 4.6.5 and Lemma 4.6.6.

Once we have this, we can finish the proof of this theorem in a manner similar to
[70]. [70] studied k-partitions in graphs and gave an alternate proof of the graph version
of this theorem (Theorem 4.2.14). They implicitly show how to use an algorithm for
computing small-set expansion to compute a k-partition in graphs where each piece
has small expansion. A similar analysis can be used for hypergraphs as well, but
incurs an additional factor of O (min {r, £}) in the bound on the expansion of the sets.

O
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4.7 Reduction from Vertex Expansion in Graphs to Hyper-
graph Expansion

Theorem 4.7.1 (Restatement of Theorem 4.2.19). Given a graph G = (V. E) of

mazimum degree d and minimum degree c1d (for some constant c¢y), there exists a

polynomial time computable hypergraph H = (V, E') on the same vertex set having the

hyperedges of cardinality at most d + 1 such that for all sets S C V,

1o (S) < = - @V(S) < ¢u(S).

ISHN

Proof. We present the reduction as follows (Figure 10).

By construction, all hyperedges in E’' have cardinality at most d + 1. Fix an
arbitrary set S C V.

We first show that ®V(S) < déy(S). Consider the vertices N'"(S). Each vertex in
v € N"(S) has a neighbor, say u, in S. Therefore the hyperedge {v} U N°“t({v}) is
cut by S in H. Similarly, for each vertex v € N°(S), the hyperedge {v} U N°"*({v})
is cut by S in H. By construction it follows that all these hyperedges are disjoint.

Therefore,

Nm(s)‘ —l—‘NOUt<S)| <4 ’EH(S,S)‘
5] h d|S|

¢Y(S) = | < dou(S).

Now we verify that ¢ (S) < ®V(S)/(c1d). For any hyperedge ({v} U N°Ut({v})) €
Ex(S, S), the vertex v has to belong to either N™(S) or N°U(S). Therefore,

_|Ea(S,9)] _ [NM(S)[+ NS 1

S) < < = —Y(9).
ou(5) c1d S| c1d S| crd (%)
0
4.8 Hypergraph Tensor Forms
Let A be an r-tensor. For any suitable norm ||-||5, e.g. ||.|l3, ||.|I%, we define tensor

eigenvalues as follows.
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Definition 4.8.1. We define )\, the largest eigenvalue of a tensor A as follows.

def Zil,iz,...,ir Aiﬂz-..ithXiz - -Xir
Al = max
XeRn 1 XI5

Divimoiy Airiin Xiy Xy o X

T

def
v = argmaXXeRn

X5
We inductively define successive eigenvalues Ay > A3 > ... as follows.
def Zil,ig,...,ir Ai1i2~--irXi1Xi2 .. -Xir
p— max
X 1{v1,,v_1} ||X|||:I

Zil,ig,...,i,« Ailig...irXilXiz Ce XZ
e X1

T

def
V = argmaxﬂ{vhw

Informally, the Cheeger’s Inequality states that a graph has a sparse cut if and
only if the gap between the two largest eigenvalues of the adjacency matrix is small;
in particular, a graph is disconnected if any only if its top two eigenvalues are equal.
In the case of the hypergraph tensors, we show that there exist hypergraphs having
no gap between many top eigenvalues while still being connected. This shows that

the tensor eigenvalues are not related to expansion in a Cheeger-like manner.

Proposition 4.8.2. For any k € Z>y, there exist connected hypergraphs such that
)\1 == ... = )\k

Proof. Let r = 2% for some w € Z*. Let H; be a large enough complete r-uniform
hypergraph. We construct Hy from two copies of Hq, say A and B, as follows. Let
a € E(A) and b € E(B) be any two hyperedges. Let a; C a (resp. by C b) be a set of

any r/2 vertices. We are now ready to define H,.

Hy = (V(A) UV(B), (B(A)\ {a}) U(E(B) \ {b}) U {(a1 Uby), (a2 Ubs)})

Similarly, one can recursively define H; by joining two copies of H; 1 (this can be
done as long as r > 2%). The construction of Hj can be viewed as a hypercube of

hypergraphs.
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Let Ay be the tensor form of hypergraph H. For Hs, it is easily verified that v; = 1.
Let X be the vector which has +1 on the vertices corresponding to A and the —1 on

the vertices corresponding to B. By construction, for any hyperedge {i1,...,i.} € E

1" T

and therefore,
Divimoiy Airigein Xiy Xy o X

X5

Since (X,1) = 0, we get Ay = A; and v = X. Similarly, one can show that
A = ... = )\, for Hy. This is in sharp contrast to the fact that Hj is, by construction,

a connected hypergraph. O]

4.9 An Exponential Time Algorithm for computing FEigen-
values

Theorem 4.9.1. Given a hypergraph H = (V, E, w), there ezists an algorithm running

in time O (2"™) which outputs all eigenvalues and eigenvectors of M.
Proof. Let X be an eigenvector M with eigenvalue 7. Then
vy X =M(X)=AxX.

Therefore, X is also an eigenvector of Ay. Therefore, the set of eigenvalues of M is
a subset of the set of eigenvalues of all the support matrices {Ax : X € R"}. Note
that a support matrix Ax is only determined by the subsets of maximal and minimal

vertices (under X) in each hyperedge. Therefore,
HAx : X e R"} < (27)™.

Therefore, we can compute all the eigenvalues and eigenvectors of M by enumerating

over all 2" matrices.
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4.10 Conclusion

We introduced a new hypergraph Markov operator generalizing the random-walk
operator on graphs. We studied the eigenvalues of this operator, and showed that
we can prove numerous relations between them and the combinatorial properties of
graphs. All such relations generalize the corresponding relations for graphs. However,
many open problems remain. In short, we ask what properties of graphs and random
walks generalize to hypergraphs and this Markov operator? We pose here two concrete

open problems.

Problem 4.10.1 (K SPARSE-CUTS). Does every hypergraph H = (V, E), for every

parameter k € [n| have k disjoint non-empty subsets, say Si, ..., Sk, such that

max o($:) < O (/3 logk)?

i€[k]

Problem 4.10.2 (SMALL SET EXPANSION). Does every hypergraph H = (V, E), for

every parameter k € [n] have a set, say S, of size at most n/k*") and

8(5) < O (Vlog,n)?

The results in this chapter appear in [69].
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Algorithm 4.6.8. Define k' %' %2
1. Initialize t :=1 and V; :=V and C := ¢.

2. Spectral Embedding. We first construct a mapping of the vertices in R”
using the first k eigenvectors. We map a vertex ¢ € V' to the vector u; defined

as follows. )
w;(l) = \/d_,-Vl(i) :

3. While [ < 100%?

(a) Random Projection. We sample a random Gaussian vector g ~
N(0,1)* and define the vector X € R" as follows.

X(Z) ‘i:ef ||u$||2 if <UZ, > tl/k’ and ¢ € ‘/l
0 otherwise '

(b) Sweep Cut. Sort the entries of the vector X in decreasing order and
compute the set S having the least expansion (See Proposition 4.4.2). If

> fluil? >1+— or  ¢(S) > 10°k>\/; logr
€S

then discard S, else C' < CU{S} and V< V\S.
(¢) 1+ 1+ 1 and repeat.

4. Output C.

Figure 9: Rounding Algorithm for Many Sparse Cuts

Input: Graph G = (V, E') having maximum degree d.
We construct hypergraph H = (V, E') as follows. For every vertex v € V', we add
the hyperedge {v} U N°**({v}) to E'.

Figure 10: Reduction from Vertex Expansion in graphs to Hypergraph Expansion

104




THE COMPLEXITY OF EXPANSION PROBLEMS

PART II

Approximation Algorithms



CHAPTER V

APPROXIMATION ALGORITHM FOR SPARSEST
K-PARTITION

5.1 Introduction

In this chapter, we present approximation algorithms for the SPARSEST k-PARTITION

problem in graphs. We define the problem formally as follows.

Problem 5.1.1 (SPARSEST k-PARTITION ). Given a graph G = (V, E,w) and a
parameter k, compute a partition {Py,..., P;} of V into k non-empty pieces so as to
minimize

oE({p,... . PHYE max g (P).

The optimal value is called the k-sparsity of G and is denoted by ¢~,.

This problem is very similar to the K SPARSE-CUTS problem studied in Chapter 3.
It differs from K SPARSE-CUTS only in requiring that the sets form a partition of
the vertex set. Recall that Theorem 3.1.8 shows that ¢% can not be bounded by
@) (\/)\_k polylog k) Therefore, we study this problem with the view of obtaining
approximation algorithms for it.

Since we are not trying to relate ¢%(G) to the graph spectra, we can afford to
work with a more general notion of expansion. Given a graph G = (V, E,w), where

w:V UE — R*, we define the expansion of a set S C V as

def w(E(S,S))
Zuve(u) '

Note that this definition of expansion coincides with our previous definition of expansion

¢(5)

when w(u) = d,, for each u € V. The main results of this chapter are as follows.
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Theorem 5.1.2. There exists a randomized polynomial-time algorithm that given an
undirected graph G = (V, E,w) and parameters k € Z+ (k > 2), ¢ > 0, w.h.p. outputs

a k' = (1—¢)k partition such that each set has expansion at most O (\/lognlog k gf)’é)

Theorem 5.1.3. There exists a randomized polynomial-time algorithm that given
an undirected graph G = (V, E,w) with vertex weights w, = d,, (d, is the degree of
the vertex u) and parameters k € N (k > 2), ¢ > 0, w.h.p. outputs a k' > (1 —e)k

partition such that each set has expansion at most O, (\/¢’5 log k;)

Note that for k = 2, Theorem 5.1.2 gives the same guarantee as that of Arora, Rao
and Vazirani [12] for EDGE EXPANSION and Theorem 5.1.3 gives the same guarantee
as that of Cheeger’s inequality for EDGE EXPANSION. A direct corollary of the work
of Raghavendra, Steurer and Tulsiani [88] is that Theorem 5.1.3 is optimal under the
SSE hypothesis.

SDP Relaxation. The proofs of our main theorems go via an SDP relaxation of ¢%
and a rounding algorithm for it. As a first attempt, one would try an assignment
SDP & la Unique Games (as used in [54, 102, 27, 31]), but such relaxations have a
large integrality gap (see Section 5.6). The main difficulty in constructing an integer
programming formulation of SPARSEST k-PARTITION is that we do not know the sizes
of the sets in the optimal partition. We use a novel SDP relaxation which gets around
this obstacle. In this SDP | we manage to encode a partitioning of the graph as well
as a special measure on the vertices. This measure tells us how large every set must
be. Roughly speaking, we expect that in the solution obtained by the algorithm, the
measure of every set is approximately 1, irrespective of its size. We give a formal
description of the SDP in Section 5.2.1.

A natural assignment SDP relaxation has a large integrality gap (see Section 5.6).
To round our new SDP (see Section 5.2.1), one can try to adopt the rounding algorithms

of Lee et al. [63] and Algorithm 3.3.2. (Both [63] and the proof of Algorithm 3.3.2
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construct an embedding of the graph into R¥ as a first step. The proofs of their main
theorems can be viewed as an algorithm to round these vectors into sets) . However,
these algorithms could only possibly give an approximation guarantee of the form
O(v/OPTlogk). To get rid of the square root, we need to embed the SDP solution
from (3 to f,. This step distorts the vectors, so that they no longer satisfy SDP

constraints and no longer have properties required by these algorithms.
5.1.1 Extensions

Our SDP formulation and rounding algorithm can be used to solve other problems as

well. Consider the balanced version of Sparsest k-Partition.

Problem 5.1.4 (Balanced Sparsest k-Partitioning Problem). Given a graph G =
(V, E,w) and a parameter k, compute a partition {P;, ..., P} of V into k non-empty

pieces each of weight w(G)/k so as to minimize max; ¢g(P;).
Using our techniques, we can prove the following theorems.

Theorem 5.1.5. There exists a randomized polynomial-time algorithm that given an
undirected graph G = (V, E,w) and parameters k € N (k > 2), € > 0, w.h.p. outputs
k' > (1—¢)k disjoint sets (not necessarily a partition) such that the weight of each set

is in the range [w(G)/(2k), (1 + e)w(G)/k], and the expansion of each set is at most

O, (\/log nlogk OPT) .

Theorem 5.1.6. There exists a randomized polynomaial-time algorithm that given
an undirected graph G = (V, E,w) with vertex weights w, = d,, (d, is the degree of
the vertex u) and parameters k € N (k > 2), € > 0, w.h.p. outputs k' > (1 —e)k
disjoint sets (not necessarily a partition) such that the weight of each set is in the range

[w(G@)/(2k), (1+e)w(G)/k], and the expansion of each set is at most O, (v/OPTlogk).

Note that the algorithms above return &’ disjoint sets that do not have to cover all

vertices. The proofs of these theorems are similar to the proofs of our main results

107



— Theorem 5.1.2 and Theorem 5.1.3. We refer the reader to Section 5.2.6 for more
details. In fact, the assumption that all sets in the optimal solution have the same size
makes the balanced problem much simpler. Theorem 5.1.5 also follows (possibly with
slightly worse guarantees) from the result of Krauthgamer, Naor, and Schwartz [57],
who gave a bi-criteria O(y/lognlogk) approximation algorithm for the k-Balanced

Partitioning Problem (with the “min-sum” objective).

Organization. We prove Theorem 5.1.2 in Section 5.2.4. We present the SDP
relaxation of SPARSEST k-PARTITION in Section 5.2.1 and the main rounding algorithm

in Section 5.2.4. We prove Theorem 5.1.3 in Appendix 5.4.

5.2 Main Algorithm

We first prove a slightly weaker result. We give an algorithm that finds at least (1—¢)k
disjoint sets each with expansion at most O, (\/ lognlogk ¢’5) Note that we do not

require that these sets cover all vertices in V.

Theorem 5.2.1. There exists a randomized polynomial-time algorithm that given an
undirected graph G and parameters k € N (k > 2), ¢ > 0, outputs k' > (1 —e)k

disjoint sets Py, ..., Py such that

E [max(Sy)] < 0. (Viognlogh ¢t .

Then, in Section 5.3, we show how using k&’ > (1 — )k such sets, we can find a
partitioning of V' into k" > (1 — 2¢)k sets with each set having expansion at most
0. (Viognlogk ¢f;).

Our algorithm works in several phases. First, it solves the SDP relaxation, which
we present in Section 5.2.1. Then it transforms all vectors to unit vectors and defines
a measure p(-) on vertices of the graph. We give the details of this transformation
in Section 5.2.2. Succeeding this, in the main phase, the algorithm samples many

independent orthogonal separators Sy, ..., St and then extracts k' > (1 — €)k disjoint
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subsets from them. We describe this phase in Section 5.2.4. Finally, the algorithm
merges some of these sets with the left over vertices to obtain a k” > (1 —¢)k’ partition.

We describe this phase in Section 5.2.6.
5.2.1 SDP Relaxation

We employ a novel SDP relaxation for the SPARSEST k-PARTITION problem. The main
challenge in writing an SDP relaxation is that we do not know the sizes of the sets in
advance, so we cannot write standard spreading constraints or spreading constraints
used in the paper of Bansal et. al.[16]. For each vertex u, we introduce a vector u. In
the integral solution corresponding to the optimal partitioning Py, ..., Pk, each vector

u has k coordinates, one for every set P;:

if u e Py
u(i) = { Ve

0 otherwise.

Observe, that the integral solution satisfies two crucial properties: for each set P;,

> wlal =3 s =1, (43)

ueP; u€eP;

and for every vertex u € P;,

Zwv<u,v>=2wt(”é)+20=1. (44)

veV vEP; U¢P¢

(43) gives us a way to measure sets. Given a set of vectors {u}, we define a measure

u(+) on vertices as follows

u(S) = walal®. (45)

ues
For the intended solution, we have p(P;) = 1, and hence p(V) = k. This is the first

constraint we add to the SDP :

plV) = 3wl = k.

ueV
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From (44), we get a spreading constraint:

> w, (w, ) =1.

We also add #2 triangle inequalities to the SDP . It is easy to check that they are

satisfied in the intended solution (since they are satisfied for each coordinate).
Finally, we need to write the objective function that measures the expansion of the

sets. In the intended solution, if u,v € P; (for some i), then @ = v, and ||u — 9||* = 0

If we P, and v € Pj (for i # j), then

la—o)* = [[al]* + Io]* = 1/w(F) + 1/w(F).

Hence,
1 9 1
A z}: w ({u,v}) lu —o|° = ;{u%:@< (Pj)>w({u,v})

k;z PMV\P :%Zﬁbc(f’i)éqf)g. (46)

Z

We get the following SDP relaxation for the problem.

SDP 5.2.2. ]
min - > w({uv}) a—o|
{u,v}eFr
D wllal? = k
ucV
> w, (@,7) = 1 Yuev

veV
la—z|*+ |z —o)* > [la—3|* VuvaeV
0 < (w0 < [alf? Vu,v €V

Figure 11: SDP Relaxation for Sparsest k-Partition
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5.2.2 Normalization

After the algorithm solves the SDP 5.2.2, we define the measure p using (45), and “nor-
malize” all vectors using a transformation ¢ from the paper of Chlamtac, Makarychev
and Makarychev [31]. The transformation ¢ defines the inner products between ¢ ()
and ¢ (v) as follows (all vectors @ are nonzero in our SDP relaxation):

(@o)
max{||a|”, ||o]*}

(¥(a), () =

This uniquely defines vectors ¥ (@) (up to an isometry of ¢5). Chlamtac, Makarychev
and Makarychev showed that the image 1(X) of any /3 space X is an /2 space, and

the following condtions hold.
e For all non-zero vectors @ € X, |[¢(a)|]* = 1.

e For all non-zero vectors u,v € X,

— —112
2|ju— |

max {|al*, [|o]|*}

I (@) = (@)|* <

5.2.3 Orthogonal Separators

Our algorithm uses the notion of orthogonal separators introduced by Chlamtac,
Makarychev, and Makarychev [31]. Let X be an ¢2 space. We say that a distribution
over subsets of X is a k-orthogonal separator of X with distortion D, probability scale
a > 0 and separation threshold g < 1, if the following conditions hold for S C X

chosen according to this distribution:
1. Foralla e X, Pla e S| =a |l

2. For all 4,0 € X with (u,v) < Smax {|al?, [|o]*},

amin {2l 7]}

k

Plue S and v € 5] <
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3. For all u,v e X

P [Is(a) # Is(v)] < aD |lu —o|*.
Here Ig is the indicator function of the set S.

Theorem 5.2.3 ([31, 16]). There exists a polynomial-time randomized algorithm that

given a set of vectors X, a parameter k, and B < 1 generates a k-orthogonal separator

with distortion D = Og (\/log | X | log k:) and scale o = 1/p(|X|) for some polynomial

p.

In the algorithm, we sample orthogonal separators from the set of normalized
vectors {¢(u) : u € V'}. For simplicity of exposition we assume that an orthogonal
separator S contains not vectors u, but the corresponding vertices. That is, for an

orthogonal separator S, we consider the set of vertices S = {u € V : ¢(a) € S}.
5.2.4 Algorithm

We give an algorithm for generating & > (1 — ¢)k disjoint sets P; in Figure 12.
5.2.5 Properties of Sets S/

We prove that (a) the edge boundaries of the sets S are small; and (b) the sets S¥

form a partition of V' w.h.p. The following lemma makes these statements precise.

Lemma 5.2.5. For a set S C V, define

def _ _ _
v() = > wwoep P+ > wluod) [l -’ . (A7)
{uv}eE(S,V\S) {up}€E
u€eS,w¢S u,veS

Then, sets S! satisfy the following conditions:

E

> y(sg’)] < (8D 4 1)k - SDPval,

where D = O.(y/lognlogk) is the distortion of (12k/e)-orthogonal separator,
and SDPval is the value of the SDP solution.
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Algorithm 5.2.4.
1. Solve SDP 5.2.2 and obtain vectors {u}.

2. Compute normalized vectors ¢ (), and define the measure u(-) (see Section 5.2.2
and Eq. (45)).

3. Sample T' = 2n/«a independent (12k/e)-orthogonal separators Sy, ..., Sy for
vectors ¥(u) (u € V)
with separation threshold g =1 —¢/4.

4. For each i, define S as follows:

g def Siif p(S;) <14¢/2;
‘ @ otherwise.
5. For each i, let S/ = S/ \ (U;~'S]) be the set of yet uncovered vertices in 3.

6. For each i, set P, = {u € S/ : ||u||* > r;}, where the parameter r; is chosen to
minimize the expansion ¢g(F;) of the set P;.

7. Output (1 — )k non-empty sets P; with the smallest expansion ¢g(P;).

Figure 12: Algorithm for generating k&’ > (1 — ¢)k disjoint sets F;.
2. All sets SI are disjoint; and
PluUS)) =kl >1—ne ™.
Proof. (a) Let E.,; be the set of edges cut by the partitioning SY,...,S7,V \ (USY).

Observe, that each cut edge {u,v} contributes ||z||* + ||7]|* to the sum > v/(S”), and

each uncut edge contributes either |||u||* — ||o]/?|, or 0. Hence,

E <SE| > w({uwo})(lal? + 1))

{u’v}eEcut

> v(sh)

%

+ 5 wluop) |lal® - o) -

{u,v}€eFE

The second term is bounded by

> w({u,v})||a—v|* =k - SDPval,

{uv}eFr
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since
lal* = llol* = lla — o)1* — 2(lo]1* — (@, 9)) < la - o||*.
The inequality follows from the SDP constraint ||o||* > (i, v). We now bound the first

term. To do so we need the following lemma.
Lemma 5.2.6. For every vertexu € V and i € {1,...,T}, we have Pu € S}] > /2.

We give the proof of Lemma 5.2.6 after we finish the proof of Lemma 5.2.5. Let
us estimate the probability that an edge {u,v} is cut. Let U; = U;,S! be the set of
vertices covered by the first ¢ sets SI. Note, that S/ = S!\ U;_;. We say that the edge
{u,v} is cut by the set S}, if 5] is the first set containing u or v, and it contains only

one of these vertices. Then,
T
P[{u,v} € Ee] = > P[{u,v} is cut by ]
i=1

= Y Plu,v¢ U and Ig(u) # Is(v)]

=1

S Plu g Uiy and I (u) # 15, (0)

N

= ZP [u §é Ui_1] P [I&(U) 7& [Si (U)] :

Now, by Lemma 5.2.6, P[u ¢ U;_;] < (1 — a/2)""!, and, by Property 3 of orthogonal

separators,

P[Is,(u) # Is,(v)] < aDll(u) — ()|
2aD||u — o|?

< - - .
= max{][al?, |2}

Thus (using >,(1 — a/2)" < 2/a),

4D ||u — v|)?

P{u,v} € Euul < — —.
max{|[ul|?, [|v]]*}
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We are almost done,

E| > wuo})(lal®+ o))

{u,v}eEcut
= Y w({u,v})Pu,v} € Ead (|0 + [[o])
{uv}eFE
4D |ju — |® 2, (2
< w ({u, v}) — ey lall” + [0]))
Py mas{]Jal. [0}
< Y 8Dw({u,v}) [a—ov|’
{uv}eFE
= 8kD - SDPval.

Thus we get that

E

i

> y(S;’)] < (8D + 1)k - SDPval .

(b) The sets S/ are disjoint by definition. By Lemma 5.2.6, the probability that
a vertex is not covered by any set S; is (1 — a/2)7 = (1 — a/2)*/* < e™. So with

probability at least 1 — ne™™ all vertices are covered. O]

It remains to prove Lemma 5.2.6.

Proof of Lemma 5.2.6. We adopt a slightly modified argument from the paper of

Bansal et al. [16] (Theorem 2.1, arXiv). If u € S;, then u € S unless u(S;) > 1+ ¢/2,

hence
Plue S ]=PlueS](1—-Plu(S;)>1+¢/2|uesS]

Here, we used that P [u € S;] = a[1)(@)||* = « (see Property 1 of orthogonal separators).

We need to show that P[u(S;) >1+¢/2|u e S;] < 1/2. Let us define the sets A,

and B, as follows.

Ay ={v eV : ), y()) = 5}
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and
B,={veV:({¥),y®)<p}.

Now,

pA) =D w o] < Bzwv I1I* (v(@), (o))

vEAy veV
(u, )
w, [|]? S a—
UEZV max { [|o]|°, [|o]]" }
1 o 1
< = Wy (U, V) = = 1—|——
PRI

Equality “o” follows from the SDP constraint ), ., w, (4,v) = 1. For any v € B,,, we

have (¢ (u), 9 (v)) < . Hence, by Property 2 of orthogonal separators,

5
. 1< =
Plve S |uesS)< ok
Therefore,
ep(Bu) _en(V) _ e
, 1< < .
E[u(S;NB,) |uesS] < ok S 1ok G

By Markov’s inequality, P [u(S; N By,) > ¢/6 | u € S;] < 1/2. Since u(S;) = p(S; N
Ay) + u(S;N By), we get P[u(S;) > 14+¢/2|ue S <1/2. O

5.2.6 End of Proof

We are ready to finish the analysis of Algorithm 5.2.4 and prove Theorem 5.2.1 and

Theorem 5.1.5.

Proofs of Theorem 5.2.1 and Theorem 5.1.5. We first prove Theorem 5.2.1, then we
slightly modify Algorithm 5.2.4 and prove Theorem 5.1.5.

I. We show that Algorithm 5.2.4 outputs sets satisfying conditions of Theorem 5.2.1.
The sets S/ are disjoint (see Lemma 5.2.5), thus sets P; are also disjoint. We now
need to prove that among sets P; obtained at Step 6 of the algorithm, there are at

least (1 — ¢)k sets with expansion less than O.(y/lognlogk OPT) (in expectation).
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Let Z =+ >, v(S/). By Lemma 5.2.5 we have,
E[Z] < (8D +1)OPT

and S/ form a partition® of V. We throw away all empty sets S/, and set o; = u(S!)/k.

(2

Then ) . 0; =1, and
1
= Z v(S!) = Z 0; - S”

Define 7 & {i:v(S!")/u(S!) < 3Z/c}. By Markov’s inequality (we can think of o; as
the weight of 7),

doiz1-¢/2. (48)

1€T

Since each o; satisfies
p(S)/k < (1+¢/2)/k
the set Z has at least (1 —¢/2)k/(1+¢/2) > (1 — )k elements.

Now for any S C V, let us define a vector Xg € R" as follows.

N sues
Xs(u) =

0 otherwise

Then for each i € Z, using Lemma 2.3.2, we get that a set P, C S such that

Yo w{(w0)} Xy = Xo| _ v(S)) _3Z

SR AT AT

Therefore, we showed that there are at least |Z| > (1 — €)k sets P; with expansion at
most 37 /e. Therefore, the expansion of the sets returned by the algorithm is at most
3Z/e. This finishes the proof, since E[3Z/¢] = O.(v/1ognlogk) ¢f.

I1. To prove Theorem 5.1.5, we need to modify the algorithm. For simplicity, we
rescale all weights w, and assume that w(G) = k. Then our goal is to find £’ disjoint

sets P; of weight in the range [1/2,1 + €] each. Since all sets in the optimal solution

1With an exponentially small probability the sets S/ do not cover all the vertices. In this unlikely
event, the algorithm may output an arbitrary partition.
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to the k-Balanced Sparsest Partitioning Problem have weight 1, we add the SDP

constraint that all vectors @ have length 1 (see Section 5.2.1): for all u € V:
lal* = 1.

The intended solution satisfies this constraint.

For a random r € (0, R) and L, & {ue S!: |Jul|* > r}, we have

Elw(L,)] = n(S7) (49)

T

as each u belongs to L, with probability [|i]|? and
Efw (E(Lr, V\ Ly))] = v(5])

(since an edge in S x S/ is cut with probability |||u||? — ||o]|?|; and an edge {u,v}
with u € S and v ¢ S/ is cut with probability ||u||? — if and only if u € L,; compare
with Definition 47). Therefore,

Elw (E(L, V\ L)) = =2~ < — == =— E[u(Z,)].

We also change the way the algorithm picks the parameters r;. The algorithm
chooses r; so as to minimize the expansion ¢ (F;) subject to an additional constraint
w(P;) = (1—¢/2)p(SY). Finally, once the algorithm obtains sets P;, it greedily merges
sets of weight at most 1/2. The rest of the algorithm is the same as Algorithm 5.2.4.

From (49) and (50), we get

- (1= 2)n(s)
Elw(L)] > o= EBlw (B(Ly,V\ L)) + ==

& (1 - )u(s))
> wa{ & B (B L)), LT

Since ||u|* =1 for all u € V', we have R =1 and p(L,) = w(L,). Therefore,

r

Blu(L,) > max { & Bl (B VAL (1= 5) (s},
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and for some r*,

Consequently, we get

VA
ba(P;) < pa(Ly+) < i—2

Now, recall, that by (48), >,.;0; = 1 —¢/2. Hence,

SwR) = Yo u(P) > (1=e/) Y ulS!) = (1=2/2)Y ko

> (1—¢)k.
We showed that the algorithm gets sets P; satisfying the following properties:

1. the expansion

da(P;) < %

e2

2. w(P) < (14¢/2) and
3. > w(P) = (1—e)k.

To get sets of weight in the range [1/2,1 + €] the algorithm greedily merges sets P; of
weight at most 1/2 and obtains a collection of new sets, which we denote by @;. The
algorithm outputs all sets @); with weight at least 1/2.

Note that for any two disjoint sets A and B,

da(AU B) < max{pg(A), pa(B)}

So

66(Q)) < maxg(P) < %5

All sets @; but possibly one have weight at least 1/2. So the weight of sets @Q); output

by the algorithm is at least (1 — )k — 1/2. The maximum weight of sets @Q); is 1 +¢/2,
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so the number of sets @); is at least

(1—-¢e)k—1/2
{ 1—¢/2

-‘ >[(1—2e)k—1/2] > [(1 — 4e)k] .
To verify the last inequality check two cases: if 2ek > 1/2, then
(1—28)k —1/2 > (1 — 4e)k;
if 2ek < 1/2, then
[(1-2)k—1/2] =k.

This finishes the proof. n

5.3 From Disjoint Sets to Partitioning

We now show how given k&’ > (1 —¢) sets Py, ..., P, we can obtain a true partitioning

Pl,... Pl ofV.

Proof of Theorem 5.1.2. To get the desired partitioning, we first run Algorithm 5.2.4
several times (say, m) to obtain disjoint non-empty sets Pp,..., Py that satisfy
max; ¢g(P;) < O.(vIognlogk) ¢f w.h.p. Let Z = max; ¢c(F;). We sort sets P; by
weight w(P;). We output the smallest k" = | (1 — ¢)k’] sets P;, and the compliment
set P/ =V \ (Ui Py).

Since sets P; are disjoint and non-empty, the first k” sets P, and the set P’ are
also disjoint and non-empty. Moreover, ¢g(P;) < Z, so we only need to show that
oc(P') < O.(Z). Note, that w(P') > ew(V), since P’ contains vertices in the [ek]

largest sets P; and all vertices not covered by sets P;. Then,

E(Plav\Pl) - Uigk”E(Pl7Pi) C U'Lgk”E<PmV\P%)
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So

w(E(PLV\P)) _ S5 w(B(P,V\F))

) N T
X w(P)oe(P) _ Y w(P)Z
cw(V) = aw(V)
Zw(V) Z
< - —
ew(V) ¢
This concludes the proof. n

5.4 Proof of Theorem 5.1.3

The proof of Theorem 5.1.3 is almost the same as the proof of Theorem 5.1.2. The
only difference is that we need to replace orthogonal separators with a slightly different
variant of orthogonal separators (implicitly defined in [31]).

Orthogonal Separators with /; distortion. Let X be a set of unit vectors in
l5. We say that a distribution over subsets of X is a k-orthogonal separator of X
with ¢y distortion D, probability scale a > 0 and separation threshold 5 < 1, if the

following conditions hold for S C X chosen according to this distribution:
1. Forallu e X, P[u € 5] = a.

2. For all u,v € X with (u,v) < ﬁmaX{HEH2 ) H77||2}7

Plue Sand v € S| <

IS

3. For all u,v € X,
PIs(w) # Is(v)] < aDllu - ol|.

Theorem 5.4.1 ([31]). There exists a polynomial-time randomized algorithm that
given a set of unit vectors X, a parameter k, and § < 1 generates a k-orthogonal

separator with {y distortion D = Og (\/log k) and scale o > 1/n.
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For completeness we sketch the proof of this lemma in Section 5.5. Algorithm 5.2.4'
is the same as Algorithm 5.2.4 except that at Step 3, it samples orthogonal separators
with ¢5 distortion O.(y/log k) using Theorem 5.4.1. The proof of Theorem 5.1.2 goes
through for the new algorithm essentially as is. The only statement we need to take

care of is Lemma 5.2.5 (a). We prove the following bound on E Y, v(S/)].

Lemma 5.4.2. The sets S/ satisfy the following condition: E >, v(S!)] < (8D+1)k-
VSDPval, where D = O.(y/log k) is the {5 distortion of (12k/e)-orthogonal separator,
and SDPval is the value of the SDP solution.

Proof. Let E.. be the set of edges cut by the partitioning SY,..., 57,V \ (USY). As

before (in Lemma 5.2.5), we have

E|> v(sH] < E| Y w({uo})(al®+ o))
7 {U,U}GEcut
+ > w({wod) [lla)® - (o]
{uv}eFE

N

E Z w ({u,v}) (la]|* + ||v]|*) | + kSDPval.

{u,v}€Ecut
We now bound the first term. Estimate the probability that an edge {u,v} is cut.
Let Uy = U;S! be the set of vertices covered by the first ¢ sets S.. Note, that
SI'= S\ U;—1. We say that the edge {u,v} is cut by the set S5y, if S; is the first set

containing u or v, and it contains only one of these vertices. Then,
P{u,v} € Ewy] = ZP[{U,’U} is cut by S ]
= iIP’ [u,v ¢ Uiy and Ig(u) # Is(v)]
< ZIP’ [u ¢ Ui_y and Is,(u) # I (v)]
= D Plu ¢ U] Pls(u) # Is,(v).
Now, by Lemma 5.2.6, P [u ¢ U;_] < (1—a/2)""!, and, by Property 3 of ¢, orthogonal
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separators,

P(Is,(u) # Is,(v)] < aD||¢¥(u) — ()| < aD V2 |la —

max {[al|, [[o]}

Thus,
2v2D |a— v
max{||all, [|[v]|}

Now, the proof deviates from the proof of Lemma 5.2.5:

P{u,v} € Euul <

E| > w({uo})(lal®+ o))

{u,v}€FEcut
= Y Wl P} € B (flE + [717)
{uv}eE
< % wiuoh 220l aye + jop
{uv}er ’
<220 Y w({uoh) [a— - (Jal + 7).
{u,v}eFE

By Cauchy—Schwarz,

2v2D Y w({u,0}) llu— ol - (Jall + 9]

{u,v}ekr
1/2 1/2
<2v2D | Y w({u,v})llu—o| > wl{uw o) (Jall + |1o])?
{u,v}eFE {uv}er

1/2 1/2

<4D [ Y w({uo}) a0 > w({wod) fal® + o]
{uv}eFE {uw}eE
1/2

=4D (kSDPval)'? [ Y~ d,[|alf?

{uv}eFE
Recall, that in Theorem 5.1.3, we assume that the weight of every vertex w, equals

its degree d,,. Hence, dy||al]? = u(V) = k. We get,
{u,v}eFE

E|l Y wuwo})(Jal® +ol)| < 4Dkv/SDPval.

{U,U}eEcut
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Since SDPval < ¢f, < 1 (here we use that d, = w,), SDPval < v/SDPval, and

E

3 u(sg’)] < 8Dk v/SDPval + k SDPval < (8D + 1)k v/SDPval.

This concludes the proof. O

5.5 Orthogonal Separators with (5 Distortion

In this section, we sketch the proof of Theorem 5.4.1 which is proven in [31] as part of
Lemma 4.9. Let us fix some notation. Let ®(¢) be the probability that the standard
N(0,1) Gaussian variable is greater than t. We will use the following easy lemma

from [77].

Lemma 5.5.1 (Lemma 2.1. in [77]). For everyt > 0 and B € (0, 1], we have
B(pt) < B(1)”.

We now describe an algorithm for m-orthogonal separators with ¢y distortion (see
Appendix 5.4). Let 5 < 1 be the separation threshold. Assume w.l.o.g. that all
vectors @ lie in R”. Fix m’ = m1=7 and t = ®~1(1/m’) (i.e., t such that ®(t) = 1/m’).

Sample a random Gaussian n dimensional vector v in R™. Return the set
S=Au:(u,~) >t}

We claim that S is an m-orthogonal separator with £y distortion O(y/logm) and
scale @ = 1/m/. We now verify the conditions of orthogonal separators with ¢,
distortion.

1. For every u,

Plue S| =P[(a,y) 2 t]=1/m' = a.
Here we used that (u,) is distributed as N (0, 1), since @ is a unit vector.

2. For every w and v with (@, v) < S,

Plu,v € S] = P[{u,v) >tand (v,7) >t

N

P[{a+0,7) >2t].
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Note that ||u + 0| = \/2 + 2 (@, v), hence (@ + v)/+/2 + 2 (4, v) is a unit vector. We

have

Plu,v € S|

N
=

3. The third property directly follows from Lemma A.2. in [31].

148
=5, So, for some 3, we

We note that this proof gives probability scale « = m~
may get o < 1/n. However, it is easy to sample v in such a way that P [(@,~) > 1/n]
for every vector @ in our set. To do so, we order vectors {u} in an arbitrary way:
U1,...,U,. Then, we pick a random index ¢ € {1,...,n}, and sample a random
Gaussian vector 7' conditional on (u,,7') > t. We set S" = {@ : (u,7') >t} as in the
algorithm above. Note that @, always belongs to S’. We output S” = S’ if S” does

not contain vectors 1, ..., 4, 1; and we output S” = @ otherwise. It is easy to verify

that P[u € S”] = 1/n for every u, and, furthermore, for every non-empty set S* # &,

PlS" = §* = —P[S = 57,

an

where S is the orthogonal separator from the proof above. So all properties of

orthogonal separators hold for S” with o = a/(an) = 1/n.

5.6 Integrality Gap for the Assignment SDP

In this Section, we show that the standard Assignment SDP has high integrality gap.
Proposition 5.6.1. SDP 13 has an unbounded integrality gap.

Proof. Consider the following infinite family of graphs G = {G,, : n > 0}. G,, consists
of the two disjoint cliques of size C = K|, /2 and Cy = K7y, /9). It is easy to see that
for ¢*(G,) = Q(1) for k > 2.

125



min o

]
=
S
VAN

a) w,wl® Vi€ k]

{uv}eFE ueV

Vi+# jand Yu € V

“ﬁl

.
I
o

Figure 13: Assignment SDP

For the sake of simplicity, let us assume that £ is a multiple of 2. Let ey,..., e/

be the standard basis vectors. Consider the following vector solution to SDP 13.

)
%ei if ue Cyand i < k/2

U = \/%e(i_k/g) ifue Cyandi> k?/2

0 otherwise

and

It is easy to verify that this is a feasible solution with o = 0. Therefore, SDP 13 has

an unbounded integrality gap.

5.7 Conclusion

In this chapter we studied the SPARSEST k-PARTITION problem. Note that this differs
from the K SPARSE-CUTS problem (studied in Chapter 3) only in requiring that the

k sets form a partition of the vertex set. Theorem 3.1.8 shows that ¢f, can not be
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bounded by O (\//\kpolylogk). In this chapter, we give an approximation algorithm
for ¢% via a rounding algorithm for a novel SDP relaxation of ¢¥. Our approximation

algorithm is a bicriteria approximation algorithm. We leave it as an open problem to

get a true O (\/lognlog k)—approximation for ¢F,.

Problem 5.7.1. Is there a randomized polynomial time algorithm that for every
graph G = (V, E,w), and for every parameter k € [n], outputs a k-partition, say
Si, ..., Sk, such that

mzaxqﬁ(Si) <O (\/lognlogkgzﬁlé)?

Acknowledgements. The results in this chapter were obtained in joint work with

Konstantin Makarychev [70].

127



CHAPTER VI

APPROXIMATION ALGORITHMS FOR VERTEX
EXPANSION AND HYPERGRAPH EXPANSION

6.1 Introduction

The problem of approximating EDGE EXPANSION or VERTEX EXPANSION, or Hy-
PERGRAPH EXPANSION can be studied at various regimes of parameters of interest.
Perhaps the simplest possible version of the problem is to distinguish whether a given
graph is an expander. Fix an absolute constant dy. A graph is a dp-vertex (edge)
expander if its vertex (edge) expansion is at least dy. The problem of recognizing a

vertex expander can be stated as follows:
Problem 6.1.1. Given a graph G, distinguish between the following two cases
(Non-Expander) the vertex expansion is < €
(Expander) the vertex expansion is > dy for some absolute constant dy.
Similarly, one can define the problem of recognizing an edge expander graph.

For the edge case, the Cheeger’s inequality yields an algorithm to recognize an
edge expander. In fact, it is possible to distinguish a dy edge expander graph, from a
graph whose edge expansion is < §2/2, by just computing the second eigenvalue of
the graph Laplacian.

It is natural to ask if there is an efficient algorithm with an analogous guarantee
for vertex expansion. More precisely, is there some sufficiently small € (an arbitrary
function of dy), so that one can efficiently distinguish between a graph with vertex

expansion > §y from one with vertex expansion < e. Bobkov et. al.[21] define a
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functional graph constant A, as follows.

Moo def min Z’ MaXei SXi _ Xj)2 .
Xern 30, X7 — (00 Xi)?

They also prove the following theorem relating A, to ®V in a Cheeger-like manner.

Theorem 6.1.2 ([21]). For any unweighted, undirected graph G, we have

%‘" <PV < V2

We note that our definition of +, for the hypergraph Laplacian Operator is very
similar to the definition of A, and Theorem 6.1.2 is very similar to Theorem 4.2.11.

While Theorem 6.1.2 and Theorem 4.2.11 seem to suggest that vertex expanders
and hypergraph expanders can be identified by computation of A\, and =5 respectively,
in the same way as edge expanders can be identified by computing Ay, the computation
of A\, and 7, seems intractable. In Chapter 8, we show a hardness result suggesting
that there is no efficient algorithm to recognize vertex expanders. More precisely, we
prove a hardness result for the problem of approximating A, in graphs of bounded
degree d. The hardness result shows that the approximability of vertex expansion
degrades with the degree, and therefore the problem of recognizing expanders is hard
for sufficiently large degree. We get similar hardness results for 7, and hypergraph
expansion via the reduction from VERTEX EXPANSION to HYPERGRAPH EXPANSION
(Theorem 4.2.19).

In this chapter we present approximation algorithms for A\, and the Hypergraph
Eigenvalues whose guarantee matches the hardness result up to constant factors. We

use this to obtain approximation algorithms for VERTEX EXPANSION and HYPER-

GRAPH EXPANSION. We state our results formally in Section 6.1.1.

6.1.1 Formal Statement of Results.

Vertex Expansion. Our first result is a simple polynomial-time algorithm to obtain

a O (log d) approximation to A\, in graphs having largest degree d. Via our algorithmic
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proof of Theorem 6.1.2, this directly implies an algorithm to obtain a subset of vertices

S whose vertex expansion is at most O <\/<I>V log d).

Theorem 6.1.3. There exists a polynomaial time algorithm which given a graph

G = (V, E) having vertex degrees at most d, outputs a vector X € R™ such that

> iey max; i (X; — X;)?
Zi Xi2 - %(Zz Xi)2

and outputs a set S C 'V, such that ®V(S) = O (\/CD\(/; log d).

< O (A logd)

In Chapter 8 we will show that VERTEX EXPANSION and SYMMETRIC VERTEX
EXPANSION are computationally equivalent upto constant factors (Theorem 8.3.1
and Theorem 8.3.2). Using this we get an approximation algorithm for VERTEX

EXPANSION as well.

Corollary 6.1.4 (Corollary to Theorem 6.1.3 and Theorem 8.3.2). There exists a

polynomial time algorithm which given a graph G = (V, E) having vertex degrees at

most d, outputs a set S C V., such that ¢V(S) = O (\/¢\é log d>.

Hypergraph Expansion. Computing the eigenvalues of the hypergraph Markov
operator (Definition 4.2.1) is intractable, as the operator is non-linear. We gave an
exponential time algorithm to compute all the eigenvalues and eigenvectors of M and
L (Theorem 4.9.1). We give a polynomial time O (klog r)-approximation algorithm

to compute the k" smallest eigenvalue, where r is the size of the largest hyperedge.

Theorem 6.1.5. There exists a randomized polynomaual time algorithm that given a
hypergraph H = (V, E,w) and a parameter k < |V|, outputs k orthonormal vectors

Uy, ..., uy such that for each i € [k],
R (u;) < O (ilogr )
where 1 is the size of the largest hyperedge.
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Theorem 4.2.11 gives a bound on ¢y in terms of 3. Obtaining a O (logr)-

approximation to v, from Theorem 6.1.5 gives us the following result directly.

Corollary 6.1.6 (Corollary to Theorem 4.2.11 and Theorem 6.1.5). There ezists a
randomized polynomial time algorithm that given a hypergraph H = (V, E,w), outputs

a set S C 'V such that
»(S) <O <\/¢H logr>

where r is the size of the largest hyperedge in E.

Hypergraph Balanced Separator. We recall HYPERGRAPH BALANCED SEPA-

RATOR problem (Problem 2.1.6).

Problem 6.1.7 (HYPERGRAPH BALANCED SEPARATOR). Given a hypergraph H =
(V, E,w), and a balance parameter ¢ € (0,1/2], a set S C V is said to be ¢-balanced
if en <|S| < (1 —¢)n. The - HYPERGRAPH BALANCED SEPARATOR problem asks
to compute the c-balanced set S C V' which has the least sparsity sp(S) defined as
follows.

S aor w (E(S, 5))
p(S) = ‘S’ |§’

In a seminal work, Arora, Rao and Vazirani [13] gave a O (\/log n) approximation
algorithm for the BALANCED SEPARATOR problem in graphs. We present an analog

of this result for hypergraphs.

Theorem 6.1.8. There exists a randomized polynomial time algorithm that given
H = (V,E,w), an instance of the c-cHYPERGRAPH BALANCED SEPARATOR problem,

outputs a c-balanced set S C 'V such that sp(S) = O (v/logn) OPT, where OPT is

the least sparsity of a c-balanced set and ¢ > ¢/100.

Our algorithm for HYPERGRAPH BALANCED SEPARATOR is a bi-criteria algorithm

in that it outputs a set of size at least ¢'n instead of a set of size at least cn (¢ > ¢).
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We note that this is similar to algorithm for Arora, Rao and Vazirani [13] which also

finds a set of size at least ¢'n instead of a set of size at least cn .

Balanced Vertex Separator. Our techniques can also be used to obtain an approx-

imation algorithm for BALANCED VERTEX EXPANSION in graphs (Definition 2.1.4).

Theorem 6.1.9 (Corollary to Theorem 6.1.8 and Theorem 7.1.5). There is a ran-
domized polynomial-time algorithm that given a graph G = (V| E), an instance of the
¢-BALANCED VERTEX EXPANSION problem, outputs a c-balanced set S C V' such

that sp(S) = O (Vlogn) OPT. Here ¢ = ¢/100.
6.1.2 Proof Overview

We give a O (klogr)-approximation algorithm for 4 (Theorem 6.1.5). Our algorithm
proceeds inductively. We assume that we have computed k£ — 1 orthonormal vectors
Uy, ..., up—1 such that R (u;) < O (ilogr~;), and show how to compute 7;. Our
main idea is to show that there exists a unit vector X € span{vy,...,v;} which is
orthogonal to span {uy,...,ux_1} and has small Rayleigh quotient. Note that unlike
the case of matrices, for an X € span{vy,...,v.}, we can not bound X7 L(X) by
max;e (k| viTL(vi). The operator L is non-linear, and there is no reason to believe that
something like the celebrated Courant-Fischer Theorem for matrices holds for this
operator. In general, for an X € span{vy,...,v;}, the Rayleigh quotient can be much
larger than v;. We will show that for such an X, R (X) < k. However, we still
do not have a way to compute such a vector X. We given an SDP relaxation and a

rounding algorithm to compute an “approximate” X.

Hypergraph Balanced Separator To prove Theorem 6.1.8, we start with an SDP
relaxation of the Rayleigh quotient together with £3-triangle inequality constraints.

We use the framework of Arora et. al.[13], to find two well separated sets in the SDP
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solution. We use these sets as “guides” and find a set with small sparsity in the same

way as we do in the proof of the Hypergraph Cheeger’s Inequality.
6.1.3 Organization

We give our approximation algorithm for A\, and VERTEX EXPANSION in Section 6.2.
We present our approximation algorithms for hypergraph eigenvalues in Section 6.3.

We prove Theorem 6.1.8 in Section 6.4.

6.2 An Optimal Algorithm for Vertex Expansion

In this section we give a simple polynomial time algorithm which outputs a set S

whose vertex expansion is at most O <\/(I>V log d). We restate Theorem 6.1.3.

Theorem 6.2.1 (Restatement of Theorem 6.1.3). There exists a polynomial time
algorithm which given a graph G = (V, E) having vertex degrees at most d, outputs a

vector X € R" such that

D iy max;~i (X — X;)°
> XE = (0 X))

and outputs a set S C 'V, such that ®V(S) = O <\/©\é log d).

< O (A logd)

Consider the following SDP relaxation of A, (SDP 6.2.2).

SDP 6.2.2.

SDPval & minZai
ic
subject to:
lo; —vill* < o VieV and Vj ~ i

2
2

%

, 1
S el - =

)

Figure 14: SDP Relaxation for A\
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It’s easy to see that this is a relaxation for A\,. We present a simple randomized
rounding of this SDP which, with constant probability, outputs a set with vertex

expansion at most C'y/¢V log d for some absolute constant C.

Algorithm 6.2.3.
e Input : A graph G = (V, E)

e Qutput : A set S with vertex expansion at most 5761/SDPvallogd (with
constant probability).

1. Solve SDP 6.2.2 for graph G.

2. Pick a random Gaussian vector g ~ N(0,1)™. For each i € [n], define

def
Ty = <Uiag> .

3. Sort the z;’s in decreasing order z;, > x;, > ...z;,. Let S; denote the

set of the first j vertices appearing in the sorted order. Let [ be the
index such that

l= argminlgjgn/QCI)V(Sj) :

Figure 15: Rounding Algorithm

We first prove a technical lemma which shows that we can a recover a set with

small vertex expansion from a good line-embedding (Step 5 in Algorithm 6.2.3).

Lemma 6.2.4. Let Y € (RT)" be any vector. Then 35S C supp(Y') such that
>_imax;; [Y; — Vi
> Yi '

Moreover, such a set can be computed in polynomial time.

dY(S) <

The proof of this lemma follows from Proposition 4.4.2. We prove it here again for

completeness.

Proof of Lemma 6.2.4. W.l.o.g we may assume that Y1 > Y, > ... > Y, > 0. Let o
denote
o, def D max; [V — Vil
S
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Let 4ax def argmax; Y; > 0, i.e. iyax be the largest index such that Y; . > 0. Let

max

S; aof {Y1,...,Y;}. Let us consider the following case

’NV(SZ>UNV(§Z)‘ >OZ|SZ’ Vi < tmax -

Then,

_ ma(V; = Yy imaxi 3 (V= Vi)
- 2 Y - > Y
(Vi = Yin) [NV(S) U NV(S)|
2 Y
2.i(Yi = Yisr) |Si]
2 Yi

(67

> o

Thus we get a@ > « which is a contradition. Therefore, 37 < 7y, such that @V(Si) <

Q. O

Next we show a A\.-like bound for the z;’s.

Lemma 6.2.5. Let xq,...,x, be as defined in Algorithm 6.2.3. Then, with constant

probability, we have

> maxi(r; — x;)°

el = ()’

Proof. Using Fact 2.5.5 we get,

< 96 SDPvallogd.

B max(e; — 02| = B [max (s~ 03,0)*| < 2maxllo; - olPlogd.
jri

Jr~i J~i
Therefore, E [>, max;;(z; — 2;)% < 2 SDPvallogd. Using Markov’s Inequality
we get

1
P [Z max(z; - 7j)* > 48 SDPvallogd | < o (50)

i

For the denominator, using linearity of expectation, we get
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2 2
i () |- e

Also recall that the denominator can be re-written as

2 v
i

-4 () -t

1,

which is a sum of squares of Gaussian random variables. Now applying Lemma 2.5.6

to the denominator we conclude

2
1 1 1
P 2= il 23| 2= 1

Using (50) and (51) we get that

» i — 1) 1
p | 25l = 47 g6 sppuallogd| > -
Zi sz - % (Zz ;) 24

]

We will use the following fact from [21]. For the sake of completeness, we prove it

here again.

Lemma 6.2.6 ([21]). Let zy,..., 2, € R. Then there exists x € R" such that

Zi max,-; ‘I,LQ — .CC?‘ < Zz maxjw-(zi — Zj)2

Zi %2 - % (Zz xi)Q - Zz 212 - % (Zz Zi)2 '

Proof. W.l.o.g we may assume that |supp(ZT)| = |supp(Z~)| = [n/2] and that

=292 .. 2 2.

Note that for any ¢ € [n], we have

max (57 — 2)* + max (5 — )% < 2max(z; — z)°.
g~y <t

i > jri

136



Therefore,

> max;i(z; — 2)?
2

i %
doimax; j<i(2 — 20)7 + 3 max jsi(z; — 20 )?
2 (ZiESupp(Z+) zf + Zi€supp(Z‘) zf)
S min { > max.;, J<1( ;- % ) > Max;;, J>1(Zi - Zi)Z}
=

2 Ziesupp(Z+) Zi2 ’ 2 ZiESupp(Z_) Zi2

W.l.o.g we may assume that
doimax;e (2 — 277 Yo maxje sz — 20)?

2 ~ 2
ZiESUpp(Z+) 2 Ziesupp(Z*) Z

Let 2 & 2+ Then we get,

Yo max; i (z; — x)° Y maxj(z — )

<2

We have
max (2 —x}) = max (v; — x;)(z; + ;)
— jrvi, j<i — j~i, j<i
(2 7
< Y max (25— 2:)* + 2u(a; — 7))
: I~y <t
< max (z; — x;)% + 2 E r; max (z; — ;)
- JNZ,J<Z P g, §<i
7
< max (r; — z;)% + 2 E z?, [ max (z; — ;)2

— i, j<i gy <i
(A

i

(Using the Cauchy-Schwarz inequality )

< /\oon?%—Q\/EZx?

Thus we have

D manqu(:L’? — ;) <6 > maxji(z — 2)?
2 X 2
ixi Zz <
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We are now ready to complete the proof of Theorem 6.1.3.

Proof of Theorem 6.1.3. Let the x;’s be as defined in Algorithm 6.2.3. W.l.o.g, we
may assume that |supp(z*)| < |supp(x™)|. For each i € [n], we define y; = z;". Using

Lemma 6.2.6, we get

> maxji |y — y7| o [ 2zimaxii(ri — x;)?

7 X 7 -

Using Lemma 6.2.5, we get

2 = a2
Zi mQaX]N; {yz yﬂJ < 576+/SDPvallog d.

From Lemma 6.2.4 we get that the set output in Step 3 of Algorithm 6.2.3 has vertex

expansion at most 5764/SDPvallog d. O

6.3 Approximation Algorithms for Hypergraph Eigenvalues

Since L is a non-linear operator, computing its eigenvalues exactly is intractable. In

this section we give a O (klogr)-approximation algorithm for ~;.

Theorem 6.3.1 (Restatement of Theorem 6.1.5). There exists a randomized polyno-
mial time algorithm that, given a hypergraph H = (V, E;w) and a parameter k < |V,

outputs k orthonormal vectors uy, ..., uy such that for each i € [k]
R (u;) < O (ilogr i) -

We will prove this theorem inductively. We already know that 74 = 0 and
v; = 1/4/n. Now, we assume that we have computed k — 1 orthonormal vectors
Uy, ..., ux_1 such that R (u;) < O (ilogr ;). We will now show how to compute wuy.
Our main idea is to show that there exists a unit vector X & span {vy, ..., v} which
is orthogonal to span{ui, ..., ur_1}. We will show that for such an X, R (X) < kv
(Proposition 6.3.2). Then we give an SDP relaxation (SDP 6.3.3) and a rounding

algorithm (Algorithm 6.3.4, Lemma 6.3.5) to compute an “approximate” X'.
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Proposition 6.3.2. Let uq,...,u,_1 be arbitrary orthonormal vectors. Then
min =~ R(X) <k

Proof. Consider subspaces S; def span{uy,...,up_1} and Sy dof span{viy,...,vi}. Since
rank(Sz) > rank(S;), there exists X € S, such that X L S;. We will now show that
this X satisfies R (X) < O (k ), which will finish this proof. Let X = cyvi+...4cpvy
for scalars ¢; € R such that Y, ¢7 = 1.

Recall that ~; is defined as

We can restate the definition of v as follows,

_ YTL,Y
¢ = min  max :
7 Y lvi,...,vp_1 ZER™ YTY

Therefore,

Ye = VgLVka 2 ngXvk . (52)

The Laplacian matrix Ly, being positive semi-definite, has a Cholesky Decomposi-

tion into matrices By such that Lx = B XB)T(.

R(X)=X"LxX = ) cic;v/ BxBiv;  (Cholesky Decomposition of Ly )

i,j€[k]
< Y el IIBxvill - |Bxvill  (Cauchy-Schwarz inequality)
i,j€[k]
= Z |cics| \/vi Lxviy/v] Lxv; < Z lcics| /175 (Using (52))
i,7€(k] i,7€ (k]

2
< (ZM‘I) max /77 < k-
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Next we present an SDP relaxation (SDP 6.3.3) to compute the vector orthogonal
U, ..., up_ having the least Rayleigh quotient. The vector Y; is the relaxation of the
it" coordinate of the vector u;, that we are trying to compute. The objective function

of the SDP and (53) seek to minimize the Rayleigh quotient; Proposition 6.3.2 shows

that the objective value of this SDP is at most k. (54) demands the solution be

orthogonal to wuy, ..., ug_1.
SDP 6.3.3. ot o
SDPval = mineEZEw(e) max |Y; = Y5 .
subject to
=112
>_IW[F =1 (53)
eV
dw@)Y;=0 Vielk-1] (54)

Figure 16: SDP Relaxation for for .

Algorithm 6.3.4 (Rounding Algorithm for Computing Eigenvalues).
1. Solve SDP 6.3.3 on the input hypergraph H with the previously computed
k — 1 vectors uy, ..., Up_1.

def

2. Sample a random Gaussian vector g ~ N(0,1)". Set X; = <§7;,g>.

3. Output X/ || X]|.

Figure 17: Rounding Algorithm for .

Lemma 6.3.5. With constant probability Algorithm 6.3.4 outputs a vector uy such

that

1w, L Ve [k—1].

140



2. R (ux) < 192SDPval log .

Proof. We first verify condition (1). For any [ € [k — 1], we using (54)
o) = 3 (g <zul x,g> 0.
eV eV
We now prove condition (2). To bound R (X) we need an upper bound on the
numerator and a lower bound on the denominator of the R (-) expression. For the

sake of brevity let L denote Lx. Then Using Fact 2.5.5

E[X"TLX] < ;w(e)E [%%)CF(X X;) ] 4logr eEZE %?e(HY Y; H

= 4SDPval logr.
Therefore, by Markov’s Inequality,

1
P [X"LX < 96SDPval logr] > 1 — TR (55)

For the denominator, using linearity of expectation, we get

E fo] =3 E [(Yi,gﬂ =3 [Vi|[F=1  (Using (53)).

eV

Now applying Lemma 2.5.6 to the denominator we conclude

1 1
P § X2>_|>—.
[i ‘ 2] 12 (56)

Using Union-bound on (55) and (56) we get that

1
P[R (X) < 192SDPval logr] > 2

We now have all the ingredients to prove Theorem 6.1.5.
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Proof of Theorem 6.1.5. We will prove this theorem inductively. For the basis of
induction, we have the first eigenvector u; = v; = 1/y/n. We assume that we have
computed uy, . .., ug_1 satisfying R (u;) < O (ilogr ;). We now show how to compute
Uk

Proposition 6.3.2 implies that for SDP 6.3.3,
SDPval < k.

Therefore, from Lemma 6.3.5, we get that Algorithm 6.3.4 will output a unit vector

which is orthogonal to all w; for i € [k — 1] and

R (ug) < 192 klogr .

6.4 Algorithm for Hypergraph Balanced Separator
In this section we prove Theorem 6.1.8.

Theorem 6.4.1 (Restatement of Theorem 6.1.8). There exists a randomized poly-
nomial time algorithm that given H = (V, E,w), an instance of the c-HYPERGRAPH
BALANCED SEPARATOR problem, outputs a ¢-balanced set S C V' such that sp(S) =

@ (\/log n) OPT, where OPT is the least sparsity of a c-balanced set and ¢ > ¢/100.

Proof of Theorem 6.1.8. We prove this theorem by giving an SDP relaxation for this
problem (SDP 6.4.2) and a rounding algorithm for it (Algorithm 6.4.4). Firstly,
we need a suitable objective function for the relaxation that captures hypergraph
expansion. Motivated by Theorem 4.2.11, we can have objective function to be a

relaxation of

XTL(X) = Zrﬁgfg(}@ - X;)*.
ecE

We relax the scalar X, to be a vector u. Ideally, we would want all X, to be in the

set {—1,1} so that we can identify the cut. Therefore, we add the constraint that all

142



vectors @ have length 1 (57). Since we want the integral solution to be c-balanced,
we add the corresponding constraint for vectors (58) . Finally, we add /3 triangle
inequality constraints between all triplets of vertices (59), as all integral solutions of

the relaxation will trivially satisfy this.

SDP 6.4.2.
: -
mmzix}vaéHu — 7|
eck
subject to
la>’=1 YueV (57)
Do la—al* > el =) |V (58)

2

la—ol* + o — @|* > |la — | Vu, v, w €V (59)

Figure 18: SDP Relaxation for for Hypergraph Balanced Separator.

Our main ingredient is the following theorem due to [13].

Theorem 6.4.3 ([13]). There ezists a randomized polynomial time algorithm that
given an {3-space on X = {u} satisfying 3, |t — 3||> > 4e(1 — e)n?, outputs two
sets S, T C X such that |S|,|T| = ¢n and
min [|d— 5| > —
ueS,weT C\/@

Here ¢, C are functions only of c.

By definition X, X, and using (59), it follows that
Xy =X, <|lu—0|*  VuveV.
Next, using Theorem 6.4.3,

1
Xu_Xv 2 Xu_Xv > & 2—-
LNl o PN e
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Algorithm 6.4.4.
1. Solve SDP 6.4.2.

2. Compute sets S, T using Theorem 6.4.3.

3. For each u € V, define X, & min,eg ||@ — 9]|*. Sort the {X, :u €V} in
increasing order and output the set A C V having the least sparsity in this
ordering (See Proposition 4.4.2).

Figure 19: Rounding Algorithm for Hypergraph Balanced Separator

Therefore,

Y ecr MaXy pee | Xy — X, o Cylogn Y ecr MaXy pee ||T — ollR
ZU,U | X, — X, T2 n?2

C\/logn ZeeEmaXque ||U—U||
c? > 1@ =0l

(Sincez la— o) < nz)
C\/logn

c’?

OPT.

Invoking Proposition 4.4.2, we get that the set A output by Algorithm 6.4.4 satisfies

|A| € [¢n, (1 —)n] and
—C\/M OPT.

2

[%2)
=
=
A

This finishes the proof of the theorem.

6.5 Conclusion

In this chapter we gave optimal approximation algorithms for vertex expansion
and hypergraph expansion via approximation algorithms for A\, and the hypergraph
eigenvalues. The approximation factors for A\, and -, are optimal (upto constant
factors) under SSE. We get a O (klogr)-approximation algorithm for -, but we do

not know of any hardness result for v, other than what follows from the hardness for
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v2. Closing the gap between the approximation upper bounds and the computational

lower bounds for 7, is left as an open problem.

Acknowledgements. The results in Section 6.2 were obtained in joint work with

Prasad Raghavendra and Santosh Vempala [75].
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CHAPTER VII

APPROXIMATION ALGORITHMS FOR SMALL SET
EXPANSION PROBLEMS

7.1 Introduction

In this chapter, we study the “small set” versions of the HYPERGRAPH EXPANSION
problem and the VERTEX EXPANSION problem. As in Chapter 5, we can again afford
to work with a more general definition of expansion. Given a hypergraph H = (V, E, w)

where weight function w : VU E' — R™, the expansion of a set S C V is defined as

def ZeeE(sS) w(e)

> uey w(w)

We recall the HYPERGRAPH SMALL SET EXPANSION (Problem 2.1.7).

¢(5)

Problem 7.1.1 (HYPERGRAPH SMALL SET EXPANSION). Given a hypergraph
H = (V,E,w) and a parameter § € (0,1/2], the Hypergraph Small Set Expansion
problem (H-SSE) is to find a set S C V of size at most dn that minimizes ¢(S). The
value of the optimal solution to H-SSE is called the small set expansion of H. That is,
for § € (0,1/2], the small set expansion ¢ s of a hypergraph H = (V, E, w) is defined

as

= min S).
G5 = min ¢(S)
0<|S|<dn

Note that for § = 1/2, the HYPERGRAPH SMALL SET EXPANSION problem is the

HYPERGRAPH EXPANSION problem.
7.1.1 Summary of Results

Raghavendra, Steurer and Tetali [87] gave an algorithm for SMALL SET EXPANSION

in graphs that finds a set of size O(dn) with expansion O(1/OPTlog(1/4)) (where
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OPT is the expansion of the optimal solution). Later Bansal et. al.[16] gave a
O(y/lognlog(1/d)) approximation algorithm for the problem. We present analogs of

the results of Bansal et. al.[16] and Raghavendra et. al.[87] for hypergraphs.

Theorem 7.1.2. There is a randomized polynomaial-time approzimation algorithm
for the HYPERGRAPH SMALL SET EXPANSION problem that given a hypergraph
H = (V,E,w), and parameters € € (0,1) and 6 € (0,1/2), finds a set S CV of size

at most (1 4 €)dn such that

6(S) < 0. (07 log " loglog ™" \/logn - 611 ) = O. (67" \/logn o ) .

(where the constant in the O notation depends polynomially on 1/c). That is, the

algorithm gives O(y/logn) approxzimation when § and € are fized.

We state our second result, Theorem 7.1.3, for r-uniform hypergraphs. We present

and prove a more general Theorem 7.5.3 that applies to any hypergraph in Section 7.5.

Theorem 7.1.3 (Informal Statement). There is a randomized polynomial-time algo-
rithm that given an r—uniform hypergraph H = (V, E, w) with vertexr weights w(v) = d,,

and parameters € € (0,1) and 6 € (0,1/2) finds a set S CV of size at most (1 + €)dn

(S) < O. (51 (\/ lof%ﬂ,a + ¢H,a>) .

Our algorithms for H-SSE are bi-criteria approximation algorithms in that they

such that

output a set S of size at most (1 + €)dn. We note that this is similar to the algorithm
of Bansal et. al.[16] for SSE, which also finds a set of size at most (1 + ¢)dn rather
than a set of size at most on. The algorithm of [87] finds a set of size O(on). The
approximation factor of our first algorithm does not depend on the size of hyperedges
in the input hypergraph. It has the same dependence on n as the algorithm of Bansal
et. al.[16] for SSE. However, the dependence on 1/§ is quasi-linear; whereas it is

logarithmic in the algorithm of Bansal et. al.[16]. In fact, we show that the integrality
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gap of the standard SDP relaxation for H-SSE is at least linear in 1/ (Theorem 7.6.1).
The approximation guarantee of our second algorithm is analogous to that of the

algorithm of [87].

Small Set Vertex Expansion. Our techniques can also be used to obtain an
approximation algorithm for SMALL SET VERTEX EXPANSION (SSVE) in graphs

(Problem 2.1.7).

Problem 7.1.4 (SMALL SET VERTEX EXPANSION). Given graph G = (V| F) and a
parameter ¢ € (0,1/2], the SMALL SET VERTEX EXPANSION (SSVE) is to find a set
S C V of size at most dn that minimizes ¢V (S). The value of the optimal solution to
SSVE is called the small set vertex expansion of G and is denoted by gb\é’&. That is,

for § € (0,1/2], the small set expansion ¢ ; of a graph G = (V, E) is defined as

\Y — : \%
¢G,5 gncl‘f} ¢'(S).
0<|S|<dn

The SMALL SET VERTEX EXPANSION recently gained interest due to its con-
nection to obtaining subexponential time, constant factor approximation algorithms
for many combinatorial problems like Sparsest Cut and Graph Coloring (]9, 74]).
Using a reduction from VERTEX EXPANSION in graphs to HYPERGRAPH EXPANSION
(Theorem 7.1.5, similar to Theorem 4.2.19), we can get an approximation algorithm

for SSVE having the same approximation guarantee as that for H-SSE.

Theorem 7.1.5 (Extension of Theorem 4.2.19). There exist absolute constants
c1,02 € R such that for every graph G = (V. E), of mazimum degree d, there
exists a polynomial time computable hypergraph H = (V' E') having the hyperedges of

cardinality at most d 4+ 1 such that

CloHs < Cb\c/;,(s < 0P

Also, nf < logy(dmaes + 1), where dpqg is the mazimum degree of G (where n&, is

defined in Definition 7.5.1).
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From this theorem, Theorem 7.1.2 and Theorem 7.5.3 we immediately get algo-
rithms for SSVE.

Theorem 7.1.6 (Corollary to Theorem 7.1.2 and Theorem 7.1.5). There is a ran-

domized polynomaial-time approximation algorithm for the SMALL SET VERTEX EX-
PANSION that given a graph G = (V, E), and parameters € € (0,1) and § € (0,1/2))

finds a set S C'V of size at most (1 + €)én such that

0'(5) < O- (Vlogn s log 5 loglogd™" - 6%, )

Theorem 7.1.7 (Corollary to Theorem 7.5.3 and Theorem 7.1.5). There is a ran-
domized polynomial-time algorithm for the SMALL SET VERTEX EXPANSION that
gwen a graph G = (V, E) of mazimum degree d, parameters € € (0,1) and § € (0,1/2)

finds a set S C'V of size at most (1 + €)én such that

= 0. (5_1\/%ng) |

We note that the SMALL SET VERTEX EXPANSION for 6 = 1/2 is just the VERTEX
EXPANSION. In that case, Theorem 7.1.7 gives the same approximation guarantee as

the algorithm of Theorem 6.1.3.
7.1.2 Proof Overview

Our general approach to solving H-SSE is similar to the approach of Bansal et. al.[16].
We recall how the algorithm of Bansal et. al.[16] for (graph) SSEworks. The algorithm
solves a semidefinite programming relaxation for SSE and gets an SDP solution. The
SDP solution assigns a vector @ to each vertex u. Then the algorithm generates an
orthogonal separator. An orthogonal separator S (introduced by [31]) with distortion

D is a distribution over random subset of vertices such that
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(a) If w and v are close to each other then the probability that u and v are separated
by S is small; namely, it is at most aD|lu — v||?, where « is a normalization

factor such that P [u € S| = oful?.

(b) If the angle between w and v is larger than a certain threshold, then the
probability that both u and v are in S is much smaller than the probability that

one of them is in S.

Bansal et. al.[16] showed that condition (b) together with SDP constraints implies
that S is of size at most (1 4 €)on with sufficiently high probability. Then condition
(a) implies that the expected number of cut edges is at most D times the SDP value.
That means that S is a D—approximate solution to SSE.

We start with an SDP relaxation of the Rayleigh quotient of the hypergraph

_ XTL(X) D eepw(e) max; jeo (X — X;)?

XTX 4y, X2

R (X)

together with the “small-set” constraints of Bansal et. al.[16]. If we run this algorithm
on an instance of H-SSE, we will still find a set of size at most (1 4 €)dn, but the
cost of the solution might be very high. Indeed, consider a hyperedge e. Even though
every two vertices u and v in e are unlikely to be separated by .S, at least one pair out
of (';') pairs of vertices is quite likely to be separated by S; hence, e is quite likely to
be cut by S. To deal with this problem, we develop hypergraph orthogonal separators.
In the definition of a hypergraph orthogonal separator, we strengthen condition (a)

by requiring that a hyperedge e is cut by S with small probability if all vertices in e

are close to each other. Specifically, we require that

Ple is cut by S| < aD max |z — o> (60)

)

We show that there is a hypergraph orthogonal separator with distortion proportional
to v/logn (the distortion also depends on parameters of the orthogonal separator).

Plugging this hypergraph orthogonal separator in the algortihm of Bansal et. al.[16],
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we get Theorem 7.1.2. We also develop another variant of hypergraph orthogonal
separators, fo—(3 orthogonal separators. An f,—(3 orthogonal separator with fo—

distortion Dy, (r) and £3-distortion Dyz satisfies the following condition'
P e is cut by S] < aDy,(|e|) - min ||| - max ||a — 9| + aDys - max ||u — v|*. (61)
wek u,vE€e 2 uvee

We show that there is an f,-¢3 hypergraph orthogonal separator whose ¢, and (3
distortions do not depend on n (in contrast, there is no hypergraph orthogonal
separator whose distortion does not depend on n). This result yields Theorem 7.1.3.

We now give a brief conceptual overview of our construction of hypergraph or-
thogonal separators. We use the framework developed in [31] for (graph) orthogonal
separators. For simplicity, we ignore vector normalization steps in this overview; let us
assume that all the vectors are unit vectors. (Note, however, that these normalization
steps are crucial). We first design a procedure that partitions the hypergraph into
two pieces (the procedure labels every vertex with either 0 or 1). In a sense, each
set S in the partition is a “very weak” hypergraph orthogonal separator. It satis-
fies property (60) with Dy ~ /lognloglog(1/6) and cy = 1/2 and a weak variant
of property (b): if the angle between vectors @ and v is larger than the threshold
then events u € S and v € S are “almost” independent. We repeat the procedure
[ = log,(1/5) + O(1) times and obtain a partition of graph into 2! = O(1/4) pieces.
Then we randomly choose one set S among them; this set S is our hypergraph or-
thogonal separator. Note that by running the procedure many times we decrease
exponentially in [ the probability that two vertices, as in condition (b), belong to
S. So condition (b) holds for S. Also, we affect the distortion in (60) in two ways.
First, the probability that the edge is cut increases by a factor of [. That is, we

get Ple is cut by S| < I x agDymax, e |4 — 0. Second, the probability that we

Tt may look strange that we have two terms in the bound. One may expect that we can either have
only term Dz max, ye [|@ — 0] (as in the previous definition) or only term Dy, ([e]) - minyeg [|@]| -
max,, e [|@ — 0]|. However, the latter is not possible — there is no £o-¢3 separator with Dz = 0.
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choose a vertex u goes down from ||u]|?/2 to ©(8)]|u||* since, roughly speaking, we
choose one set S among O(1/§) possible sets. That is, the parameter a of S is
Q(8). Therefore, P[e is cut by S] < a(aplDy/a) max, .. ||u — v]|?. That is, we get
a hypergraph orthogonal separator with distortion (aelDy/a) ~ O(6~*/logn). The

construction of /2 orthogonal separators is similar but a bit more technical.

Organization. We present our SDP relaxation and introduce our main technique,
hypergraph orthogonal separators, in Section 7.2. We describe our first algorithm for
H-SSE in Section 7.2.3, and then describe an algorithm that generates hypergraph
orthogonal separators in Section 7.3. We define £o—¢3 hypergraph orthogonal separators,
give an algorithm that generates them, and then present our second algorithm for
H-SSE in Section 7.4 and Section 7.5. Finally, we show a simple SDP integrality gap
for H-SSE in Section 7.6. This integrality gap also gives a lower bound on the quality

of m-orthogonal separators. We give a proof of Theorem 7.1.5 in Section 7.7.

7.2 Algorithm for Hypergraph Small Set Expansion
7.2.1 SDP Relaxation for Hypergraph Small Set Expansion

We use the SDP relaxation for H-SSE shown in SDP 7.2.1. There is an SDP variable
u for every vertex u € V. Every combinatorial solution S (with |S| < dn) defines the

corresponding (intended) SDP solution:

< ifuesS

0 = V w(S)

0 otherwise

where e is a fixed unit vector. It is easy to see that this solution satisfies all SDP
constraints. Note that max, ,e. [|[# — 0| is equal to 1/w(S), if e is cut, and to 0,

otherwise. Therefore, the objective function equals

e)max ||a — v||* = wie ! :|E(S’S)‘
YwE@maxla—o*= 3 wle) s =

eel e€E(S,9)
Thus our SDP for H-SSE is indeed a relaxation.
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SDP 7.2.1. ot
e . 2
SDPval = min EGEw(e) max |lu — ]|

subject to

on-la|]?  VueV (62)

S

il g
=
\@/\
/AN

> w)lal® = 1 (63)

> lu—wl|? for every u,v,w € V (64)
0< (u,2) < |ul? for every u,v € V. (65)

Figure 20: SDP relaxation for H-SSE

7.2.2 Hypergraph Orthogonal Separators

The main technical tool for proving Theorem 7.1.2 is hypergraph orthogonal separators.
In this chapter, we extend the technique of orthogonal separators to hypergraphs
thereby introducing hypergraph orthogonal separators. We then use hypergraph
orthogonal separators to solve H-SSE. In Section 7.4, we introduce another version of
hypergraph orthogonal separators, namely the ¢,—¢3 hypergraph orthogonal separators,

and then use them to prove Theorem 7.1.3 and Theorem 7.5.3.

Definition 7.2.2 (Hypergraph Orthogonal Separators). Let {@ : u € V'} be a set of
vectors in the unit ball that satisfy (3—triangle inequalities (64) and (65). We say
that a random set S C V' is a hypergraph m-orthogonal separator with distortion D,
probability scale a > 0, and separation threshold 5 € (0, 1) if it satisfies the following

properties.

1. For every u € V,

Plu € S] = allul?
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2. For every u and v such that ||z — #[|* > S min {||u||?, ||7||*}

min {||a]]* ||o]*}

Plue Sandv e S| <«
m

3. For every e C V,

P [e is cut by S] < aDmax||a — v||*.
ce

)

The definition of a hypergraph m-orthogonal separator is similar to that of a
(graph) m-orthogonal separator: a random set S is an m-orthogonal separator if it
satisfies properties 1, 2, and property 3’, which is property 3 restricted to edges e of

size 2.

3. For every {u,v},

P e is cut by S] < aD|u — v*.

We design an algorithm that generates a hypergraph m-orthogonal separator with dis-
tortion Og(v/logn - mlogmloglogm). We note that the distortion of any hypergraph
orthogonal separator must depend on m at least linearly (see Section 7.6). We remark
that there are two constructions of (graph) orthogonal separators, “orthogonal separa-
tors via ¢;” and “orthogonal separators via £y”, with distortions, Og(/lognlog m) and
Os(v/1og nlogm), respectively (presented in [31]). Our construction of hypergraph
orthogonal separators uses the framework of orthogonal separators via ¢;. We prove

the following theorem in Section 7.3.

Theorem 7.2.3. There is a polynomial-time randomized algorithm that given a set
of vertices V', a set of vectors {u} satisfying (3-triangle inequalities (64) and (65),
parameters m > 2 and B € (0,1), generates a hypergraph m-orthogonal separator with

probability scale « = 1/n and distortion D = O (6‘1m10gmlog logm x +/log n)
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7.2.3 Rounding Algorithm

In this section, we present our algorithm for Hypergraph Small Set Expansion. Our

algorithm uses hypergraph orthogonal separators that we describe in Section 7.3. We

use the approach of Bansal et. al.[16]. Suppose that we are given a polynomial-time

algorithm that generates hypergraph m-orthogonal separators with distortion D(m, [3)
def

(with probability scale a > 1/poly(n)). We show how to get a D* = 4D(4/(d),e/4)

approximation for H-SSE.

Theorem 7.2.4. There is a randomized polynomial-time approximation algorithm for
the HYPERGRAPH SMALL SET EXPANSION that given a hypergraph H = (V| E), and
parameters € € (0,1) and 6 € (0,1/2) finds a set S CV of size at most (1+€)dn such

that

¢(5) < 4D(4/(e0),/4) - dus-

Proof. We solve the SDP relaxation for H-SSE and obtain an SDP solution {@}.
Denote the SDP value by SDPval. Consider a hypergraph orthogonal separator S with
m = 4/(ed) and = ¢/4. Define a set 5"

/ S if [S| < (1+4¢€)on
S = :

® otherwise

Clearly, |S’| < (1 + ¢)dn. Bansal et. al.[16] showed that
Pluc S e [% lal? allul2]  for every ue V.
Note that

P[S’ cuts edge e] < P[S cuts edge €] < aD* max || — o>

u,vee

where D* = D(4/(¢d),e/4) for the sake of brevity. Let

ZeeE(S'S') w(e)
4D~ - SDPval

Z d:efw(S') —
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E ¥ ens. w(e)

E|Z] =E Nl —
2] = E[w(S)] 4D* - SDPval
a S op (@D*max, e ||u — v]]?) w(e)
> = 2 . eck )
g uzev (3l wiw 4D* - SDPval
Q@ 1 . o
=5~ 1D~ <DPval x aD*SDPval = 1

Since Z < w(S’) < n (always), by Markov’s inequality, we have P [Z > 0] > a/(4n)
and hence

P[o(S) < 4D* - SDPval] > a/(4n) .

We sample S independently 4n/a times and return the first set S’ such that ¢(S5) <
AD* - SDPval. This gives a set S’ such that || < (14 ¢)dn, and ¢(S") < 4D*¢p .
The algorithm succeeds (finds such a set S’) with a constant probability. By repeating
the algorithm n times, we can make the success probability exponentially close to

1. [l

In Section 7.3, we describe how to generate an m-hypergraph orthogonal separator
with distortion D = O (\/logn x B~tmlog mloglog m). That gives us an algorithm
for H-SSE with approximation factor O, (67! logd—*loglog ' x v/Iogn).

7.3 Generating Hypergraph Orthogonal Separators

In this section, we present an algorithm that generates a hypergraph m-orthogonal
separator. At the high level, the algorithm is similar to the algorithm for generating
orthogonal separators by Chlamtac et. al.[31]. We use a different procedure for
generating words W (u) (see below) and set parameters differently; also the analysis of
our algorithm is different.

In our algorithm, we use a “normalization” map v from [31]. Map ¢ maps a
set {u} of vectors satisfying ¢2—triangle inequalities (64) and (65) to R™. Tt has the

following properties.
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1. For all vertices u, v, w,
(@) — (@)3 + 1) = (@)|; = (@) —y(@)]3.

2. For all vertices v and v,

(u, v)
max {[[al|?, [[0]]*}

(¥(u),¥(v)) =
In particular, for every @ # 0, || (u)||3 = (¢ (), ¥ (u)) = 1. Also, 1(0) = 0.

3. For all non-zero vectors u and v,

2| — |
max {|al|?, [|v]|*}

I (@) — @)1z <

We also use the following theorem of Arora, Lee and Naor [11] (See also [12]).

Theorem 7.3.1 ([11]). There exist constants C > 1 and p € (0,1/4) such that for
every n unit vectors x, (u € V), satisfying (3—triangle inequalities (64), and every
A > 0, the following holds. There exists a polynomial time algorithm to sample a

random subset U of V' such that for every u,v € V with ||z, — z,|* = A,

A

PlueU and d(v,U) > ———| = p,
u an (U)C\/m P

where d(v, U) = minyey ||, — ,[*.

First we describe an algorithm that randomly assigns each vertex u a symbol,

either 0 or 1. Then we use this algorithm to generate an orthogonal separator.

Lemma 7.3.2. There is a randomized polynomial-time algorithm that given a finite
set V, unit vectors 1 (u) for u € V satisfying (3-triangle inequalities and a parameter

B € (0,1), returns a random assignment w : V' — {0,1} that satisfies the following

properties.

157



e For every u and v such that ||1)(u) — (0)[]* > 3,
Plw(u) # w(v)] = 2p,
where p > 0 is the constant from Theorem 7.5.1.

o For every set e C'V of size at least 2,
Plw(u) # w(v) for some u,v € e] < O (ﬁlx/lognmaéx lv(u) — w(z‘;)HQ) :

Proof. Let U be the random set from Theorem 7.3.1 for vectors x,, = ¥(u) and A = f3.

Choose t ~ (0, 5/(Cv/logn)) uniformly at random. Let

w(u) =

1 otherwise

Consider first vertices u and v such that |[¢)(@) — ¢(9)||> > 8. By Theorem 7.3.1,

A

PluelU and dv,U) > — =
{u an (v,)C\/m

K

and

A
PloeUand duU)> ——| >
[” and d(u, U) cvm} P

Note that in the former case, when u € U and d(v,U) > %, we have w(u) =0

C+/logn

and w(v) = 1; in the latter case, when v € U and d(u,U) > we have w(v) =0

A
Cy/logn’
and w(u) = 1. Therefore, the probability that w(u) # w(v) is at least 2p.

Now consider a set ¢ C V of size at least 2. Let

T = mind(U, (@) and 7y = maxd(U, ¢(w)).

wee

We have, Tar — T < maxy, pee ||0(2) — 1(0)]]%. Note that if t < 7,,, then w(u) = 1 for
all u € e; if t > 7y then w(u) =0 for all u € e. Thus w(u) # w(v) for some u,v € e

only if t € [7,,, Tas). Since the probability density of the random variable ¢ is at most
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Cy/logn, we get,

PHu,v€e:wu)#w)] <Pt € [Tm, i)
<OVorn ) < DB s — % (66)

= A 5 u,vee

O
We now amplify the result of Lemma 7.3.2.

Lemma 7.3.3. There is a randomized polynomial time algorithm that given V', vectors
Y(u) and 5 € (0,1) as in Lemma 7.3.2, and a parameter m > 2, returns a random

assignment w : V' — {0, 1} such that:

o For every u and v such that ||[¢(a) — ¥ (0)||* = B,

1
log, m’

. . 1
Plou) # 5()] > 5 -
o For every set e C'V of size at least 2,

P[@(u) # @(v) for some u,v € €]

<0 (ﬁ‘lx/logn loglog m - max () — @D(U)HQ) :

Proof. Let K = max q%—‘ ,1). We independently sample K assignments
wi,...,wg. Let

w(u) = wi(u) © - Owk(w),

where & denotes addition modulo 2. Consider u and v such that ||[¢(a) — ¥(0)|* = S.
Let
p=Plwi(u) #wi(v)] =2p for ie{l,... K}

(the expression does not depend on the value of i since all w; are identically distributed).

Note that @(u) # @(v) if and only if w;(u) # w;(v) for an odd number of values i.
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Therefore,

Plw(u) # w(v)] = Z ( K >]52k+1(1 — p)KL 1-(1-2p)"

o<hei/2 2k +1 2
(1 An\E
> 1—(1-4p) > 11 .
2 2 log,m

Now let e C V be a subset of size at least 2. We have,
Plw(u) # @(v)] < Plw;(u) # w;(v) for some 7
<0 (ks Viognmaxlv(@ - v(o)P).
[l

We are now ready to present our algorithm for the hypergraph orthogonal separator

(Algorithm 7.3.4).

Algorithm 7.3.4 (Hypergraph Orthgonal Separator).
1. Set I = [log, m/(1 —logy(1 +2/log, m))| = log, m + O(1).
2. Sample [ independent assignments wy, ..., w; using Lemma 7.3.3.
3. For every vertex u, define word W (u) = @y (u) ... & (u) € {0,1}.

4. If n > 2!, pick a word W € {0,1}" uniformly at random. If n < 2, pick a
random word W e {0,1} so that Py [W = W (u)] = 1/n for every u € V.
This is possible since the number of distinct words constructed in step 3 is at
most n (we may pick a word W not equal to any W (u)).

5. Pick r ~ (0,1) uniformly at random.

6. Let S={ueV:|ul>>rand W(u) =W}

Figure 21: Hypergraph Orthogonal Separator

Theorem 7.3.5. Random set S output by Algorithm 7.5.4 is a hypergraph orthogonal

separator with distortion

mlogmloglogm)
D =0 | +/logn x ,
( ° B
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probability scale a = 1/n and separation threshold 3.

Proof. We verify that S satisfies properties 1-3 in the definition of a hypergraph

m-orthogonal separator with o = max {1 /241 /n}

Property 1. We compute the probability that u € S. Observe that v € S if and
only if W(u) =W and r < ||u]|? (these two events are independent). If n > 2!, the
probability that W = W (u) is 1/2! since we choose W uniformly at random from
{0,1}" if n < 2! the probability is 1/n. That is,

P[W = W(u)] =max {1/2",1/n} = o
and
P[r < |all’] = lla]*.

We conclude that property 1 holds.

Property 2. Consider two vertices u and v such that ||z —o||*> > 8 min {||a|]?, |7]*}.
Assume without loss of generality that ||u|* < ||7]|>. Note that u,v € S if and only
if r < ||u|* and W = W(u) = W(v). We first upper bound the probability that
W(u) = W(v). We have,

2(a,0) = ||al* + ol* — lla — ol* < (1 = B)llal* + o]* < (2 - B)|v]|*.

Therefore, 2 (@, ) /||v|*> < 2 — 3. Hence,

2 (u,v)
max {|al[?, [|of|*}

[ (@) — v(@)|° =2 = 2 (¥(@), (v)) = 2 —

> 0=A.
From Lemma 7.3.3 we get that

N N 1 1
P[@i(u) # @i(v)] > 3 logym

for every 7.
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The probability that W (u) = W (v) is at most (3 +

1/m. We have,

log, m)

Plue S,ve S =P[r<min{|al|v]*}] x P[W(u) =W (v)]
X PW =W(u) =W(v) | W(u) = W(v)]

) _ ~ 1
< min { Jall®, oI} x a x =,
as required.

Property 3. Let e be an arbitrary subset of V, |e| > 2. Let

Pm = min ||w||? and py = max ||w||>.
wee wee
Note that
prr — pm = J01]|* = ||| < ||y — s ||* < S max |z — o],

for some wy,wy € e. Here we used that SDP constraint (65) implies that ||@,]|* —
l2]? < |y — .
Let A= {u€e:|u|*>r} Notethat SNne={uec A: W(u)=W}. Therefore,

if e is cut by S then one of the following events happens.
e Event &: A#eand SNe# 0.
e Event &: A=cand ANS#(), AnS # A.

If & happens then 7 € [p,,, pur] since A # e and A # (). We have,

PE]<P[r € (pm, pu]] < lomr — pml < maXHu—vH2

If & happens then (1) r < p,,, (since A =€) and (2) W (u) # W (v) for some u,v € e.

The probability that r < p,, is pn. We now upper bound the probability that
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W(u) # W(v) for some u,v € e. For each i € {1,...,1},
P [@;(u) # @;(v) for some u,v € €]

< O (57! V/iogn -loglogm ) max [[v (&) — v(®)]*

<O (6’1\/@.loglogm> max 2l — o]

u,vee mln{Hl_L||2, ||77||2}

<O (6‘1\/10gn : loglogm) X pt X maexHﬂ — 7).

By the union bound over i € {1,...,[}, the probability that W (u) # W (v) for some

u,v € eis at most O (I x f~'y/logn - loglogm) X p,! x max, e ||t — 0]|%. Therefore,

P[&] < pm x O (l x 571y/logn loglogm) x plx max |z — o
<O (ﬁ_l\/@ logmloglogm) X max |z — ol*.
We get that the probability that e is cut by S is at most
P& +P&]) <O (6‘1\/@ logmlog logm> X max la — o
For D = O (87'y/logn logmloglogm) /o we get
Ple is cut by S| < aD max |z — o>

Note that a > 1/2' > Q(1/m). Thus

D<O <ﬁ’1\/10gnmlogmloglogm> :

7.4 {ly—03 Hypergraph Orthogonal Separators

In this section, we present another variant of hypergraph orthogonal separators, which
we call £5—(3 hypergraph orthogonal separators. The advantage of ,—(3 hypergraph
orthogonal separators is that their distortions do not depend on n (the number of
vertices). Then in Section 7.5, we use fo—¢2 hypergraph orthogonal separators to prove

Theorem 7.5.3 (which, in turn, implies Theorem 7.1.3).
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Definition 7.4.1 (fo—¢5 Hypergraph Orthogonal Separator). Let {@:u € V} be a
set of vectors in the unit ball. We say that a random set S C V' is a lo—f3 hypergraph
m-orthogonal separator with fo—distortion Dy, : N — R, £2-distortion Dy, probability

scale a > 0, and separation threshold g € (0, 1) if it satisfies the following properties.

1. For every u € V,

Plu € S] = alul?

2. For every u and v such that ||z — o]|> > B min {||a|?, ||7|*}

min {ul|*, ||2]|*}

Plue Sandv e S| <«
m

3. For every e C V,
P[e is cut by S] < aDg - max || — v||* + aDy,(le|) - min ||@]| - max ||a — v]|.
2 wu,wee weEe u,v€e

(This definition differs from Definition 7.2.2 only in item 3.)

Theorem 7.4.2. There is a polynomial-time randomized algorithm that given a set
of vertices V', a set of vectors {u} satisfying (3—triangle inequalities, and parameters
m and B generates an {y—(3 hypergraph m-orthogonal separator with probability scale

a > 1/n and distortions:

D@% = O(m)7

Dy, (r)=0 (5’1/2\/10g7"m10gmloglogm) )
Note that distortions Dy and Dy, do not depend on n.

The algorithm and its analysis are very similar to those in the proof of Theorem 7.2.3.
The only difference is that we use another procedure to generate random assignments

w:V —{0,1}. The following lemma is an analog of Lemma 7.3.2.
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Lemma 7.4.3. There is a randomized polynomial time algorithm that given a finite
set V, vectors ¢ (u) for u € V, satisfying (3 triangle inequalities, and a parameter
B € (0,1), returns a random assignment w : V' — {0, 1} that satisfies the following

properties.

e For every set e C'V of size at least 2,
Plw(u) # w(v) for some u,v € e] <O (5_1/2 log |e\> X max |v(a) — ().
e For every u and v such that ||¢(a) — ¥ (0)||* = B,

Plw(u) # w(v)] > 0.3.

Proof. We sample a random Gaussian vector g ~ N (0, I,,) (each component g; of g is
distributed as N (0, 1), all random variables g; are mutually independent). Let N be a

Poisson process on R with rate 1/4/3. Let

1 if N({g,¥(u))) is even

w(u) = :
0 if N((g,%(a))) is odd
Note that w(u) = w(v) if and only if N({g,¢(u))) — N({g,%(v))) is even.

Consider a set e C V of size at least 2. Denote diam(e) = max, e ||¢0(2) — (D).

Let 7, = minge. (9, ¥ (w)) and 7y = maxyee (g, (w)). Note that

N(7m) = min N({g, ¢ (w))),

wee

N(7y) = max N((g,¢(w))).

wee
If all numbers N({(g,1(u))) are equal then w(u) = w(v) for all u,v € e. Thus if
w(u) # w(v) for some u,v € e then N({g,¥(a))) # N({g,1(v))) for some u,v € e. In
particular, then N(7p) — N(7,,,) > 0. Given g, N(7a) — N(7,,) is a Poisson random

variable with rate (Ta; — 7,,)/v/B3. We have,

Pw(u) # w(v) for some u,v € e | g <P[N(mp) — N(7) > 0] g]

=1— ¢ (m—mm)/VB < BV 1y — 7).
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Let &uw = (g, ¥()) — (g,1(0)) for u,v € e (u # v). Note that &,, are Gaussian random

variables with mean 0, and

Var [¢u] = Var [(g, () — (9,%(0))] = [¥(a) — ¥(®)|* < diam(e)®

Note that the expectation of the maximum of (not necessarily independent) r Gaussian
random variables with standard deviation bounded by o is O (\/ log 7"0) (Fact 2.5.5).
We have,

E[TM—Tm1=E[maxgw]— (VViog [eldiam(c)

u,vee

since the total number of random variables &,, is |e|(|e| — 1). Therefore,

P [w(u) # w(v) for some u,v € ¢] < B2 |1y — 7

=0 (5 /fogle] max (@) ~ w(@)l) . (67

We proved that w satisfies the first property. Now we verify that w satisfies the second
condition. Consider two vertices u and v with ||¢(@) — ¢(9)||* = 8. Given g, the

random variable Z = N({(g,¢(u))) — N({g,%(v))) has Poisson distribution with rate
A =[{g,(@))) = (9.4 (©)) |/vB. We have,
X e ANE 12

P[Z is even | g] = ZIP’ =2k |g|= Z )] =—

k=0

Note that A\ is the absolute value of a Gaussian random variable with mean 0 and

standard deviation o = ||¢)(u) — ¥(v)]|/v/B = 1. Thus

1 —20y
P[Z is even] = E {4_6—1 :

2

where 7 is a standard Gaussian random variable, v ~ A(0,1). We have,

P w(u) # w(v)] = [“T"] >e[e] s 0s

166



Now we use Algorithm 7.3.4 to obtain fo—¢3 hypergraph orthogonal separators.
The only difference is that we use the procedure from Lemma 7.4.3 rather than from
Lemma 7.3.2 to generate assighments w. We obtain a ¢,—¢3 hypergraph orthogonal

separator.

Theorem 7.4.4. Random set S obtained from Algorithm 7.3.4 using the procedure
from Lemma 7.4.3 (instead of Lemma 7.3.2) is a hypergraph m-orthogonal separator

with distortion

Dé% = O<m>7

Dy, (r)=0 (6_1/2\/10grm10gmloglogm) ,

probability scale a« = 1/n and separation threshold B € (0,1).

Proof. The proof of the theorem is almost identical to that of Theorem 7.3.5. We first
check conditions 1 and 2 of fo—¢3 hypergraph orthogonal separators in the same way as
we checked conditions 1 and 2 of hypergraph orthogonal separators in Theorem 7.3.5.
When we verify that property 3 holds, we use bounds from Lemma 7.4.3. The only
difference is how we upper bound the probability of the event &s.

If & happens then (1) r < p,, (since A = e) and (2) W(u) # W(v) for some
u,v € e. The probability that r < p,,, is p.,. We upper bound the probability that
W(u) # W (v) for some u,v € e. For each i € {1,...,1},

P [@;(u) # @;(v) for some u,v € €]
<0 (872\/loge] loglog m ) max [lv:(@) — ¥(v)]
<O (B‘l/zx/log le] loglogm> max |z — o]

u,vee mln{HﬂH, H’DH}

<O (6’1/2\/10,52; le] loglogm> X p1/2 x max ||a — 7.

u,vee

By the union bound over i € {1,...,{}, the probability that W(u) # W (v) for

some u,v € e is at most O (l x 3712, /log |e| loglogm> X pm? X maxy pee || — 0|
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Therefore,

P[&] < pm x O (l x B712\/log |e| loglogm> X p1? x max ||a — 7|

u,vee
<O (l x B7Y2\/log |e| loglogm> X pt/% x max ||a — 7.
u,vee
We get that the probability that e is cut by S is at most
P[&]+P[&] < max |z —o||* + O (l x 3712\/log |e| loglogm>
X pt/? x max ||z — 7|
u,vee
< max |a —v||> + O (l x 3712\/log |e| loglogm>
X min ||w]| x max ||a — ]|
wee u,vee
For Dyz = 1/a and Dy, (r) = O (B712\/logr log mloglogm) /o, we get
Ple is cut by S] < aDyg - max @ — o||* + aDy,(|e]) - mein |w]| - max |lu — ol
Note that a > 1/2! > Q(1/m). Thus
Dé% = O(m>7
Dy, (r) =0 (ﬁ_l/Qx/logrmlogmloglogm> .

]

7.5 Algorithm for Hypergraph Small Set Expansion via (5—
(2 Hypergraph Orthogonal Separators

In this section, we present another algorithm for Hypergraph Small Set Expansion.

The algorithm finds a set with expansion proportional to \/M. The proportionality

constant depends on degrees of vertices and hyperedge size but not on the graph

size. Here, we present our result for arbitrary hypergraphs. The result for uniform

hypergraphs (Theorem 7.1.3) stated in the introduction follows from our general result.

In order to state our result for arbitrary graphs, we need the following definition.
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Definition 7.5.1. Consider a hypergraph H = (V| E). Suppose that for every edge e

we are given a non-empty subset e° C e.Let

nw =y 2l

Nmaz = Iq?ea‘;( ﬁ(u)

Finally, let nfZ be the minimum of 7,4, over all possible choices of subsets e°.

Claim 7.5.2. 1. nll < maxuev >, .. (02, le])/]e].
2. If H is a r-uniform graph with mazimum degree dpay then nf < (deplogyT) /7.

3. Suppose that we can choose one vertex in every edge so that no vertezr is chosen

more than once. Then ng(w < logy Timas, Where 1pq, 1S the size of the largest

hyperedge in H.

Proof.

1. Let ¢° = e for every e € E. We have, nf, < maxyey Y., (108, |e])/|e].

2. By item 1,
H
< = = .
s < 10 3 (08 )/ ] = max 3 (log )/ = (daloga )

3. For every edge e € E, let €° be the set that contains the vertex chosen for e.

Then |e°| =1 and |{e: u € e°}| < 1 for every u. We have,

log, |e] 10g5 T'max

< max ——— < max —=——— =log, r .
Mmax S wcV |6°’ ~ weV 1 g2 Tmax

e:uce® e:uce®

O

Theorem 7.5.3. There 1s a randomized polynomaial-time algorithm that given a

hypergraph H = (V, E) with vertex weights w(v) = d,, and parameters € € (0,1) and
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d € (0,1/2], finds a set S C'V of size at most (1 + €)on such that

#(S) < O. (5_1 log 0" loglog 0~ \/ Mhias = Pris + 5_1¢H,5)
= 0. (51 (\/ﬁgaﬁH,a + ¢H,5)) ;

In particular, if H is an r-uniform hypergraph then we have,

B(S) < 0. (5_1 (\/ log;rng’(s + ¢H,5>)

Proof. The proof is similar to that of Theorem 7.2.4. We solve the SDP relaxation for

H-SSE and obtain an SDP solution {u}. Denote the SDP value by SDPval. Consider
an lo—(3 hypergraph orthogonal separator S with m = 4/(6) and 8 = £/4. Define a
set S’

S if |S| < (14 e)on
S = .

® otherwise

Clearly, |S"| < (14 ¢)én. As in the proof of Theorem 7.2.4,
u € € @ ul|”, a||u .
P S/ 5 2 2
Note that

P[S’ cuts edge e] < P[S cuts edge €]
< aDy, max ||[a — 0||* + aDy, (r) min ||w|| max ||@ — v]| .
u,vee wee u,vee
Let

ZeeE(saE’) w(e)
4C '

C=a'E Z w(e) and Z =w(S") —

170



Now we upper bound C.

C=a'E Z wle)| <a™? Zw(e)P [e is cut by S|

e€E(S’,5") €€l
< D Y w(e)max [a —o|* + > w(e) Dy lel) min [|@]| max |z — 7]
eck eck
< Dygz - SDPval +  [> " w(e) Dy, (|e])? min |2 > w(e ¢) max |17 — 7|
eckl eck
D
< Dy -SDPval +, [> )y ==~ & e' ||@||2 v/SDPval
ecE wee

For every vertex w,

Dy, (Je)? !
Z el < Og(mlog mloglogm)? Z 108 el < Og(mlogmloglogm)” X ny,..

ewee |6| |€|

and > o du||@|]* = 3,y wu||@]]* = 1. Therefore,

C <O (mSDPvaI + mlogmloglogm~/n . - SDPvaI) .

By the argument from Theorem 7.2.4, we get that if we sample S’ sufficiently many

e:wee

times (i.e., (4n*/a) times), we will find a set S” such that

#(S") < 4C < Op ((5’1 log 6 loglog 6~ \/nH - SDPval + (5’1SDPvaI>

with probability exponentially close to 1. O

7.6 SDP Intgrality Gap

In this section, we present an integrality gap for the SDP relaxation for H-SSE. We

also give a lower bound on the distortion of a hypergraph m-orthogonal separator.

Theorem 7.6.1. For 6 = 1/r, the integrality gap of the SDP for H-SSE is at least
1/(26) =r/2.

Proof. Consider a hypergraph H = (V, E') on n = r vertices with one hyperedge e = V'

(e contains all vertices). Note that the expansion of every set of size n = 1 is 1. Thus

o5 = 1.
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Consider an SDP solution that assigns vertices mutually orthogonal vectors of length
1/4/r. Tt is easy to see this is a feasible SDP solution. Its value is max,, ,e. || — 0> =

2/r. Therefore, the SDP integrality gap is at least r/2. O

Now we give a lower bound on the distortion of hypergraph m-orthogonal separa-

tors.

Lemma 7.6.2. For every m > 4, there is an SDP solution such that every hypergraph

m-orthogonal separator with separation threshold B > 0 has distortion at least [m] /4.

Proof. Consider the SDP solution from Theorem 7.6.1 for n = r = [m]. Consider a
hypergraph m-orthogonal separator S for this solution. Let D be its distortion. Note
that condition (2) from the definition of hypergraph orthogonal separators applies to
any pair of distinct vertices (u,v) since (u,v) = 0.

By the inclusion—exclusion principle, we have,

IP’[|S|:1]>ZIP’[UGS]—% S Pluesves

u€esS u,vES, uFv
g1 amin {||alf?, [|v]*}
> allul® - 3 >
m
u€esS u,VES uFv
an(n — 1) (n—1)
—a——— Y —qa(l1-") >a/2
“ 2mr “ ( 2m o/

On the other hand, if |S| =1 then S cuts e. We have,

P[|S] = 1] < P[S cuts €] < aDmax ||u — 9||* = 2aD/r.

u,vee

We get that o/2 < 2aD/r and thus D > r/4 = [m]/4. O

7.7 Reduction from Vertexr Expansion to Hypergraph Ezx-
pansion

Theorem 7.7.1 (Restatement of Theorem 7.1.5). There exist absolute constants

i,y € RT such that for every graph G = (V, E), of mazimum degree d, there exists
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a polynomial time computable hypergraph H = (V'  E') having the hyperedges of

cardinality at most d 4+ 1 such that

v
C/1¢H,5 < ¢G,6 < C/2¢H,6>
and nf < 1ogy dmas-

Proof. Starting with graph G, we use Theorem 8.3.2 to obtain a graph G’ = (V', E')
such that

Cl¢\c/:,5 < ‘I)V/,a < 02¢\é,5~ (68)

Next we construct hypergraph H = (V', E”) using the reduction in Theorem 4.2.19.

We get that

o (S) = ®V(9) for every S C V,
and hence

v
b5 = ‘I)an

We get from (68),
0ls < s < 204 5.
Finally, we upper bound nZ . We use part 3 of Claim 7.5.2. We choose vertex
v in the hyperedge {v} U N°**({v}). By Claim 7.5.2, n¥ < logy "max, Where ryax
is the size of the largest hyperedge. Note that | {v} U N°**({v})| = d, + 1. Thus

ngax < 10g2 TmaX < 10g2<dmax + ]-) D

7.8 Conclusion

The SMALL SET VERTEX EXPANSION recently gained interest due to its connection
to obtaining sub-exponential-time, constant factor approximation algorithms for
many combinatorial problems like Sparsest Cut and Graph Coloring ([9, 74]). To

the best of our knowledge, our algorithms are the first approximation algorithms
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for these problems. Our approximation guarantees are not strong enough to have
any implications in obtaining sub-exponential-time, constant factor approximation
algorithms for Sparsest Cut and Graph Coloring, etc ([9, 74]).

We do not know of any computational lower bounds for these problems, expect
those that follow from computational lower bounds for SMALL SET EXPANSION
in graphs (Q( OPT log 1/5)), and for VERTEX EXPANSION (Q (\/m))
and HYPERGRAPH EXPANSION (€2 (y/OPTlogr)). Closing the gap between the
approximation upper bounds and the computational lower bounds is left as an open

problem.

Acknowledgements. The results in this chapter were obtained in joint work with

Yury Makarychev [71].
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CHAPTER VIII

HARDNESS OF VERTEX EXPANSION PARAMETERS

In this chapter, we show a hardness result suggesting that there is no efficient algorithm
to recognize vertex expanders. More precisely, our main result is a hardness for the
problem of approximating A, in graphs of bounded degree d. The hardness result
shows that the approximability of vertex expansion degrades with the degree, and
therefore the problem of recognizing expanders is hard for sufficiently large degree.
Furthermore, we exhibit an approximation algorithm for A, (and hence also for vertex

expansion) whose guarantee matches the hardness result up to constant factors.

Formal Statement of Results. Most known hardness results for VERTEX EX-
PANSION follow from the corresponding hardness results for EDGE EXPANSION. [t is
natural to ask if one can prove better inapproximability results for VERTEX EXPAN-
SION than those that follow from the inapproximability results for EDGE EXPANSION.
Indeed, the best one could hope for would be a lower bound matching the upper bound
in Theorem 6.1.3 (O (/OPTlogd)). Our main result is a reduction from SSE to
the problem of distinguishing between the case when vertex expansion of the graph
is at most ¢ and the case when the vertex expansion is at least Q(y/zlogd). This
immediately implies that it is SSE-hard to find a subset of vertex expansion less than
C m for some constant C. To the best of our knowledge, our work is the first
evidence that vertex expansion might be harder to approximate than edge expansion.

More formally, we state our main theorem below.

Theorem 8.0.1. For every n > 0, there exists an absolute constant C such that

Ve > 0 it is SSE-hard to distinguish between the following two cases for a given graph
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G = (V, E) with mazimum degree d > 100/¢.

Yes : There exists a set S C V of size |S| < |V| /2 such that

V(S) <e.

No : For all sets S C V,

¢V (S) = min {10_10,0\/610gd} —n.

This immediately implies a lower bound for the computation of A,

Theorem 8.0.2 (Corollary to Theorem 8.0.1 and Theorem 6.1.2). For every n > 0,
there exists an absolute constant C such that Ye > 0 it is SSE-hard to distinguish

between the following two cases for a given graph G = (V, E) with maximum degree

d>100/¢.

Yes : There exists a vector X € R™ such that

> ey max; (X; — X;)? <.
XL X)) T

n

No : For all vectors X € R",

o = T LG B

By a suitable choice of parameters in Theorem 8.0.1, we obtain the following.

Theorem 8.0.3. There exists an absolute constant 6g > 0 such that for every constant

e > 0 the following holds: Given a graph G = (V, E), it is SSE-hard to distinguish

between the following two cases:

Yes : There exists a set S C V of size |S| < |V| /2 such that



No : (G is a vertex expander with constant expansion) For all sets S C V,

¢¥(S) = do

In particular, the above result implies that it is SSE-hard to certify that a graph is
a vertex expander with constant expansion. This is in contrast to the case of edge
expansion, where the Cheeger’s inequality can be used to certify that a graph has
constant edge expansion.

At a high level, the proof is as follows. We introduce the notion of BALANCED
ANALYTIC VERTEX EXPANSION for Markov chains. This quantity can be thought
of as a CSP on (d + 1)-tuples of vertices. We show a reduction from BALANCED
ANALYTIC VERTEX EXPANSION of a Markov chain, say H, to vertex expansion of a
graph, say H; (Section 8.7). Our reduction is generic and works for any Markov chain
H. Surprisingly, the CSP-like nature of BALANCED ANALYTIC VERTEX EXPANSION
makes it amenable to a reduction from SMALL SET EXPANSION (Section 8.6). We
construct a gadget for this reduction and study its embedding into the Gaussian graph
to analyze its soundness (Section 8.4 and Section 8.5). The gadget involves a sampling

procedure to generate a bounded-degree graph.

Hypergraph Expansion Using the reduction from VERTEX EXPANSION to Hy-
PERGRAPH EXPANSION (Theorem 4.2.19), we get the following hardness results for

HYPERGRAPH EXPANSION and 7,.

Theorem 8.0.4 (Corollary to Theorem 4.2.19 and Theorem 8.0.1). For every n > 0,
there exists an absolute constant C such that Ve > 0 it is SSE-hard to distinguish
between the following two cases for a given hypergraph H = (V, E, w) with maximum

hyperedge size r > 100/¢.

Yes : There exists a set S C 'V such that

on(S) <e
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No : For all sets S C V,
¢p(S) > min {10’10,Cx/€logr} —n

Theorem 8.0.5 (Corollary to Theorem 4.2.19 and Theorem 8.0.2). For every n > 0,
there exists an absolute constant C such that Ve > 0 it is SSE-hard to distinguish
between the following two cases for a given hypergraph H = (V, E, w) with maximum

hyperedge size r > 100/¢.

Yes : There exists an X € R™ such that (X, u*) =0 and

R(X)<e

No : For all X € R"™ such that (X, u*) =0,

R (X) > min {10_10,05 logr} -

Related Work. An O (logn) approximation algorithm for ¢ was obtained by
Leighton and Rao [64]. The current best approximation factor for ¢V is O (y/Iogn)
obtained using a convex relaxation by Feige, Lee and Hajiaghayi [39]. Beyond this,
the situation is much less clear for the approximability of vertex expansion. Applying
Cheeger’s method leads to a bound of O (W ) [1] where d is the maximum degree
of the input graph. Ambiihl, Mastrolilli and Svensson [7] showed that ¢V and ¢ have

no PTAS assuming that SAT does not have sub-exponential time algorithms.

8.1 Proof Overview

Balanced Analytic Vertex Expansion. To exhibit a hardness result, we begin by
defining a combinatorial optimization problem related to the problem of approximating
vertex expansion in graphs having largest degree d. This problem referred to as

BALANCED ANALYTIC VERTEX EXPANSION can be motivated as follows.
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SSE

- Isoperimetry of the Gaussian Graph
Section 8.4

- Dictatorship Testing Gadget
Section 8.5

- Hardness Reduction from SSE
Section 8.6

Balanced Analytic
Vertex Expansion

G Section 8.7

Balanced Symmetric
Vertex Expansion

G Folklore

Symmetric Vertex
Expansion

G Section 8.3

Vertex Expansion

Figure 22: Reduction from SSE to Vertex Expansion
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Fix a graph G = (V, E') and a subset of vertices S C V. For any vertex v € V|
v is on the boundary of the set S if and only if max,cnw) |Ls [u] — Ls [v]| = 1, where
N(v) denotes the neighbourhood of vertex v. In particular, the fraction of vertices
on the boundary of S is given by E, max,cn () [Is [u] — Ig [v]|. The symmetric vertex
expansion of the set S C V is given by,

CIN(S)UN(V\S)] _ E, max,enw) |Ls [u] — Ls [v]]
[STIVAS] B [Ls [u] = Ls [v]|

Note that for a degree d graph, each of the terms in the numerator is maximization
over the d edges incident at the vertex. The formal definition of BALANCED ANALYTIC

VERTEX EXPANSION is as follows.

Definition 8.1.1. An instance of BALANCED ANALYTIC VERTEX EXPANSION,
denoted by (V,P), consists of a set of variables V' and a probability distribution P
over (d+ 1)-tuples in V2!, The probability distribution P satisfies the condition that
all its d + 1 marginal distributions are the same (denoted by u). The goal is to solve

the following optimization problem

e E ~ | F(Y;) — F(X
o(V,P) & min (X1, va)~p ax; |[F(Y;) — F(X))]
F:V—={0,1}|Ex,y~u F(X)=F(Y)|> 155 Exy~u |F(X)—F(Y)]

100

For constant d, this could be thought of as a constraint satisfaction problem (CSP)
of arity d + 1. Every d-regular graph G has an associated instance of BALANCED
ANALYTIC VERTEX EXPANSION whose value corresponds to the vertex expansion of G.
Conversely, we exhibit a reduction from BALANCED ANALYTIC VERTEX EXPANSION
to problem of approximating vertex expansion in a graph of degree poly(d) (Section 8.7

for details).

Dictatorship Testing Gadget. As with most hardness results obtained via the
label cover or the unique games problem, central to our reduction is an appropriate
dictatorship testing gadget. Simply put, a dictatorship testing gadget for BALANCED

ANALYTIC VERTEX EXPANSION is an instance H® of the problem such that, on
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one hand there exists the so-called dictator assignments with value e, while every
assignment far from every dictator incurs a cost of at least Q(y/elogd).

The construction of the dictatorship testing gadget is as follows. Let H be a Markov
chain on vertices {s,t,t',s'} connected to form a path of length three. The transition
probabilities of the Markov chain H are so chosen to ensure that if py is the stationary
distribution of H then uy(t) = pp(t’) = €/2 and pp(s) = pr(s’) = (1 —€)/2.
In particular, H has a vertex separator {¢,t'} whose weight under the stationary
distribution is only e.

The dictatorship testing gadget is over the product Markov chain H” for some
large constant R. The constraints P of the dictatorship testing gadget H are given

by the following sampling procedure,
e Sample z € H from the stationary distribution of the chain.

e Sample d-neighbours y1,...,ys € H¥ of 2 independently from the transition

probabilities of the chain H. Output the tuple (z,91,...,v4).

For every i € [R], the i'" dictator solution to the above described gadget is given
by the following function,

1 ifa; € {s,t}
F(x) =

0 otherwise
It is easy to see that for each constraint (x,yi,...,yq) ~ P, max; |F(x) — F(y;)| =0
unless z; =t or x; = t'. Since x is sampled from the stationary distribution for pg,
x; € {t,t'} happens with probability e. Therefore the expected cost incurred by the

it" dictator assignment is at most e.

Soundness Analysis of the Gadget. The soundness property desired of the

dictatorship testing gadget can be stated in terms of influences. Specifically, given an
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assignment F : V(H)® — [0, 1], the influence of the i coordinate is given by

Inf;[F] = E Var[F(x)],

XR\i i
i.e., the expected variance of the function after fixing all but the *" coordinate
randomly. Henceforth, we will refer to a function F : H — [0, 1] as far from every
dictator if the influence of all of its coordinates are small (say < 7).

We show that the dictatorship testing gadget H described above satisfies the
following soundness — for every function F' that is far from every dictator, the cost of F’
is at least Q(yv/elogd). To this end, we appeal to the invariance principle to translate
the cost incurred to a corresponding isoperimetric problem on the Gaussian space.
More precisely, given a function F': H® — [0, 1], we express it as a polynomial in the
eigenfunctions over H. We carefully construct a Gaussian ensemble with the same
moments up to order two, as the eigenfunctions at the query points (z, 41, ...,yq) € P.
By appealing to the invariance principle for low degree polynomials, this translates in
to the following isoperimetric question over Gaussian space G.,

Suppose we have a subset S C G of the n-dimensional Gaussian space. Consider

the following experiment:
e Sample a point z € G the Gaussian space.
e Pick d independent perturbations 2], 25, ..., 2}, of the point z by e-noise.

e Output 1 if at least one of the edges (2, 2]) crosses the cut (S, S) of the Gaussian

space.

Among all subsets S of the Gaussian space with a given volume, which set has the
least expected output in the above experiment? The answer to this isoperimetric
question corresponds to the soundness of the dictatorship test. A halfspace of volume
% has an expected output of \/elogd in the above experiment. We show that among

all subsets of constant volume, halfspaces achieve the least expected output value.
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This isoperimetric theorem proven in Section 8.4 yields the desired Q(v/elogd)
bound for the soundness of the dictatorship test constructed via the Markov chain H.
Here the noise rate of € arises from the fact that all the eigenfunctions of the Markov
chain H have an eigenvalue smaller than 1 — €. The details of the argument based on
invariance principle is presented in Section 8.5

We show a Q(v/elog d) lower bound for the isoperimetric problem on the Gaussian
space. The proof of this isoperimetric inequality is included in Section 8.4

We would like to point out here that the traditional noisy cube gadget does not
suffice for our application. This is because in the noisy cube gadget while the dictator
solutions have an edge expansion of € they have a vertex expansion of ed, yielding a

much worse value than the soundness.

Reduction from Small Set Expansion problem. Gadget reductions from the
UNIQUE GAMES problem cannot be used towards proving a hardness result for edge
or vertex expansion problems. This is because if the underlying instance of UNIQUE
GAMES has a small vertex separator, then the graph produced via a gadget reduction
would also have small vertex expansion. Therefore, we appeal to a reduction from the
SMALL SET EXPANSION problem (Section 8.6 for details).

Raghavendra, Steurer and Tulsiani [88] show optimal inapproximability results for
the Balanced separator problem using a reduction from the SMALL SET EXPANSION
problem. While the overall approach of our reduction is similar to theirs, the details are
subtle. Unlike hardness reductions from unique games, the reductions for expansion-
type problems starting from SMALL SET EXPANSION are not very well understood.
For instance, the work of Raghavendra and Tan [89] gives a dictatorship testing gadget
for the Max-Bisection problem, but a SMALL SET EXPANSION based hardness for

Max-Bisection still remains open.
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8.1.1 Organization

We begin with some definitions and the statements of the SSE hypotheses in Sec-
tion 8.2. In Section 8.3, we show that the computation of VERTEX EXPANSION and
SYMMETRIC VERTEX EXPANSION is equivalent up to constant factors. We prove
a new Gaussian isoperimetry results in Section 8.4 that we use in our soundness
analysis. In Section 8.5 we show the construction of our main gadget and analyze its
soundness and completeness using BALANCED ANALYTIC VERTEX EXPANSION as
the test function. We show a reduction from a reduction from BALANCED ANALYTIC
VERTEX EXPANSION to vertex expansion in Section 8.7. In Section 8.6, we use this
gadget to show a reduction SSE to BALANCED ANALYTIC VERTEX EXPANSION.
Finally, in Section 8.8, we show how to put all the reductions together to get optimal

SSE-hardness for vertex expansion.

8.2 Preliminaries

Analytic Vertex Expansion Our reduction from SSE to vertex expansion goes via
an intermediate problem that we call d-BALANCED ANALYTIC VERTEX EXPANSION.

We recall the definition of d-BALANCED ANALYTIC VERTEX EXPANSION here.

Definition 8.2.1. An instance of d-BALANCED ANALYTIC VERTEX EXPANSION,
denoted by (V,P), consists of a set of variables V' and a probability distribution P
over (d + 1)-tuples in V1. The probability distribution P satisfies the condition that
all its d + 1 marginal distributions are the same (denoted by p). The d-BALANCED

ANALYTIC VERTEX EXPANSION under a function F': V' — {0,1} is defined as

det Ex vy, vy)~p max; |[F(Y;) — F(X)|
OV, P)(F) & 2N
V. P)E) Exyn [F(X) — F(V)

The d-BALANCED ANALYTIC VERTEX EXPANSION of (V,P) is defined as
oV, P) < min O(V,P)(F).
FV{0,1} Ex y~ul F(X)-F(Y)|2 155

We drop the degree d from the notation, when it is clear from the context.
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For an instance (V,P) of BALANCED ANALYTIC VERTEX EXPANSION and an

assignment F': V' — {0,1} define

VALp(F)= E_ max|F(Y;) - F(X).

(X Y1, Y)oP i

Gaussian Graph. Recall that two standard normal random variables X, Y are said

to be a-correlated if there exists an independent standard normal random variable Z

such that ¥ = aX + V1 — a27.

Definition 8.2.2. The Gaussian Graph Gy is a complete weighted graph on the
vertex set V(Gax) = R™. The weight of the edge between two vertices u,v € V(Gy x)
is given by

w({u,v}) =P[X =uand Y = ]
where Y ~ N (AX,Y), where A is a diagonal matrix such that ||A|| < 1 and ¥ = eI is

a diagonal matrix.

Remark 8.2.3. Note that for any two non-empty disjoint sets Sy, S; C V(Gax), the
total weight of the edges between S; and S5 can be non-zero even though every single

edge in the Gj 5, has weight zero.

Definition 8.2.4. We say that a family of graphs G, is ©(d)-regular, if there exist
absolute constants ¢, co € R such that for every G € G, all vertices i € V(G) have

Cld < dz < CQd.
We now formalize our notion of hardness.

Definition 8.2.5. A constrained minimization problem A with its optimal value
denoted by VAL(A) is said to be c-vs-s hard if it is SSE-hard to distinguish between

the following two cases.

Yes:
VAL(A) < c.
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VAL(A) > s.

Variance. For a random variable X, define the variance and ¢;-variance as follows,

Var [X] = XEP;XQ[(X1 — X5)?]

VarlX] = E [|X; — Xal
1 X1,X2

where X, X5 are two independent samples of X.

Small-Set Expansion Hypothesis We recall the definition of Small-Set Expansion

Hypothesis.

Problem 8.2.6 (SMALL SET EXPANSION (7,d)). Given a regular graph G = (V, E),

distinguish between the following two cases:

Yes: There exists a non-expanding set S C V with

p(S)=4 and  0a(S) < 7.

No: All sets S C V with pu(S) = ¢ are highly expanding having

P(S) 21 —17.

Hypothesis 8.2.7 (Hardness of approximating SMALL SET EXPANSION). For all
v > 0, there exists 6 > 0 such that the promise problem SMALL SET EXPANSION

(v,0) is NP-hard.

For the proofs, we will use the following version of the SMALL SET EXPANSION
problem, in which we high expansion is guaranteed not only for sets of measure 9, but

also within an arbitrary multiplicative factor of 4.

Problem 8.2.8 (SMALL SET EXPANSION (7,6, M)). Given a regular graph G =

(V, E), distinguish between the following two cases:
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Yes: There exists a non-expanding set S C V' with

u(S) =146 and Ou(S) < 7.

No: All sets S C V with p(S) € (&, M) have

P(S) =2 1—7.
The following stronger hypothesis was shown to be equivalent to Small-Set Expan-
sion Hypothesis in [88].

Hypothesis 8.2.9 (Hardness of approximating SMALL SET EXPANSION). For all
v >0 and M > 1, there exists 6 > 0 such that the promise problem SMALL SET

EXPANSION (7,9, M ) is NP-hard.
8.3 Reduction between Vertex FExpansion and Symmetric
Vertex Expansion

In this section we show that the computation of the VERTEX EXPANSION is essentially
equivalent to the computation of SYMMETRIC VERTEX EXPANSION. Formally, we

prove the following theorems.

Theorem 8.3.1. Given a graph G = (V,E), there exists a graph H such that
2
maX;ey () di < (maXz'GV(G) di) + maX;ey () d;
°Y(G)
PV(G) < ¢V(H) < —————.
(©) < ' (H) < g
Proof. Let G? denote the graph on V(G) that corresponds to two hops in the graph

G. Formally,
{u,v} € B(G?) <= Jw c V(G), (u,w) € E(G) and (w,v) € E(G).

Let H=GUG? ie., V(H)=V(GQ) and E(H) = E(G) U E(G?).
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Let S C V(G) be a set with small symmetric vertex expansion ®V(S) = ¢. Let

S" = S — Ng(S) be the set of vertices obtained from S by deleting it’s internal

boundary. It is easy to see that
Ng(S') = Ng(S) U Na(S).

Moreover, since Ng(S) < ®V(S)w(S) we have w(S") = w(S)(1 — ®Y%(S)). Hence the

vertex expansion of the set S is upper-bounded by,

\"4 / (DV(S)
or(S") < #\5(5)

Conversely, suppose T'C V(H) be a set with small vertex expansion ¢} (T') = «.
Consider the set 7" = T'U Ng(T'). Observe that the internal boundary of 7" in the

graph G is given by Ng(T") = Ng(T). Further the external boundary of 7" is given
by Ng(T") = Ng(Na(T)) = Ng2(T). Therefore, we have

Ng(T") U Ng(T') = Ng(T) U Nga(T) = Ny(T) .

Further since w(T") = w(T), we have ®%(T") < oY (T).

This completes the proof of the Theorem.

Theorem 8.3.2. Given a graph G, there exists a graph G’ such that

d; = d; d V(G) = 0(@Y(GF)).
nax d; = max an " (G) = 6(2*(G))

Moreover, such a G' can be computed in time polynomial in the size of G.

Proof. Given graph G, we construct G’ as follows. We start with V(G") = V(G)UE(G),
i.e., G’ has a vertex for each vertex in G and for each edge in G. For each edge {u,v} €
E(G), we add edges {u,{u,v}} and {v, {u,v}} in G'. For a vertex i € V(G) NV (G'),
we set its weight to be w(i). For a vertex {u,v} € E(G) NV (G'), we set its weight to

be min {w(u)/d,,w(v)/d,}.
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It is easy to see that G’ can be computed in time polynomial in the size of GG, and
that IﬂaXiev(G) dz = maxieV(G/) dz
We first show that ¢V(G) = ®V(G’")/2. Let S C V(G) be the set having the least

vertex expansion in G. Let
S'=SU{{u,v}|{u,v} € E(G) andu e Sorve S}.

By construction, we have w(S) < w(S"), Ng(S) = N (S') and

w(u)

dy

wNe(S) < Y dy

ueNgr (S7)

< w(Ne(S")).

Therefore,

w(Ner () + wNer (') _ 2w(Ne(S))

¢Y(G') < PL(S") = w(S S w(S)

= 20¢(S) = 20¥(G).

Now, let S” C V(G’) be the set having the least value of ®Y,(S) and let € = &Y, (9).
We construct the set S as follows. We let S; = S"\ Ng/(S'), i.e. we obtain S; from S’
by deleting it’s internal boundary. Next we set S = S; N V(G). More formally, we let

S be the following set.
S = {’U cs'n V(G)’U ¢ NG/(SI)} .

By construction, we get that Ng(S) C Ner(S") U Ner(S). Now, the internal boundary

of S’ has weight at most ew(S”). Therefore, we have
w(S1) = (1 —e)w(S).

We need a lower bound on the weight of the set S we constructed. To this end, we
make the following observation. For each vertex {u,v} € S; N E(G), u or v also has
to be in Sy (If not, then deleting {u, v} from S’ will result in a decrease in the vertex
expansion thereby contradicting the optimality of the choice of the set S”). Therefore,
we have the following

S w(fue)= Y min{wcgj),wcg)}é S w(u) = w(S).

{u,v}€S1INE(G) {u,v}€SINE(G)
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Therefore,

Therefore, we have

(Na(9)) _ w(Ner(S) U Ner(S)

w(S) S (1-ow(s)2 40Y,(S") = 40V (G .

8V (G) < o%(S) = =

Putting these two together, we have

¢¥(G)
2

< OV(G) < 4¢Y(Q).

8.4 Isoperimetry of the Gaussian Graph

In this section we bound the BALANCED ANALYTIC VERTEX EXPANSION of the
Gaussian graph. For the Gaussian Graph, we define the canonical probability distri-
bution on V4*1! as follows. The marginal distribution along any component X or Y; is

the standard Gaussian distribution in R", denoted here by p = N(0, 1)
B L w(X,Y;)

1

p(X)*
Here, random variable Y is sampled from N (AX, ).

Poys (X Y1, .., Ya) = (XL, PlY =Y.

Theorem 8.4.1. For any closed set S C of V(G x) with A a diagonal matriz satisfying
Al €1, and ¥ a diagonal matriz satisfying ¥ = €I, we have

E(xyi,.... Yo P, o, max; |Is [X] — L [Yi]]
IEX,YN,u |HS [X] - ]IS [Y]l

]EXNM E}ﬁ LY ~N(AX,Y) TaX; “IS [X} —Is [Y;”
= ’ ’ > cy/elogd
Ex vy Is [X] — Is [Y]] ¢

for some absolute constant c.

Lemma 8.4.2. Let u,v € R" satisfy |[u —v| < v/elogd. Let A be a diagonal matrix
satisfying |A|| < 1, and let ¥ a diagonal matriz satisfying > = €I. Let P,, P, be the

distributions N'(Au, X)) and N (Av,X) respectively. Then,

1
dTV(Puan) < 1-— (_1
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Proof. First, we note that that for the purpose of estimating their total variation

distance, we can view P,, P, as one-dimensional Gaussian random variables along the

line Au — Aw. Since ||A]| < 1,

|Au — Av|| < [Ju —v| < \/elogd.

W.lo.g., we may take Au = 0 and Av = y/elogd. Next, by the definition of total

variation distance,
(PP = [ P, (2) — Pu(x)lde
z:Py(2) 2Py ()

A

v/2

B 1 /°° e_||x—2AvH2 dr — 1 / e_l\«"g¢2 d
V2me Jav)2 V2me Jav)2

1 Av/2

ET
—= e 2e €T
V2me J a2
1 Viegd/2 2
[ / e 2 dl’
V2T Vlogd/2

1 o llzl?
_ 1_2._/ = g
V21 Jlogdy2
1
< 1—--.
d

where the last step uses a standard bound on the Gaussian tail.

]

Proof of Theorem 8.4.1. Let py denote the Gaussian distribution N (AX,X). Then
the LHS is:

[ 0= @) a0 + [ (1= 0 @\ ) dul).
R\ S S

To bound this, we will restrict ourselves to points X for which the px measure of the

complementary set is at least 1/d. Roughly speaking, these will be points near the

boundary of S. Define:
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and

—R"\ S\ Ss.

For u € R", let P, be the distribution N (Au, X). For any u € S;,v € Sy, we have
dTV(Pu;Pv) >]————=1-

Therefore, by Lemma 8.4.2, |[u — v|| > elogd, i.e., d(S1,S2) > v/elogd. Next
we bound the measure of S3. We can assume w.l.o.g. that u(S) < p(R™\ S) and
w(S1) = u(S)/2 (else pu(S3) = p(S)/2 and we are done). Applying the isoperimetric

inequality for Gaussian space [22, 100], for subsets at this distance,

) > |2 /ETogd w(Su(s) > | L s)umn 5),

We are now ready to complete the proof.

% (/Rn\su — (1= px (SN dp(X) + /5(1 — (1= px(R"\ S)) du(X))

1 d
5 (/XGR”\S,MX(S)>1/d<1 - (1 N MX(S)) )d,u(X)

+ [ e 1= =@ S) du(X)>

e—1
> = ( / dp(X) + / du(X))
€ XER\S,ux (S)>1/d XeS,ux (RM\X)>1/d

e—1
2e M(S?’)

> cy/elogd- p(S)u(R™\ S).

WV

WV

[]

We prove the following Theorem which helps us to bound the isoperimetry of the

Gaussian graph for over all functions over the range [0, 1].

Theorem 8.4.3. Given an instance (V,P) and a function F : V — [0,1], there exists
a function F' 1V — {0, 1}, such that

Eoen,. yo~p max [F(X) = FY)| _ By, v~ maxi [F(X) — F'/(Y))]
Exyou|F(X) = F(Y)] g Exyou |[F/(X) = F'(Y)]
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Proof. For every r € [0, 1], we define F, : V' — {0, 1} as follows.

Clearly,

Now, observe that if F(X) — F(Y) > 0 then F.(X) — F.(Y) > 0 Vr € [0,1] and
similarly, if F(X)— F(Y) <0 then F.(X) — F.(Y) <0 Vr € [0,1]. Therefore,

[ - moa = [ - B

Also, observe that if |F(X) — F(Y1)| > |F(Y;) — F(X)| then

[F(X) ~ F(Y)| =

| (X) — F(Y1)| = [F (i) — F.(X)] vr e [0,1]

Therefore,
Exyi,..vy~p max; |[F(X) — F(Y;)| _ Exy,...Ya)~p Max; fo |Fr(X) — F(Y))| dr
EX,YN;A ’F(X) - F(Y)l EX,YN/L fo ‘Fr ) - T(YN dr

Jo By, yyp max; [ (X) = F(Y5)]) dr
1
Jo Exyep |[FH(X) = E(Y)])dr
i PGV Ya)~P TAX; |F(X) — F.(Y))]
rel0,1] ]EX,YNM ’FT(X) — FT(YH

WV

Let r" be the value of » which minimizes the expression above. Taking F’ to be F,.

finishes the proof.

Corollary 8.4.4 (Corollary to Theorem 8.4.1 and Theorem 8.4.3). Let F': V(Gax) —
[0,1] be any function. Then, for some absolute constant c,

Exwi,..vo)~pg, . max; |F(X) — F(Y;)]
( ~Pon > cy/elogd.
Exyu|[F(X) = F(Y)]
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8.5 D:ictatorship Testing Gadget

In this section we initiate the construction of the dictatorship testing gadget for
reduction from SSE.

The dictatorship testing gadget is obtained by picking an appropriately chosen
constant sized Markov-chain H, and considering the product Markov chain H%. Given
a Markov chain H, define an instance of BALANCED ANALYTIC VERTEX EXPANSION
with vertices as Vi and the constraints given by the following canonical probability

distribution over V.

e Sample X ~ py, the stationary distribution of the Markov chain V.
e Sample Y7,...,Y; independently from the neighbours of X in Vg

1 —3e 1 — 3¢
2 2

B M
(ol gt
| ™

S t t’ s
Figure 23: Gadget for the reduction

For our application, we use a specific Markov chain H on four vertices. Define a
Markov chain H on Vi = {s,t,t',s'} as follows (Figure 23),p(s|s) = p(s'|s') = 1 — 55,

p(tls) = p(t'|s') = =552, p(s]t) = p(s'|t') = 5 and p(t'|t) = p(t|t') = 5. Tt is casy to see

that the stationary distribution of the Markov chain H over Vy is given by,

par(s) = () = § — n(t) = () = ¢

From this Markov chain, construct a dictatorship testing gadget (V£, PE) as described
above. We begin by showing that this dictatorship testing gadget has small vertex

separators corresponding to dictator functions.
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Proposition 8.5.1 (Completeness). For each i € [R], the i"-dictator set defined as

F(z) =1 if x; € {s,t} and 0 otherwise satisfies,
1
Vlar[F] =3 and VALp ,(F) < 2¢

Proof. Clearly,
E |FX)-FY)[ =3

XY ~oup 2

Observe that for any choice of (X, Y1, ...,Yy) ~ Pyr, max; |F(X) — F(Y;)| is non-zero

if and only if either x; =t or x; = t’. Therefore we have,

E max|F(X) = F(Y)| <Pl € {t.0}) = 2,

(XY1,...Ya)~Pu @

which concludes the proof. O
8.5.1 Soundness

We will show a general soundness claim that holds for the dictatorship testing gadgets
(V(H Ry PHR) constructed out of arbitrary Markov chains H with a given spectral
gap. Towards formally stating the soundness claim, we recall some background and

notation about polynomials over the product Markov chain H%.
8.5.2 Polynomials over H

In this section, we recall how functions over the product Markov chain H? can be

written as multi-linear polynomials over the eigenfunctions of H.

Let eg,e1,...,e, : V(H) — R be an orthonormal basis of eigenvectors of H and
let Ao, ..., A\, be the corresponding eigenvalues. Here ¢y = 1 is the constant function
whose eigenvalue \y = 1. Clearly ey, ..., e, form an orthonormal basis for the vector

space of functions from V(H) to R.
It is easy to see that the eigenvectors of the product chain H* are given by products

of ey, ..., e,. Specifically, the eigenvectors of H¥ are indexed by o € [n]® as follows,

e (r) = H €o; (T4)
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Every function f : H® — R can be written in this orthonormal basis f(z) =
> ok freq(x). For a multi-index o € [n]%, the function e, is a monomial of degree
|o| = Hilo: # 03

For a polynomial Q) =) Q, €., the polynomial Q-7 denotes the projection on
to degrees higher than p, i.e., Q°? = Zo,\obp Q,€,. The influences of a polynomial
Q=> Q. are defined as,

Infi(Q) = > Q2

0:0i#0

The above notions can be naturally extended to vectors of multi-linear polynomials
Q= (Qo, @1, ..., Qu).

Note that every real-valued function on the vertices V(H) of a Markov chain H
can be thought of as a random variable. For each ¢ > 0, the random variable e;(x) has
mean zero and variance 1. The same holds for all e, (x) for all |o| # 0. For a function
Q : V(H®) — R (or equivalently a polynomial), Var [Q] denotes the variance of the
random variable Q(z) for a random z from stationary distribution of H. It is an
easy computation to check that this is given by,

Var[Ql= ) @
o:lo|#0
We will make use of the following Invariance Principle due to Isaksson and Mossel

[49].

Theorem 8.5.2 ([49]). Let X = (X1,...,X,) be an independent sequence of en-
sembles, such that P[X; =z] > a > 0,Vi,z. Let Q be a d-dimensional multi-linear

polynomial such that
Var [Q;(X)] <1 Var [Q77] < (1 —en)® and  Infi(Q) <7

where p = 1—1810g(1/7')/10g(1/a)' Finally, let ¢ : R¥ — R be Lipschitz continuous.
Then,
IE[¢(Q(X))] —E[(Q(2))]] = O (T%/log§>
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where Z is an independent sequence of Gaussian ensembles with the same covariance

structure as X.

8.5.3 Noise Operator

We define a noise operator I';_,, on functions on the Markov chain H as follows :
LiyF(X) S (1= mF(X) +n B F(Y)

for every function F' : H — R. Similarly, one can define the noise operator I';_,, on
functions over H%.

Applying the noise operator I'i_, on a function F', smoothens the function or
makes it closer to a low-degree polynomial. This resulting function I'y_, F" is close to
a low-degree polynomial, and therefore is amenable to applying an invariance principle.

Formally, one can show the following decay of coefficients of high degree for I';_, F'.

Lemma 8.5.3. (Decay of High degree Coefficients) Let Q; be the multi-linear polyno-
mial representation of I't_, F'(X), and let € be the spectral gap of the Markov chain H.
Then,

Var [Q;7] < (1 —en)®

Proof. The Fourier expansion of the function F'is F' =) fre, where {e,} is the set

of eigenvectors of H*. It is easy to see that
e = €5 Q... R ey,

where the {e,,} are the eigenvectors of H.

D, F(X) = (1= n)F(X) 49 E_F(Y)

- S LE [eU(X) + E F(Y)]

Yi~ X5
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We bound the second moment of I';_, F" as follows

B (D, F(X))*

Therefore,

Y;

2
= Y2t (- e (X) 40, B enth))

i \Yi~X;

2
= D [, ((1—77)2 E eo,(X:)* +17° ;1;;( E eaim))

2
F201 =) E B (X0 (¥))

= Y Mics ((1=n) +7°X] + 2n(1 = m)A)

= > fllico (1=n+n)°

Var [Q;p] < 4 Z FfLic, (1 —n+n\)?

o:lo|>p
< > f2a—ep™
o:lo|>p
< (L—en)®

Here the second inequality follows from the fact that all non-trivial eigenvalues of H

are at most 1 — ¢ and the third inequality follows Parseval’s indentity. O]

Furthermore, on applying the noise operator I';_,, the resulting function I'y_, F’

can have a bounded number of influential coordinates as shown by the following

lemma.

Lemma 8.5.4. (Sum of Influences Lemma) If the spectral gap of a Markov chain is

at least € then for any function F : VE — R,

1
> " Infi(M—,F) < = Var [F]
: ne

1€[R]

198



Proof. By suitable normalization, we may assume without loss of generality that
Var [F] = 1. If Q denotes the multi-linear representation of I';_, F', then the sum of

influences can be written as,

Z Infi(M—,F) < Z o|Q2

i€[R] lo|#0
Z |0_| Q\U\FQ
o120
< k(1 — F? < —
(m o) S <

o]0

where we used the fact that the function h(t) = t(1 — ne)?* achieves its maximum

value at t = —1 In(1 — ne). O
8.5.4 Soundness Claim

Now we are ready to formally state our soundness claim for a dictatorship test gadget

constructed out of a Markov chain.

Proposition 8.5.5 (Soundness). For all €,n,a, 7 > 0 the following holds. Let H be a
finite Markov-chain with a spectral gap of at least €, and the probability of every state
under stationary distribution is > «. Let F : V(H®) — {0,1} be a function such that

max;c(g) Infi(lF—,F) < 7. Then we have
E [max |F(Y;) — F(X)]]

> Q(Velogd) E  |F(X)—F(Y)| - O(n) — 7/ loel/a))

X7YNH‘HR

For the sake of brevity, we define soundness(V (H), Pyr) to be the following :

Definition 8.5.6.

.....

~p, pmax; |[F(Y;) — F(X)]]
d HE def i Y P
soun ness(V( )’ PHR) F:maxier[lll%?lilr‘fi(F)gT EX,YNNHR) |F(X) - F(Y)|

In the rest of the section, we will present a proof of Proposition 8.5.5. First, we
construct Gaussian random variables with moments matching the eigenvectors of the

chain H.
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Gaussian Ensembles. Let Q = (Qo,Q1, ..., Qq) be the multi-linear polynomial
representation of the vector-valued function (I'y_, F(X), ', F'(Y1),..., [, F(Yy)).

Let E denote the ensemble of nd random variables

(eo(X),e1(X),...,en(X)), (eo(Y1), ..., en(Y1)), ..., (eo(Ya), ..., en(Yy)).

Let Ey, ..., Er be R independent copies of the ensemble E. Clearly, the polynomial
() can be thought of as a polynomial over Fi, ..., Fg. For each random variable z in
Ey, ..., Er and a value 3 in its support, P[z = ] is at least the minimum probability
of a vertex in H under its stationary distribution.

This polynomial () satisfies the requirements of Theorem 8.5.2 because on the
one hand, the influences of F' are < 7 and on the other by Lemma 8.5.3, Var [Q7?] <
(1 —en)?. Now we will apply the invariance principle to relate the soundness to the
corresponding quantity on the Gaussian graph, and then appeal to the isoperimetric
result on the Gaussian graph (Theorem 8.4.1).

The invariance principle translates the polynomial (Qy(X), @1(Y1),...Qa(Yy)) on
the sequence of independent ensembles Fj, ..., Eg, to a polynomial on a corresponding
sequence of Gaussian ensembles with the same moments up to degree two.

Consider the ensemble E. For each i # 0,
Ele,(X)] = Eles(Y1) = 0] = ... E[e;(Ya)] = 0.
For each i # 7, it is easy to see that,
Efe:(X)e; ()] = Ele(Y1)e; (Y1) = ... Eles(Ya)e, (Ya) = 0.

Moreover,

Ele:(X)e;(Ya)] = Eles(Ya)e; (%)) = 0

whenever i # j and all a,b € {1,...d}. The only non-trivial correlations are

Ele;(X)e;(Y,)] and Ele;(Ya)e; (V)] for all @ € [n] and a,b € [d]. Tt is easy to check that
Elei(X)e:(Ya)] = As Ele:(Yo)ei(Ys)] = A
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From the above discussion, we see that the Gaussian ensemble z = (2x, 2v,, .. ., 2y;)

has the same covariance as the ensemble F.
1. Sample zx and n-dimensional Gaussian random vector.

2. Sample zy,,...,2y, € R" ii.d as follows : The i coordinate of each zy, 18
sampled from A\;zx (i) + /1 — A&, where &,; is a Gaussian random variable

independent of zx and all other &, ;.

Let Zx, Zy,, ..., Zy, € R" be the ensemble obtained by R independent samples from
ZXyRY iy - ,Zyd.
Let 3 denote the nR x nR diagonal matrix whose entries are 1 — A\ ... |1 — A2

repeated R times. Since the spectral gap of H is €, we have that
1—>\?>2€—62>6

for all i € {1,...,n}. Therefore, we have ¥ = el.

Proof of soundness. Now we return to the proof of the main soundness claim for
the dictatorship testing gadget (V (H%), Pyr) constructed out an arbitrary Markov

chain.

Proof of Proposition 8.5.5. Let Q = (Qo, @1, -..,Qq) be the multi-linear polynomial
representation of the vector-valued function (I'y_, F/(X),T1_,F(Y1),...,T1-,F(Ya)).

Define a function s : R — R as follows

/

0 ifxz<0

s()=qx ifzel0,1]

1 ifz>1

\

Define a function ¥ : R — R as,
V(@ b1, va) = max|s(y) = s(@)]-
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Clearly, VU is a Lipschitz function with a constant of 1.

Using the fact that F' is bounded in [0, 1],

E max |F(X) — F(Y,)|
(X7Y1 ----- Yd)NPHR a
Z Xy Ty F(X) =Ty, F(Ya)| — 20 (69
(X Y1, yd)NpHRm3X| 1 F(X) =T F(Ya)| — 20 (69)
Furthermore, since I';_,F is also bounded in [0,1], we have S(Fl_nF) =T, ,F.
Therefore,
B omax |l F(X) =Ty F(Ya)

(XY1,..Ya)~Pyr @

= E max [s (I F'(X)) — s (T1 F(Ya))| (70)

(X Vi, Ya)NPyr  a
Apply the invariance principle to the polynomial @ = (I'1_, F, I'1_,F, ..., [1_,F) and

Lipschitz function W. By invariance principle Theorem 8.5.2, we get

> E max |s (Ty_, F(Zx)) — s (D1 F(Zy,))| — 7/ les/e)(71)

(ZX7ZY1 7777 ZYd)N,PgA72 a

Observe that so (I'y_, F) is bounded in [0, 1] even over the Gaussian space. Hence, by

using the isoperimetric result on Gaussian graphs (Corollary 8.4.4), we know that

E max [s (', F(Zx)) — s (T'1-yF(Zy,))|

(Zx,2vy 502y )~Pgy 5, @

>celogd  E |s(Ti_yF(Zx)) — s (T1_yF(Zy))| (72)

ZX7ZYN.U'QA12

Now we apply the invariance principle on the polynomial (I'y_,F,I'1_,F) and the

functional ¥ : R? — R given by
V(a,b) = [s(a) — s(b)]-
This yields,

E |s (D1 F(Zx)) — s (D1 F(Zy))]

ZX7ZYNMQAVZ

> E [_,F(X)) = s(D1_, F(Y))| = 7Hen/leg1/a)) (73
X,Y~u(HR)|S( 1 F(X)) = s (D FY))[ = 7 (73)
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Over H| the function I';_, F' is bounded in [0, 1], which implies that s(I';_, F(X)) =
Py, F(X) and T, F(X) > F(X) — 1.

E s Ty F(X) = s Ty F(Y) 2 Exyapm) [F(X) = F(Y)[ = 2n (74)

XY ~p(HR)

From equations (69) to (74) we get,

E  max|F(X) = F(Y))| > Q(/eogd) Exypun [F(X) = F(Y)]

(X,Yl ,,,,, Yd)NPHR a
gy — £Oen/tog(1/a))

8.6 Hardness Reduction from SSE

In this section we will present a reduction from SMALL SET EXPANSION problem
to BALANCED ANALYTIC VERTEX EXPANSION problem. Let G = (V. E) be an
instance of SMALL SET EXPANSION (7,4, M). Starting with the instance G = (V, E)
of SMALL SET EXPANSION(,d, M), our reduction produces an instance (V',P’) of
BALANCED ANALYTIC VERTEX EXPANSION.

To describe our reduction, let us fix some notation. For a set A, let AU denote
the set of all multi-sets with R elements from A. Let G, = (1 — )G + nKy where Ky
denotes the complete graph on the set of vertices V. For an integer R, define GS?R to
be the product graph GZ% = (G,)".

Define a Markov chain H on Vi = {s,t,t', s’} as follows ((Figure 23)),

€
1—2€¢’

€
1 —2€¢’

p(sls) = p(s'ls’) =1 - pt]s) = p(t']s') =

pslt) = (1) = 5. Pl = pltle) = 3

It is easy to see that the stationary distribution of the Markov chain H over Vjy is
given by,

pin(s) = () = § — e (t) = (') = €
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The reduction consists of two steps. First, we construct an “unfolded” instance (V,P)
of the BALANCED ANALYTIC VERTEX EXPANSION, then we merge vertices of (V, P)
to create the final output instance (V',P’'). The details of the reduction are presented

below (Figure 24).

Reduction

Input: A graph G = (V, E) - an instance of SMALL SET EXPANSION(7,d, M).
Parameters: R = 3, ¢

Unfolded instance (V, P)

Set ¥V = (V x V). The probability distribution p on V is given by (uy X pig

The probability distribution P is given by the following sampling procedure.

).

1. Sample a random vertex A € V.

2. Sample d + 1 random neighbors B, C1,...,Cy ~ G%@R(A) of the vertex A in
the tensor-product graph G%@R.

3. Sample z € V& from the product distribution u%.

4. Independently sample d neighbours y(, ..., y@ of z in the Markov chain HF,
ie, y¥ ~ pi(2).

5. Output ((Ba x): (Cla y1)7 ) (Cd7 yd))
Folded Instance (V',P’)
Fix V' = (V x {s,t}){#}. Define a projection map Il : V — V' as follows:
(A, x) = {(a;, x;)|z; € {s,t}}

for each (A, ) = ((a1,71), (ag, 72), ..., (ar,xg)) in (V x {s,t}){F}

Let 1/ be the probability distribution on V' obtained by projection of probability
distribution 2 on V. Similarly, the probability distribution P’ on (V') by applying
the projection II to the probability distribution P.

Figure 24: Hardness Reduction

Observe that each of the queries II(B, x) and {II(C;, y;)}%_, are distributed accord-
ing to ' on V'. Let F': V' — {0, 1} denote the indicator function of a subset for the

instance. Let us suppose that

LEIF() = POl >

\
—_
)
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For the whole reduction, we fix n = ¢/(100d). We will restrict v < ¢/(100d). We

will fix its value later.

Theorem 8.6.1. (Completeness) Suppose there ezists a set S C 'V such that vol(S) = §

and ®(S) < v then there exists F' : V' — {0,1} such that,

1
/ /
X, Y~V [F(X) )l 2 10

and,

E [max IF'(X) — F'(Y)|] < 2¢+O@dn+7)) < 4e

XY, Yy~oP L i

Proof. Define F': V — {0,1} as follows:

P |t TRADNEx {55 =1

0 otherwise

Observe that by definition of F', the value of F/(A,x) only depends on II(A4,z). So

the function F' naturally defines a map F’ : V' — {0,1}. Therefore we can write,

P[F(Az)=1] = Z Plz; € {s,t}|P[{a1,...,ar} NS = {a;}|x; € {s,t}]

i€[R)

1 1 I\t 1
>SR-Z. . i >
153 (1 R) ~ 10

and,
P[F(A z) =1 =P[[II(A,z) N (S x {s,t})] = 1]
< E [|II(A
(A@)NVH (A, 2) N (S x {s,t})]]
1S 1
— —._g_
2 V] "2

The above bounds on P[F(A, z) = 1] along with the fact that F' takes values only in

{0,1}, we get that

1
E |F'(X)-F\(Y)|= E F(A x)— F(B > —



Suppose we sample A € VE and B, (), ..., C,; independently from GS?R(A). Let
us denote A = (ay,...,ar), B = (b,...,bg), C; = (ci,...,cr) for all ¢ € [d]. Note

that,

P [ € [R] such that [{a;,b;} N S|=1]
< Dierl—-n)P [(ai, bs) € E[S, S]] + 0P [(a;,b;) € S x 5]
< R(vol(S)®(S) + 2nvol(S)) < 2(y +n) .
Similarly, for each j € [d],
i€[R)
By a union bound, with probability at least 1 — 2(d + 1)(y + 1) we have that none of
the edges {(a;, b:) }ieir) and {(a;, ¢;i) }jeq)iem cross the cut (S, S).

Conditioned on the above event, we claim that if (B, z) N (S x {t,t'}) = () then
max |F(B,z) — F(Ci, ;)| = 0.

First, if (B, )N (S x {t,t'}) = () then for each b; € S the corresponding z; € {s,s'}. In
particular, this implies that for each b; € S, either all of the pairs (b, x;), {(cji, ¥ji) }jea
are either in S x {s,t} or S x{s,t'}, thereby ensuring that max; |F(B, z)—F(C;, y;)| =
0.

From the above discussion we conclude,

]E(B,I),(Chyl) ----- (Ca,ya)~P [maXi |F(B’ x> o F(CZ’ %)H
<SP(B,2) N (Sx{t.t'}) | > 1] +2(d+ 1) (v +n)
SE[[(B,z) N (S x {t,!}) ||+ 2(d+1)(y +n)

=R-vol(S) - e+2(d+1)(y+1n) =e+2(d+1)(y+17)
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Let F': V" — {0,1} be a subset of the instance (V',P’). Let us define the following

notation.
VAL/F’d:ef E F/X—F/}/z
P( ) (X,)Y1,....Yq)~P! Izré?él}]q ( ) ( )|
and
s def , o
Vlar[F] B X,l]E&v/|F (X) = F' (V)] .

We define the functions F': V — [0,1] and fa, g4 : V& — [0,1] for each A € VE

as follows.
def 1+ def def
F(Az) = FI(II(A,z))  falz) = F(A,z) ga(z) = E  F(B,x)
B~GER(A)
Lemma 8.6.2.
VALp (F') > AEH%R VAL#E (ga)
Proof.
VALp (F') = VALp(F)
= E E E E max |F(B, z) — F(Ci, y;)]
A~V E goop B y1eya~p (2) B,Cx,...,Ca~nGETR(A) 1
> E E E max| E F(B,x)— E  F(Cyy)
AV E popdfoynsyapgi(z) 0 | BRGET(A) CinGT(A)

> E E E  max|ga(z) = ga(y)]

A~V E poop By yarop (z)

— E_VAL,z(g4)

AcVR

Lemma 8.6.3.

E E ga(z)?> E F?*A,x)— VALp(F")

A~V E INMI;I (Az)~V
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Proof.

E E = E_ E E  F(B,z)F(C
AVE ooy 24() A~VE gyt B OGP (A) (B,2)F(C,)
1
=—- E E E F*(B F?(C —(F(B —F(C 2
2ANVR;L‘~M BCNG®R( ) ( 7:E)+ ( 7x) ( ( ax) ( ,l’))
1
= E E F*Az)—- E E E F(B.z) — F(C.1))? 75
AV E gropfy (4,2) 2A~va~u§B,C~G?§R(A)( (B.2) (©2)) (75)

where in the last step we used the fact that B, C have the same distribution as A ~ V%,

Since the function F' is bounded in [0, 1], we have

E E E F(B,z) — F(C,z))*
A~VRx~M,§B,cN(;§R<A)( (B,z) — F(C,x))

< E E E  |F(B,r)— F(C,z)| (76)
A~V E gy B OnGER(A)

E E E  |F(B,z)— F(C,z)|
ANVR oopft B.O~GER(A)

< E E E E F(B,z)— F(D,y)|+ |F(C,z) — F(D,
ELE E B FB) = DY)+ |FCr) - FD.)
=2 E E E E F(B,z)— F(D, 77
aon B B B,DNGs?R(A)| (B,x) = F(D,y)| (77)
(because (B,D), (C,D) have same distribution )
<2 E E E E max |F(B,z) — F(D;,y;)]|
A~VE gopBoyy o ygopli(2) B,Dy ., Dg~GER(A) 0
= 2VALp(F') = 2VALp/ (F") (78)
Equations (75), (76) and (78) yield the desired result. O

Lemma 8.6.4.

E Var E
A~VE 1 941 = A~ VRzyG,uH

9a(2) ~ 94(0)| > 5 (VarlFI)? — VALp: ()

Proof. Since the function g4 is bounded in [0, 1] we can write

E 94(®) —gay)| = E E (ga(z) - ga(y))’

A~V ER g yeu A~VER g yeptt

B B aae) =K B ga@lgaly) - (79)

A g yEu
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In the above expression there are two terms. From Lemma 8.6.3, we already know

that

E E ¢A(z)> E F?(A z)— VALy(F) (80)

A~V E gep A (Ax)~V

Let us expand out the other term in the expression.

E E ga(z)galy) =E E E F(II(B,x)F(II(C,y)) (81)

Azyend A B,C~GER(A) zyepnk

Now consider the following graph H on V' defined by the following edge sampling
procedure.

e Sample A € VE and z,y € pf.

e Sample independently B ~ GS?R(A) and C ~ G;‘?R(A)

e Output the edge II(B, z) and II(C, y)

Let A\ denote the second eigenvalue of the adjacency matrix of the graph H.

E E E F'(II(B,z))F'(II(C,y)) = (F',HF")
A B,C~GER(A) zyeplt

<, F’(H(A,x)))2+>\< B (P4 - (B | P4 2)P)

A,z)~V (A,x)~V (A,x)~V

=\ E FA2+(1-\N( E F(A x))?
WE A2+ (=) ( B F(A,2)

(because F'(II(A,z)) = F(A, x))
Using the above inequality with equations (79), (80), (81) we can derive the following,

E E [ga(z) — ga(y)|

A~VE g yeplt

E E gi(z)—E E ga(z)ga(y)

A~VE geplt Az yeplt

WV

>(1- ) LAENV Fi(Ax)~( B F(4 x))Z} — VALp (F')
> (1 — A) Var[F] — VALp/ (F")
> (1 - \)(Var[F])* ~ VAL (F)

(because Var [F] > Vlar[F]2 for all F> .
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To finish the argument, we need to bound the second eigenvalue A for the graph H.
Here we will present a simple argument showing that the second eigenvalue A for the
graph H is strictly less than % Let us restate the procedure to sample edges from H

slightly differently.

e Defineamap M :V x Vg — (VU L) x (Vg U{L}) as follows, M(b,z) = (b, x)
if v € {s,t} and M(b,z) = (L, L) otherwise. Let IT'" : (VU L) x (VxguU L)) —

(V x {s,t})}% denote the following map.
(B’ 2") = { (b, x)|xi € {s,}}

e Sample A € VE and z,y € uf

e Sample independently B = (by,...,bg) ~ GEF(A) and C = (cy,...,cr) ~
GR(A).

o Let M(B,z), M(C,y) € (VU{L}) x (Vi U{L})" be obtained by applying
M to each coordinate of (B, z) and (C,y).

e Output an edge between (II'(M(B, z)),II'(M(C,y))).

It is easy to see that the above procedure also samples the edges of H from the same
distribution as earlier. Note that I’ is a projection from (VU L) x (VzU L)) to
(V x {s,t})%. Therefore, the second eigenvalue of the graph H is upper bounded by
the second eigenvalue of the graph on ((VU L) x (Vg U{L1}))# defined by M(B,x) ~
M(C,y). Let H; denote the graph defined by the edges M(B, x) ~ M(C,y). Observe
that the coordinates of H; are independent, i.e., H; = HI for a graph Hs, corresponding
to each coordinate of M(B,x) and M(C,y). Therefore, the second eigenvalue of H,
is at most the second eigenvalue of Hy. The Markov chain Hy on (VU{L}) x (VxU 1)

is defined as follows,

e Sample a € V and two neighbors b ~ G, (a) and ¢ ~ G, (a).

210



e Sample z,y € Vy independently from the distribution py.

e Output an edge between M (b, ) M(c,y).

Notice that in the Markov chain H,, for every choice of M (b, z) in (VU{L})x (VxU 1),
with probability at least 1, the other endpoint M(c,y) = (L, L). Therefore, the

second eigenvalue of Hs is at most %, giving a bound of % on the second eigenvalue of

H. O
Now we restate a claim from [88] that will be useful for our our soundness proof.

Theorem 8.6.5. (Restatement of Lemma 6.11 from [88]) Let G be a graph with a
vertex set V. Let a distribution on pairs of tuples (A, B) be defined by A ~ VE,
B ~ G2R(A). Let € : V* — [R] be a labelling such that over the choice of random

tuples and two random permutations Ty, Tg

P P {my' (Uma(A))) =75 (Ump(B)} = ¢

A~VE BAGYR(A) TATB

Then there ezists a set S C V' with vol(S) € [%%, niR] satisfying ®(S) < 1 — (/16.
The following lemma asserts that if the graph G is a NO-instance of SMALL SET
EXPANSION (v, 0,M) then for almost all A € V2 the functions have no influential

coordinates.
Lemma 8.6.6. Fiz § = 1/R. Suppose for all sets S C V with vol(S) € (§/M, Md) ,

O(S) =1 — then for all T > 0,

1
P [3i | Infl1ga] > 7] < —0

L gy -max(1/M,~)

Proof. For each A € VE, let
L= {Z € [R] ‘ |nfi(r1,,7f/_\) > 7'/2}

and

Li4 = {’l € [R] | Infi(rl_ngA) > 7’} .
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Call a vertex A € VE to be good if Ly # 0. By Lemma 8.5.4, the sum of influences of
I'1_,g4 is at most i Var [g4] < i. Therefore, the cardinality of L', is upper bounded

by |Ly| < . Similarly, the cardinality of L4 is upper bounded by |L4| <

TET]

The lemma asserts that at most a §0202 -max(1/M,~) fraction of vertices are good.

For the sake of contradiction, assume that Pycyr [Ly # 0] > 1000 max(1/M, ) /72e*n?.

Define a labelling ¢ : V# — [R] as follows: for each A € V', with probability 3
choose a random coordinate in L4 and with probability 1/2, choose a random coordinate
in L'y. If the sets L, L'y are empty, then we choose a uniformly random coordinate
in [R].

Observe that for each A € V%, the function g4 is the average over bounded
functions fg: VA — [0,1], where B ~ Gf(A). Fix a vertex A € V' such that L/, # )
and a coordinate ¢ € L;. In particular, we have that Inf;[[';_,ga] > 7. Using convexity

of influences, this implies that,
EBNG§R(A)|nfi[r1_nfB] > T.

Specifically, this implies that for at least a 7 fraction of the neighbours B ~ fo(A),
the influence of the i coordinate on fz is at least 7. Hence, if L') # 0 then for at
least a 7/2 fraction of neighbours B ~ G2#(A) we have Ly N Lp # 0.

By definition of the functions fa, g4, it is clear that for every permutation 7 : [R] —
[R], fa(m(x)) = fray(z) and ga(m(x)) = gr(a)(x). Therefore, for every permutation
7:[R] = [R] and A € VT

La=n"(Lra) and Ly = 7' (L} 4))

From the above discussion, for every good vertex A € VE, for at least a 7/2 fraction

of the vertices B ~ G%(A), and every pair of permutations 74, 7p : [R] = [R], we
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have WATI(L;A(A)) N 75" (Lrg(p)) # 0. This implies that,

P P {my (Uma(A))) = mp' (U(mp(B)))}

A~VE BAGPF(A) TATB

> P [Ly#0]- P [LyNLg#0|L, %0

Ay PG )
P [73' ((ma(A))) = 5 (Ump(B))) | Ly N Lp # 0]
, T 1 1 1 1
> P L #0] 5)';5@@
1

\ 3
g [L/A%@].(f»_.l.(_ne)?

2

> 16 max(1/m, )

By Theorem 8.6.5, this implies that there exists a set S C V with vol(S) € [5/7, %R]

satisfying ®(S) < 1 —~. A contradiction. O
Finally, we are ready to show the soundness of the reduction.

Theorem 8.6.7. (Soundness) For all €,d there exists choice of M and ~y,n such that
the following holds. Suppose for all sets S C V withvol(S) € (§/M, M§) , (S) > 1—n,
then for all F': V' — [0,1] such that Var[F'] > &, we have VALp: (F') > Q(y/elog d)

107

Proof. Recall that we had fixed n = ¢/(100d). We will choose 7 to small enough so
that the error term in the soundness of dictatorship test (Proposition 8.5.5) is smaller
than e. Since the least probability of any vertex in Markov chain H is e, setting
7 = €'/¢ would suffice.

First, we know that if G is a NO-instance of SMALL SET EXPANSION (v, §, M)
then for almost all A € V¥, the function g4 has no influential coordinates. Formally,

by Lemma 8.6.6, we will have

1000
32

- [Ji [ Infi[F1-ga] 2 7] <

-max(1/M,~).

For an appropriate choice of M, ~, the above inequality implies that for all but an

e-fraction of vertices A € V', the function g4 will have no influential coordinates.
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Without loss of generality, we may assume that VALp (F') < y/elogd, else we
would be done. Applying Lemma 8.6.4, we get that E oy = Vary[ga] = (Vari[F])? —
VALp (F') > 5. This implies that for at least a -+ fraction of A € VE Var [g4] >

200° 400

1/400. Hence for at least an 1/400 — € fraction of vertices A € V' we have,

1
Vlar[gA] P 100 and mgxlnfa(rlfn(gA)) ST

By appealing to the soundness of the gadget (Proposition 8.5.5), for every such

vertex A € VE, VAL,r (ga) = Q(Velogd) — O(e) = Q(v/elogd). Finally, by applying

Lemma 8.6.2, we get the desired conclusion.

VALp (F') > E VAL,n(ga) > Q(v/elogd)

AeVER

]

8.7 Reduction from Analytic d-Vertex Expansion to Vertex
Expansion

Theorem 8.7.1. A c-vs-s hardness for d-BALANCED ANALYTIC VERTEX EXPANSION

implies a 4 c-vs-s/16 hardness for BALANCED SYMMETRIC VERTEX EXPANSION on

graphs of degree at most D, where D = max {100d/s,2log(1/c)}.
At a high level, the proof of Theorem 8.7.1 has two steps.

1. We show that a c-vs-s hardness for BALANCED ANALYTIC VERTEX EXPANSION
implies a 2 c-vs-s/4 hardness for instances of BALANCED ANALYTIC VERTEX

EXPANSION having uniform distribution (Proposition 8.7.2).

2. We show that a c-vs-s hardness for instances of d-BALANCED ANALYTIC VERTEX
EXPANSION having uniform stationary distribution implies a 2 c-vs-s/2 hardness
for BALANCED SYMMETRIC VERTEX EXPANSION on ©(D)-regular graphs.

(Proposition 8.7.5).
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Proposition 8.7.2. A c-vs-s hardness for BALANCED ANALYTIC VERTEX EXPAN-
SION implies a 2 c-vs-s/4 hardness for instances of BALANCED ANALYTIC VERTEX

EXPANSION having uniform distribution.

Proof. Let (V,P) be an instance of BALANCED ANALYTIC VERTEX EXPANSION. We
construct an instance (V’,P’) as follows. Let T' = 2n?. We first delete all vertices i
from V' which have p(z) < 1/2n% i.e. V < V\{i € V : u(i) < 1/2n*}. Note that after
this operation, the total weight of the remaining vertices is still at least 1 — 1/2n and
the BALANCED ANALYTIC VERTEX EXPANSION can increase or decrease by at most
a factor of 2. Next for each i, we introduce introduce [p(i)7'| copies of vertex i. We
will call these vertices the cloud for vertex i and index them as (i,a) for a € [u(i)T).

We set the probability mass of each (d + 1)-tuple ((i,a), (j1,b1)- .., (ja,ba)) as

follows :
Piy g1y 7d)
(n())T) - T, (u(5e)T)

It is easy to see that p/'(i,a) = 1/T for all vertices (i,a) € V’. The analytic d-vertex

Pl((i, CL), (jl; bl) ey (jd, bd)) =

expansion under a function F' is given by,

E((4,0),j1.b1).-..(Gasba))~P X | F' (i, @) — F(jo, be)|
Ei,a), (i)~ |F(3,a) — F(5,0)]

where X = (i,a) and Y, = (j,b) which are sampled as follows:

1. Sample a (d 4+ 1)-tuple (4, j1, ..., jq) from P.
2. Sample a uniformly at random from 1,..., pu(i)7T.

3. Sample b, uniformly at random from {1, ..., u(j,)T'} for each ¢ € [d].

Completeness Suppose, ®(V,P) < ¢. Let f be the corresponding cut function.
The function f:V — {0,1} can be trivially extended to a function F': V' — {0,1}

thereby certifying that ®(V’, P") < 2c.
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Soundness Suppose ®(V,P) > s. Let F': V' — {0,1} be any balanced function.

By convexity of absolute value function we get

max |F'(i,a) — F(y
(i) apayypr DX 1 (6 @) = Fleor)

> Emax|EF(i,a) ~EF(jbe)| -
(isj1,e0ja)~P £ la ( ) 7 (Je z)

So if we define f(i) = E,F(i,a), the numerator for analytic d-vertex expansion in
(V,P) for f is only lower than the corresponding numerator for F in (V',P’). We
need to lower bound the denominator, E; ;. |f(i) — f(j)|. The requisite lower bound

follows from the following two lemmas.

Lemma 8.7.3.

E @) —f@l= B [F(i,a) = F@Gb)|— E  [F(i,a) = F(i,b)]

. =
Yt (4,a),(3,0)~p' (4,a),(4,b)~p/

Proof. The Lemma follows directly from the following two inequalities.

E L NFG0) = FGO)I < E [FG.a) = F0)] + E [F(.D) = fG)|+ EIF() — F0)

which follows from Triangle Inequality, and

E|F(,a) = f@)] < B |F(,a) — F(ib)

i,a,b
Lemma 8.7.4.
E |F(Z,CL)—F(Z,b>| <2VAL'P’(F) =2 E maX|F(i7a)_F(jZJCZ)’
i,(l,b (i’a)V(jl701)7"'(jdvcd)N7)/ ¢

Proof. Sample (i, j1,...,jq) ~ P. For any neighbour (j,¢c) of (i,a), (¢,b), using the

Triangle Inequality we have

|F(i,a) = F(i,0)] < [F(i,a) = F(j,c)| + [F(4,¢) = F(i,0)]
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Therefore,

> oo | F(i,a) — F(je, co)| + 22, 1F(1,0) — F(je, co)l
d

< m?X|F<Z,CL) - F(jﬁacf)l +m?X|F(7J7b) - F(jfacﬁ)|

|F(i,a) = F(i,0)] <

Taking expectations over the uniformly random choice of a and b from the cloud

of 1,

E |F(i,a) — F(i,b)| <2 E wmex [Fi.a) — Fip.c
("’“)’("’b)| ()= FD) ((5,0),(j1,b1) s asba) )P € |70 @) = F(je. co)l

Lemma 8.7.3 and Lemma 8.7.4 together show that

Eia),60) | F (2, a) — F(5,0)|
5 .

E17(0) ~ 1()] >
as long as the value VALp/ (F) < Var,[F|/4. Therefore, for any F : V' — {0, 1},

E((iﬂ),(jl,bl)~~7(jd,bd))~77’ maxy |F<Z7 CL) - F<j€7 b€)| s
. . = .
E 0,60y | F(i,0) — F(5,0)] 4

Theorem 8.4.3 shows that the minimum value of BALANCED ANALYTIC VERTEX

EXPANSION is obtained by boolean functions. Therefore, ®(V', P’) > s/4. O

Proposition 8.7.5. A c-vs-s hardness for instances of d-BALANCED ANALYTIC VER-
TEX EXPANSION having uniform stationary distribution implies a 2 c-vs-s/4 hardness
for BALANCED SYMMETRIC VERTEX EXPANSION on O(D)-regular graphs. Here

D > max {100d/s,21log(1/c)}.

Proof. Let (V',P’) be an instance of d-BALANCED ANALYTIC VERTEX EXPANSION.
We construct a graph G from (V’, P’) as follows. We initially set V(G) = V'. For each
vertex X we pick D neighbors by sampling D/d tuples from the marginal distribution

of P’ on tuples containing X in the first coordinate.
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Let d; denote the degree of vertex i, i.e. the number of vertices adjacent to
vertex i in G. It is easy to see that d; > D and E[d;] = 2D Vi € V(G). Let
L ={i e V(GQ)|d; > 4D}. Using Hoeffding’s Inequality, we get a tight concentration
for d; around 2D.

Pld; >4D] <e .

Therefore, E[|L]] < n/e”. We delete these vertices from G, i.e. V(G) + V(G)\L.
With constant probability, all remaining vertices will have their degrees in the range

[D/2,4D]. Also, the vertex expansion of every set will decrease by at most an additive

1/eP.

Completeness Let ®(V',P') < c and let F' : V' — {0,1} be the function corre-
sponding to ®(V',P’). Let the set S be the support of the function F. Clearly, the

set S is balanced. Therefore, with constant probability, we have

PV(G) < PL(S) < (V' P+ 1/eP < 2¢.

Soundness Suppose ®(V',P’) > s. Let F: V' — {0,1} be any balanced function.

Since the max is larger than the average, we get

D/d
d
E F(X) - F(Y)| > E F(X) - F(Y;
£ max  |F(X)=F(Y) D;(X,Yl .... oy M F (X) = (1)

By Hoeffding’s inequality (Fact 2.5.3), we get

P KE max |F(X) —F(Yi)|) < 3/4}

X Y;eN(X)

d D/d
<Pl D E F(X) - F(Y; 4
D ;(X,Yl 77777 Yd)N’szalX| ( ) ( )| < S/

< exp (—n(sD/d)?)

Here, the last inequality follows from Hoeffding’s inequality over the index X. There

are at most 2" boolean functions on V. Therefore, using a union bound on all those

218



functions we get,
P [®Y(G) > s/4] = 1—2"exp (—n(sD/d)?).

Since D > d/s, we get that with probability 1 — o(1), ®V(G) > s/4.
[

Proof of Theorem 8.7.1. Theorem 8.7.1 follows directly from Proposition 8.7.2 and

Proposition 8.7.5. O

8.8 Hardness of Vertex Expansion
We are now ready to prove Theorem 8.0.1. We restate the Theorem below.

Theorem 8.8.1. For every n > 0, there exists an absolute constant C such that
Ve > 0 it is SSE-hard to distinguish between the following two cases for a given graph

G = (V, E) with maximum degree d > 100/«.
Yes : There exists a set S CV of size |S| < |V| /2 such that

0¥(S) <e

No : For all sets S C V,
¢V (S) > min {10_10, C'v/¢elog d} —n

Proof. From Theorem 8.6.1 and Theorem 8.6.7 we get that for an instance of BAL-
ANCED ANALYTIC VERTEX EXPANSION (V,P), it is SSE-hard to distinguish between

the following two cases cases:

Yes :
d(V,P)<e¢

®(V,P) > min {10_4,01\/510gd} —n
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Now from Theorem 8.7.1 we get that for a graph G, it is SSE-hard to distinguish

between the following two cases cases:

Yes :

@V,ba| < c

dVP > min {10_6,02\/510g d} —-n

We use a standard reduction from BALANCED SYMMETRIC VERTEX EXPANSION
to SYMMETRIC VERTEX EXPANSION. A c-vs-s hardness for -BALANCED SYMMET-
RIC VERTEX EXPANSION implies a 2 c-vs-s/2 hardness for SYMMETRIC VERTEX

EXPANSION. This can be seen as follows. Fix a graph G = (V, E).

Completeness If G has Balanced-symmetric vertex expansion at most ¢, then

clearly its symmetric vertex expansion is also at most c.

Soundness Suppose we have a polynomial time algorithm that outputs a set S
having ¢V (S) < s whenever G has a set S” having ¢V (S’) < 2¢. Then this algorithm
can be used as an oracle to find a balanced set having symmetric vertex expansion
at most s. This would contradict the hardness of BALANCED SYMMETRIC VERTEX
EXPANSION.

First we find a set, say T, having ¢V(T) < s. If we are unable to find such a T,
we stop. If we find such a set T" and T has balance at least b, then we stop. Else, we
delete the vertices in T' from G and repeat. We continue until the number of deleted
vertices first exceeds a b/2 fraction of the vertices.

If the process deletes less than b/2 fraction of the vertices, then the remaining
graph (which has at least (1 — b/2)n vertices) has conductance 2¢, and thus in the

original graph every b-balanced cut has conductance at least ¢. This is a contradiction

!
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If the process deletes between b/2 and 1/2 of the nodes, then the union of the
deleted sets gives a set T" with ¢V(1T”) < s and balance of T" at least b/2.
Using this we get that for a graph G, it is SSE-hard to distinguish between the

following two cases cases:

Yes :

®V > min {10*8,63\/610g d} -n

Finally, using the computational equivalence of VERTEX EXPANSION and SYM-
METRIC VERTEX EXPANSION (Theorem 8.3.1), we get that for a graph G, it is

SSE-hard to distinguish between the following two cases cases:

Yes :
¢V <e
No
¢V > min {10_10, C\/elogd} —n
This completes the proof of the theorem. n

8.9 Conclusion

In this chapter we showed that any polynomial time algorithm algorithm that outputs
a set having vertex expansion less than C \/m, for some absolute constant C', will
disprove the SSE hypothesis; alternatively, to improve on the bound of O (W),
one has to disprove the SSE hypothesis. From an algorithmic standpoint, we believe
that Theorem 8.0.3 exposes a clean algorithmic challenge of recognizing a vertex
expander — a challenging problem that is not only interesting on its own right, but
whose resolution would probably lead to a significant advance in approximation

algorithms.
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CHAPTER IX

CONCLUSION

In this thesis we studied three notions of expansion, namely edge expansion in graphs,

vertex expansion in graphs and hypergraph expansion. We showed that the notion

of Laplacian eigenvalues and Cheeger Inequalities cuts across these three problems.

We studied higher orders of these expansion quantities and gave optimal higher order

Cheeger Inequalities for edge expansion in graphs, and made partial progress towards

establishing optimal higher order Cheeger Inequalities for vertex expansion in graphs

and hypergraph expansion.

We summarize the contributions of this thesis in Table 1, Table 2, Table 3 and

Table 4, below.

Table 1: Higher Order Cheeger Inequalities

Edge Expansion in graphs

Vertex Expansion and Hyper-
graph Expansion

Cheegers Inequality

A2
— < ¢g <

2\
5 2

3, 1]

?<¢H< 272

and ’%"’ < qb\c/; < V2 for
Vertex Expansion [21].

Small Set Expansion

O (v nwlogk)

Q(v/Arlogk) for Noisy hy-
percube graph.

( 7Y log

O (kv/xlogr

Vrwloek)
)

K SPARSE-CUTS

A

2 <0 < 0 (Vharlogh)

Lower bound tight for hyper-
cube, upper bound tight for
Noisy hypercube.

2 <o <0 (K ulogr)

Lower bound tight for hyper-
cube.
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Table 2: Approximation Algorithms

Edge Expansion in graphs

Vertex Expansion and Hyper-
graph Expansion

SPARSEST CUT

O(V@ET) 3, 1]
O (@) OPT [13]

O(V@ﬁﬁi£7)
O (\/logn) OPT

and O (\/log n) OPT for Ver-
tex Expansion [39].

Small Set Expansion

o(vfﬁTigE) 187]
O(vﬁﬁﬁi%E)OPTU&

6 (k/0PTIog?)
@(kvﬂgﬁ)opT

Sparsest k-partition

O(V@ﬁﬁigﬁ)
O(vﬁ%ZE%E)OPT

Table 3: Computing Eigenvalues

Adjacency Matrix

Hypergraph Markov Operator

Upper bound

Exact computation for all eigen-
values.

O (klog r)-approximation.

Lower bound

Exact computation for all eigen-
values.

Q(log r) hardness under SSE.

9.1

Partitioning into Expanders.

Future Directions

Similar to the K SPARSE-CUTS problem and the

SPARSEST k-PARTITION problem is the problem of partitioning a graph into expanders

while minimizing the largest expansion among the parts. More formally, given a graph

G = (V, E,w) and a parameter « € R, the problem asks to compute a partition of

the vertex set V' into sets S, Sy ... (the number of sets is not specified) such that the

graph induced on each S; has expansion at least a while minimizing max; ¢¢(.S;). This

problem, whilst being of interest in its own right, could also have numerous practical
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Table 4: Mixing Time Bounds

Random-walks on graphs Hypergraph Dispersion Process
Upper bound
logn
logn o
O ( ) ) (folklore) 72
2

Lower bound

N (%) (folKlore) ¢ (%)

applications. Tanaka [101] and Gharan and Trevisan [41] study a slight variant of

this problem, and show that if there is a sufficiently large gap between ¢f, and ¢,

then graph can be partitioned into k£ pieces while ensuring that expansion of the
graph induced on each part is lower bounded by a function of A\, and the expansion of
each part in G is upper bounded by a function of Az, ;. Kannan et. al.[51] study a
variant of this problem which asks to compute a partition of the graph into expanders
while minimizing the total fraction of edges cut; they give a bi-criteria approximation
algorithm for this problem. We showed that their algorithm can produce a partition of
the graph into a set of expanders, say Si, S, .. ., with max; ¢g(S;) being unbounded.
Computing a partition of the graph into expanders while minimizing max; ¢g(S;)

seems to be a challenging open problem.

Hypergraph Markov Operators. In Chapter 4, we introduced a new (non-linear)
hypergraph Markov Operator and studied its eigenvalues. We showed that there exists
no linear operator whose eigenvalues can be used to estimate hypergraph expansion in
a Cheeger-like manner. We also argued that our operator is the “best” operator for
studying hypergraph expansion parameters. We ask, what properties of graphs and
random walks generalize to hypergraphs and this Markov operator? We also ask if
there are any other hypergraph Markov operators whose eigenvalues can be used to

estimate hypergraph parameters.
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Approximation Algorithms. Multiplicative approximation algorithms for all the
expansion problems studied in this thesis rely on the ARV structure theorem [13].
Since all these problems also generalize the SPARSEST CUT problem, improving the
approximation guarantee for the SPARSEST CUT problem is a common barrier for
improving the approximation guarantee for any of them. Arora, Rao and Vazirani
gave a O (\/@)—approximation algorithm, based on a rounding algorithm for the
standard SDP relaxation for SPARSEST CUT augmented with the triangle inequality
constraints. This problem has resisted attempts to find polynomial-time approximation
algorithms for them that match their known lower bounds. A natural question to
ask is whether we can get better approximation guarantees if we allow ourselves
super-polynomial computational time? Towards this end, one could try to understand
the power of the LP and SDP hierarchies for combinatorial optimization problems.
The hierarchies of linear and semidefinite programs, such as the ones defined by
Lovasz and Schrijver [76], Sherali and Adams [93] and Lasserre [61], provide sequences
of increasingly powerful convex relaxations starting from a basic integer program.
They form a powerful computational model, where one can solve the program at

O The gap between integral and fractional

rh level (also called round) in time n
solutions decreases with 7, and reaches zero at the n'* level, where the program is
guaranteed to find an optimal integral solution. Most known LP/SDP based algorithms
can be derived by 2 or 3 rounds of one of these hierarchies.

Recently, Barak, Raghavendra and Steurer [17] showed a new method to analyze
and round SDP hierarchies. At a high level, they use global correlations inside the
high-dimensional SDP solution combined with the hierarchy constraints to obtain a
better rounding of this solution into an integral one. They show that the surprising
subexponential time algorithm for UNIQUE GAMES, due to Arora, Barak and Steurer

8], can be rederived by using these techniques.

Arora et. al.’s [8] showed that if a graph has “many” eigenvalues of its normalized

226



Laplacian matrix which are “small”, then the graph has a small set having small
expansion. They used this in obtaining a subexponential time algorithm for the
UNIQUE GAMES problem. We (in joint work with Prasad Raghavendra and Santosh
Vempala) conjecture that if a graph is a vertex expander (i.e. its vertex expansion
is (1)), then there exists a way to assign non-negative weights to its edges such
that the (weighted) degree of each vertex is equal to one, and the number of “small”
eigenvalues of the resulting normalized Laplacian matrix is “small”. We show that
this conjecture, togethor with the tools of Barak et. al.[17] implies a subexponential
time constant factor approximation algorithm for SPARSEST CuUT, graph coloring, etc.

Understanding the power of the hierarchy for these problems is a very challenging

questions, and will have numerous applications in other areas of theory as well.

Hardness. Our computational lower bounds for VERTEX EXPANSION and HYPER-
GRAPH EXPANSION rely on the SSE hypothesis. An interesting open problem is
whether we can prove analogous lower bounds based on the UNIQUE GAMES Con-
jecture. The UNIQUE GAMES Conjecture is currently not known to imply hardness
results for problems closely tied to graph expansion such as SPARSEST CUT, VERTEX
EXPANSION, etc., the reason being that the hard instances of these problems are
required to have certain global structure, namely expansion. Gadget reductions from
a UNIQUE GAMES instance preserve the global properties of the UNIQUE GAMES
instance such as lack of expansion. Therefore, showing UNIQUE GAMES hardness for
expansion problems requires a new way of reducing a UNIQUE (GAMES instance to the
expansion problem.

Currently, we do not know of any hardness results for HYPERGRAPH SMALL SET
EXPANSION and SMALL SET VERTEX EXPANSION other than those that follow from
the hardneses results for SMALL SET EXPANSION in graphs. Closing the gap between

the upper and lower bounds for these problems is also an interesting open problem.
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Obtaining optimal NP-hardness results for expansion problems is a fundamental
open problem on which there has been very little progress. Surprisingly, determining

whether the exact computation of Ay, (and 73) is NP-hard also remains open.
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