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No, emptiness is not nothingness. Emptiness is a type of existence. You must use this
existential emptiness to fill yourself.

Liu Cixin, The Three-Body Problem



To my parents and my wife.
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SUMMARY

Let GG be a graph and ag, a1, as, b1, and by be distinct vertices of G. Motivated by their
work on Jgrgensen’s conjecture, Robertson and Seymour asked when does GG contain dis-
joint connected subgraphs G, G, such that {ag, a1,a2} C V(Gy) and {by, b2} C V(Gy).
We prove that if GG is 6-connected then such 1, GG, exist. Joint work with Robin Thomas

and Xingxing Yu.
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CHAPTER 1
INTRODUCTION AND BACKGROUND

The Four Color Theorem [1, 2, 3] asserts that every loopless planar graph admits a
vertex 4-colouring. The related problem was first put forward by Francis Guthrie in 1852,
who asked whether it was true that any planar map can be colored with four colors such that
adjacent regions receive different colors. In 1976, Appel and Haken [1] claimed a proof of
the Four Color Theorem with the help of a computer. However, some computer-free parts
of their proof are complicated and tedious to verify. In 1997, Robertson, Sanders, Seymour,
and Thomas [2, 3] gave a much simpler proof for the Four Color Theorem.

According to Kuratowski’s theorem [4], a graph is planar if and only if it contains
no K-subdivision or K3 3-subdivision. Moreover, it is well known that any 3-connected
nonplanar graph other than K5 contains a K3 3-subdivision. Hence, as an extension of
the Four Color Theorem, it is natural to ask whether every graph without K5-subdivision
is also 4-colorable. More generally, Hajos [S] conjectured that for any positive integer
k, every graph containing no K {-subdivision is k-colorable. This conjecture is true for
k < 3, but Catlin [5] found counterexamples to this conjecture for each £ > 6. However,
the cases for £ = 4 and k£ = 5 are still open. Efforts have been made to resolve Hajos’
conjecture for £ = 4. Yu and Zickfeld [6] proved that a minimum counterexample to Hajos’
conjecture when k£ = 4 must be 4-connected. Moreover, Sun and Yu [7] showed that if G
is a minimum counterexample to Hajds’ conjecture and S is a 4-cut in G then G — S has
exactly two components. In fact, if one can show a minimum counterexample to Hajos’
conjecture for k = 4 is 5-connected, then Hajos’ conjecture for £ = 4 will immediately
follow from the Kelmans-Seymour conjecture [8, 9]: Every 5-connected nonplanar graph
contains K-subdivision. This Kelmans-Seymour conjecture was recently proved by He,

Wang, and Yu [10, 11, 12, 13].



While Haj6s’ conjecture concerns the chromatic number of graphs without /. ;-subdivision,

Hadwiger [14], in 1943, conjectured a far-reaching generalization of the Four Color Theo-
rem in terms of K}, 1-minor: For any positive integer k, if a graph contains no K} 1-minor
then it is k-colorable.

It is easy to prove that Hadwiger’s conjecture holds for £ < 2. Hadwiger [14] and
Dirac [15] proved the case for k£ = 3. For k = 4, Hadwiger’s conjecture is equivalent to the
Four Color Theorem by the result of Wagner [16], which characterized graphs containing
no K5-minor and showed that Four Color Theorem implies that graphs containing no K-
minor are 4-colorable. The case £ = 5 can also be reduced to the Four Color Theorem, as
shown by Robertson, Seymour, and Thomas [17]. However, this conjecture remains open
for k > 6.

In fact, there are also many other interesting results related to Hadwiger’s conjecture.
Suppose Hadwiger’s conjecture is false for some &, and let G' be a minor minimal coun-
terexample. Dirac [15] showed that GG is 5-connected when k£ > 5, and Mader [18] showed
that GG is 6-connected when k& > 5, and 7-connected when k£ > 6. Kawarabayashi and G.
Yu [19] proved that G is (2k/27)-connected, improving upon an earlier bound in [20].

Let the stability number o(G) of a graph G denote the size of the largest stable set. Then
every n-vertex graph G has chromatic number at least [n/a(G)], and should contain a
clique minor of this size if Hadwiger’s conjecture is true. In 1982, Duchet and Meyniel [21]
proved that every n-vertex graph G has a K minor where £ > n/(2a(G) — 1). Moreover,
there has been a subsequent improvement by Fox [22]. And then Balogh and Kostochka
[23] further improved the result, and showed that every n-vertex graph G has a K minor
where k£ > 0.51338n/«(G). Later, in 2007, Kawarabayashi and Song [24] proved that
every n-vertex graph G with a(G) > 3 has a K minor where k& > n/(2a(G) — 2).

For an n-vertex graph G with a(G) = 2, the Duchet-Meyniel theorem implies that
there is a K}, minor with & > n/3, which was strengthened by Bohme, Kostochka and

Thomason [25] in 2011. They proved that every n-vertex graph with chromatic number ¢



has a K minor where k > (4t — n)/3.

A graph is claw-free if no vertex has three pairwise nonadjacent neighbours. So graphs
with stability number two are claw-free. Fradkin [26] showed that every n-vertex connected
claw-free graph G with «(G) > 3 has a K minor where k& > n/a(G). Furthermore, in
2010, Chudnovsky and Fradkin [27] proved that every claw-free graph G with no K}
minor is |3k /2 |-colourable.

Since line graphs are claw-free, these results about claw-free graphs are related to a
theorem of Reed and Seymour. They showed [28] that Hadwiger’s conjecture is true for
line graphs (of multigraphs).

We say that H is an odd minor of GG if H can be obtained from a subgraph G’ of G by
contracting a set of edges that is a cut of G'. Clearly, a graph contains K3 as an odd minor
if and only if it is not 2-colourable. In 1979, Catlin [5] showed that if G has no K, odd
minor then G is 3-colourable.

A fully odd K, in G is a subgraph of GG which is obtained from K by replacing each
edge of K4 by a path of odd length in such a way that the interiors of these six paths are
disjoint. Then in 1998, Zang [29] proved (and, independently, Thomassen [30] proved in
2001) the conjecture of Toft [31] that if G contains no fully odd K, then (G is 3-colourable.

Moreover, in 1995, Gerards and Seymour conjectured a strenthening of Hadwiger’s
conjecture (see [32]) that for every & > 0, if G has no Ky, odd minor, then G is k-
colourable, and it is known as true for £ < 3.

In fact, one can find more interesting results and open problems about Hadwiger’s con-
jecture and its variations from a survey [33], written by Seymour in 2016.

Now, we just go back and spend a bit more space on the £ = 5 case of the Hadwiger
conjecture. As we mentioned, Mader [18] proved that any minor minimal counterexample
to the Hadwiger conjecture for k = 5 is 6-connected. Jgrgensen [34] conjectured that every
6-connected graph contains a Kg-minor or has a vertex whose removal results in a planar

graph. Therefore, if Jgrgensen’s conjecture holds, then Hadwiger’s conjecture for k£ = 5



easily reduces to the Four Color Theorem. In 2017, Kawarabayashi, Norine, Thomas, and
Wollan [35] showed that Jgrgensen’s conjecture holds for sufficiently large graphs.

In their work [17], Robertson, Seymour, and Thomas proved that Jgrgensen’s conjec-
ture holds for each 6-connected graph in which some edge is contained in four triangles.
(However, they were not able to resolve the Jgrgensen conjecture. Instead, they explored
different structures of a minimum counterexample to the Hadwiger conjecture.) It is natural
and useful to extend this result to graphs in which some edge is contained in three triangles:
Given a 6-connected graph G and triangles a;b,b5a; for : = 0, 1,2 in GG, can we prove that
G contains K minor or has a vertex whose removal results in a planar graph?

A first step is to prove that 6-connected graphs are two-three linked: If G is a 6-
connected graph and ay, ay, as, by, by are distinct vertices of (G, then GG contains disjoint
connected subgraphs G, G such that {ag, a;,a2} C V(Gq) and {b1,b2} C V(G3). In
fact, Robertson and Seymour asked for a characterization of two-three linked graphs. We
believe that we have such a characterization which is quite complicated (even to state) and
its proof is long.

For convenience, we use (G, ag, a1, as, by, bs) to denote a graph G and distinct vertices
ag, ay, as, by, by of GG, and call it a rooted graph. A cluster in a graph G is a set X of disjoint
subsets of V' (G) such that each member of X" induces a connected subgraph of G. We say
that a rooted graph (G, ag, a1, as, by, by) is feasible if there exists a cluster { X, X»} in G

such that {ag, a1, a2} C X7 and {by, b2} C X,. We can now state our result as follows.

Theorem 1.0.1 Let (G, ag, a1, asz, by, by) be a rooted graph, and assume G + by1by + {a;b; :

i=0,1,2and j = 1,2} is 6-connected. Then (G, ag, a1, as, by, bs) is feasible.

We may view the problem of characterizing feasible rooted graphs as a generalization
of the following problem of characterizing 2-linked graphs: Given a graph G and four
distinct vertices ay, as, b1, b of GG, when does G contain disjoint paths from a4, as to by, ba,

respectively? Several characterizations of 2-linked graphs are given in [36, 37, 38, 39]



and have been used extensively in the literature for proving important structural results on
graphs (e.g., in the graph minors project of Robertson and Seymour).

On a high level of the proof, we will always assume that v := (G, ag, a1, az, by, by) is
a given rooted infeasible graph such that b1b, ¢ E(G), a;b; ¢ E(G) fori = 0,1,2 and
j=1,2,and G* := G+ b1by + {a;b; : i =0,1,2 and j = 1,2} is 6-connected.

Then in Chapter 2, we show that G has a frame A, B with respect to a; for some i €
{0,1,2} in (G, ag, a1, ag, by, by), where A, B are disjoint paths in G — a; from a;_1,b; to
a;i1, by, respectively (with a_; = as, a3 = ag). We say that a B-bridge of G is a subgraph
of GG induced by all edges in a component of G — V' (B) and all edges from that component
to B. Given a frame A, B w.r.t. a; for some ¢ € {0, 1,2}, we can prove that the B-bridge of
G containing a; has a disk representation with B, a; occurring on the boundary of the disk.
Moreover, we define a doublecross in frame A, B, and prove that A, B has no doublecross.

These properties make the structure of G much simpler and clearer, but it is still not
enough. Hence, in Chapter 3, we need to produce good frames and ideal frames A, B w.r.t.
a; for some i € {0,1,2} in G (with desired nice properties, such as the B-bridge of G
containing a; is maximal). We also divide the (A U B)-bridges of GG between A and B into
slim connectors and fat connectors. Then our proof is split into two cases: when there does
not exist any fat connector in any ideal frame A, B, which is solved in Chapter 6, and when
there exists at least one fat connector in some ideal frame A, B, which is solved in Chapter
4 and 5.

For the case without any fat connector, G — V' (A) has a disk representation with B
and ag on the boundary of the disk, and any A-B path in G is induced by a single edge.
So the structure of G is quite simple in some sense. For the second case, the structure is
more complicated, where an A-B path in G is not just a single edge, and different A-B
paths may intersect with each other. However, in both cases, we will try to find a con-
figuration with special properties, which may help us force a small cut in G or show that

(G, ap, a1, 02, bl, bg) is feasible.



Finally, we end this chapter with some notation and terminology. Let G, G5 be two
graphs. We use G1 UG, (respectively, G5 NGy) to denote the graph with vertex set V (G1)U
V(Gs9) (respectively, V(G1) NV (G2)) and edge set E(G1) U E(Gy) (respectively, E(G1)N
E(G5)). Let G be a graph, a separation in G is a pair (G, G2) of edge-disjoint subgraphs
G1,G; of G such that G = G7 U Gy. And |V(G1) NV (Gy)] is the order of the separation
(G1,Ga).

Let P be a path, and let u,v € V(P). Then Plu,v) := Plu,v]|—v, P(u,v] :== Plu,v]—
u, and P(u,v) := Plu,v] — {u,v}. Let B be a subgraph of a graph G. Then a B-bridge
of GG is a subgraph of G induced by all edges in a component of G — V' (B) and all edges

from that component to B.



CHAPTER 2
FRAMES

In this chapter, we state some known results and prove some lemmas that we will use. In
particular, we show that an infeasible rooted graph must contain a "frame” which consists
of two disjoint paths.

A result we use often is Seymour’s characterization of 2-linked graphs [37]. To state
this result we introduce several concepts. A disk representation of a graph G is a drawing
of G in a disk in which no two edges cross. A 3-planar graph (G, A) consists of a graph
G and aset A = {4y, ..., A} of pairwise disjoint subsets of V' (G) (possibly A = &) such

that
(l) for ¢ 7é j, N(AJ N Aj =,
(i) for1 <i <k, |N(A;)| <3,and

(iii) if p(G,.A) denotes the graph obtained from G by (for each 7) deleting A; and adding
edges joining every pair of distinct vertices in N (4;), then p(G, .A) can be drawn in

the plane with no edge crossings.

If, in addition, by, by, ..., b, are vertices in G such that b; ¢ Afor0 < i < nand A € A,
p(G, A) can be drawn in a closed disk with no edge crossings, and by, by, ..., b, occur on the
boundary of the disk in this cyclic order, then we say that (G, A, by, by, ..., b,) is 3 -planar.
If there is no need to specify A, we may simply say that (G, b, b1, ..., b,) is 3-planar. If
A = (), we say that (G, by, b1, ..., b,) is planar. Moreover, we say that a face of (the disk

representation of) G is finite, if the face is inside the disk.

Lemma 2.0.1 (Seymour, 1980) Let GG be a graph with distinct vertices x1, X2, 3, T4. Then

either (G, x1,x2, T3, x4) is 3-planar, or G has a cluster { X1, Xo} such that {z,,x3} C X



and {x9, 14} C Xo.

We say a sequence (ay, - -+, «v,) is larger than (1, - - -, 8,,) with respect to the lexico-

graphic ordering if either
i) m<nando; = B; fori =1,---,m, or

(ii) there exists j with 1 < j < min(m,n) so that o; > (; and o; = f3; for i =

1,-++,5—1.
We will also use the following lemma to modify a certain path.

Lemma 2.0.2 Let G be a connected graph and P be a path in G between vertices u, and

us of G, and let C denote a component of G — V (P). Then one of the following holds:

o G has a separation (G, Gs) such that |V (G N G2)| <2, V(PUC) C V(G,), and
|V(G2 — G1)| Z 1, or

e G has an induced path Q) from uy to ug such that G — V(Q) is connected with

C C(G-V(Q)).

Proof. We choose a path () in G from u; to us and label the components of G — () as
Cy,...,Cysuch that C C Cy and |V(Cy)| > --- > |V(C,)|, and, subject to this, s(Q) :=
(IV(CDI, |V (Cy)l,---,]V(Cy)|) is maximum under the lexicographical ordering. Note
that () is well defined because of P.

Then @ is an induced path in G. For, otherwise, let Q" be the induced path in G[Q)]
from wu; to uy then s(Q’) > s(Q), a contradiction. If n = 1 then the assertion of the lemma
holds. So assume n > 2.

Let l,,,r, € N(C,) N V(Q) such that Q[l,,r,] is maximal. We may assume there
exists C; with j < n such that N(C;) N P(l,,r,) # 0; otherwise, G has a separation
(G1,Gs) such that V(G; N Ga) = {ly,mn}, V(P UC) C V(Gy), and V(C,,) C V(Gs), a

contradiction.



Now let ' be an induced path between u; and us in G[QUC,,] such that Q'NQ(1,,, r,,) =

(). Clearly, s(Q") > s(Q) under the lexicographical ordering, a contradiction. O

In the remainder of this chapter, we will always assume that v := (G, ag, a1, as, by, by)
is a given rooted graph such that b1b, ¢ E(G), a;b; ¢ E(G) fori =0,1,2and j = 1,2,
and G* := G + byby + {a;b; : © = 0,1,2and j = 1,2} is 6-connected. When we write
a;+j, we understand that the subscript ¢ + 7 is taken modulo 3. In the next two lemmas, we

show that GG does not certain separations.

Lemma 2.0.3 G has no separation (G, G) such that V(G1NG2) = {c1, 2, ¢3, ¢4, ¢5, ¢},
V(Gy — Gh)| > 2, {ag,a1,a9,b1,b2} C V(Gy), and (Ga, ¢4, 2, 3, C4, C5, C6) is planar.

Proof. For, otherwise, let G, := Gy + {c1¢2, cacs, e3¢y, C4C5, C5C6, CoC1, C1C3, C3Cs, C5C1 )
which is planar as (G, ¢1, ¢a, 3, 4, C5, Cg) is planar.

Since G* is 6-connected, (G5 has at least one edge from each ¢; to V(Gy — G4) and,
hence, the number of edges in G with at least one end in V(G — G ) is at least (6|V (G2 —
G1)| +6)/2 = 3|V(Gy — G1)| + 3 = 3|V(G2)| — 15. Thus, G has at least 3|V (G2)| —
15+ 9 = 3|V(G2)| — 6 edges.

Thus, GG, is a planar graph with exactly 3|V (G})| — 6 edges and each ¢; has a unique
neighbor in G — G1. Note that G, must be a planar triangulation. Therefore, the neighbors

of ¢1,- -+, cg in G5 — (G are the same. Hence, since GG* is 6-connected,

V(G —Gy)| =1,

a contradiction. O

Lemma 2.0.4 G has no separation (G1,G3) such that |V (G, N Gy)| = 4 and for some

permutation  of {0, 1,2}, ar(0), (1), b; € V(G2 — G1),

V(GQ — Gl)‘ Z 4, Gﬂ—(g), bgfj €
V(Gh), and (G, ax(0), bj, axny, V(G1 N Gy)) is planar.

Proof. Suppose to the contrary that such a separation (G1, G) exists in G and let V(G N
Gg) = {017 Co, 04} such that (GQ, (Iﬂ—(o), bj, (lﬂ-(l), Cy4,C3,Co, Cl)) 1S planar. Let X := V(G2 -
G1) — {ax(0), ax(1), b;}. Since G* is 6-connected, we see that G, has at least two edges

from b; to X and at least three edges from a(; to X fori € [2].

9



Further, for any i € [4], ¢; has a neighbor in X . For, otherwise, suppose, for some i €
[4], ¢; has no neighbor in X . Then by applying Lemma 2.0.3 to the separation (G[V (G;) U
{ci}], G2 — ¢;) in G, we see that | X | = 1. It then follows from planarity that b; has at most
one neighbor in X, a contradiction.

Hence, the number of edges in G, with at least one end in X is at least (6| X |+1+1+1+
14+3+3+2)/2 = 3| X |+6. So G := Ga+{c1¢a, cacs, C3C4, C4Gr (1), Ar(1)bj, bjar(0), Ar(0)C1,
C2Ur(0), C2bj, Cacy, cab; } has edges at least 3|.X'| + 6 + 11 = 3(]X| 4+ 7) — 4. On the other
hand, since G is planar (as (G2, ax(0), bj, Gr(1), C4, C3, C2, ¢1) is planar), G has at most

3(]X| + 7) — 6 edges, a contradiction. O

Fori € {0, 1,2}, an a;-frame in 7y consists of disjoint paths A, B in G — a; from a;_1, by
to a;11, by, respectively, such that A is induced in G, G — V(A) is connected, and the B-
bridge of GG containing a; does not contain A. The next lemma says that if ~ is infeasible

then it has a frame.
Lemma 2.0.5 [f~ is infeasible then there exists i € {0, 1,2} such that v has an a;-frame.

Proof. Since G* is 6-connected, G — {ao, aj, as} contains an induced path P from b; to by
such that G — {ag,a1,a2} — V(P) # 0. Now, by Lemma 2.0.2, G — {ao, a1, a2} has an
induced path @ from b; to by such that C' := G — {ag, a1,as} — V(Q) is connected and
C # 0.

Note that there exists a permutation 7, j, k of {0, 1,2} such that Ng(a;) N V(C) # 0
and Ng(ar) NV (C) # 0, or Ng(a;) N V(C) = 0 and Ng(ax) N V(C) = 0. In the
former case, G — a; contains disjoint paths from by, a; to by, a, respectively. In the latter
case, Ng(a;) N V(Q(b1,b2)) # 0 and Ng(ag) NV (Q(b1,b2)) # 0; so we have a path
in G[Q(b1,b2) + {a;,ax}] from a; to a; and a path from by to by in G — {ag, a1, a2} —
V(Qb ba)).

Hence, there exists i € {0, 1,2} such that G — a; has disjoint paths A* and B from

a;_1,b1 to a;y1, by, respectively. Since 7 is infeasible, a; and A* are contained in different

10



components of G — B. Hence, a; and B are contained in a component of G — V (A*).
So by Lemma 2.0.2, G has an induced path A between a;_; and a;,1 such that G — V(A)
is connected and V' (B) U {a;} € V(G — A). Since 7 is infeasible, the B-bridge of G

containing a; does not contain A. Hence, A, B is an a;-frame in ~. O

In the next two lemmas, we derive useful information about frames in ~.

Lemma 2.0.6 Suppose -y is infeasible and A, B is an a;-frame in . Let A;(B) denote the
B-bridge of G containing a;, andlet V (A;(B)NB) = {dy, - - -, d;} suchthat by, dy, - - -, dy, by

occur on B in this order. Then (A;(B)U B, a;,by,dy, - -, dy, by) is planar.

Proof. Let G' = G/A, and let ¢’ denote the vertex representing the contraction of A.
Since ~ is infeasible, G’ has no disjoint paths from a’,b; to ag, by, respectively. So by
Lemma 2.0.1, there exists a set S of pairwise disjoint subsets of V' (G"), such that (G', S, d’, by, a;, b)
is 3-planar.

Note that for any S € S, a’ € N/ (S). For, otherwise, N¢(S) is a cut in G* separating
S from {ag, ai, as, by, bo }. But this contradicts the assumption that G* is 6-connected.

Thus, for any S € S, we have |[Ng/(S) N V(B)| < 2. Hence, SN A;(B) = (). For
otherwise, since a’ € N¢ (), there exists u € V(A;(B) N B), such that u € S. But then
G —V (A) contains three independent paths from u to by, be, a;, respectively, a contradiction
to the existence of cut N (.S). Therefore, A;(B) C G' —UgesS, and G' —UgesS has a disk
representation with by, b, a; on the boundary of the disk. Thus, A;(B) U B inherits a disk
representation with by, by, a; occurring on the boundary of the disk. Since A;(B) U B — B

has only one component, (A;(B) U B, a;, by, dy, - - -, dy, by) is planar. O

Suppose A, B is an a;-frame in 7. Let A;(B) denote the B-bridge of G containing a;.
By a doublecross in A, B we mean a pair of disjoint connected subgraphs A’, B’ (in this
order) of G — (V(A4;(B)) \ V(B)) for which there exist a}, a), € V(A) and b}, b, € V(B),
such that V' (A’) includes a, a, and at least one vertex of B(b/, b},) and is otherwise disjoint

from AU B[by, b}|U B[b), bo], and V' (B’) includes b/, b, and at least one vertex of A(a’, a))
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and is otherwise disjoint from B U Alay, a}] U Alah, as]. The vertices a, aj, b, b} (in this

order) are called the terminals of the doublecross.

Lemma 2.0.7 If vy is infeasible then there is no double cross in any frame in .

Proof. Without loss of generality, assume A, B is an ag-frame in . Suppose A’, B is a
double cross in A, B with terminals a}, a5, b}, 0. Let H = A(a}, ab) U B(b},b5) U (A" —
{a},ay}) U (B — {b},b,}). Consider the graph G’ obtained from G by contracting H to a
single vertex h.

Since G* is 6-connected, then, combined with the existence of four disjoint paths
Alay, ay], Aldy, as], Blby, V)], Blb,, bs] and Menger’s theorem, G’ contains five vertex dis-
joint paths between {a}, a}, b}, b, h} and {ag, a1, as,b1,b2}. So G contains five disjoint
paths P, i = 1,...,5, (also internally disjoint from H) joining a}, aj, b}, b, and H to
{ao, a1, as,by,by}. Without loss of generality, assume that a; € V(P), ay € V(P),
by € V(Ps), by € V(Py),and ag € V(P5).

Let S = (V(PLU P, U Ps)) N ({d}, ab, 0], 0, UV (H)), and Sy = (V(P3 U Py)) N
({a},a), by, by} U V(H)). Using the properties of a double cross, we can show that H
contains a cluster { Hy, Hy} such that S; C V(H;),i = 1,2. Let X; := HUV (PUP,UP5)

and X, := V(P; U P;) U Hy. Then { X, X5} is a cluster in G, a contradiction. O

In the next two lemmas, we consider the intersection of special cuts in a planar graph,

which may force another cut or interesting structures of the graph.

Lemma 2.0.8 Ler v be infeasible with an ag-frame A, B, and let Gy be obtained from G*
by deleting the component of G* — B containing A. Suppose (Go, ag, by, B, by) is planar,
and Gy has 3-cuts {a(, b}, by} and {af,b], by} separating {ag, by, b2} from B[b),b,] and
BIbY, by, respectively, such that by, by, b, b, by, by occur on B in order, b, # b3, and Gy
contains a path from B(b},by) to ag, internally disjoint from B. Then one of the following

holds:
(i) {b],by} is contained in a 3-cut of Gy separating {ao, b1, ba} from Bb{, U,].
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(ii) {b], 05} = {b1, b2}, and afy = af} = ay.

(iii) {ag,b], b5} = {ag,b1,b2}, b5 is a cut vertex of Gy separating by from {ao, b}, and

/ " / /! . . . .
ag, ag, by, U5 are incident with a common finite face of G.

(iv) {ag, b], b5} = {ao, b1,ba}, b is a cut vertex of Gy separating by from {ag, by}, and

/ " / /! . . . .
ag, ag, by, b are incident with a common finite face of G.

Proof. We may assume a, # a;. For, otherwsie, since (G, ao, b1, B, bs) is planar, ei-
ther {ag,by,0,} is a 3-cut in G separating {ag, by, by} from B[b], b,] and (i) holds, or
{ay, by, by} = {ao, b1, b2} and (ii) holds.

For i € [2], let F be a finite face of G incident with both b} and a;, and let F" be a
finite face of G incident with both b} and qg. Since ay, # ag, by, by, b, bl b, occur on B in
order, and Gy contains a path from B(b7, b}) to ao and internally disjoint from B, we have
F! = F! for some i € [2].

By symmetry, we may assume F] = FY'. Then aj, ag, b}, b} are incident with a common
finite face of G. Thus, either {aj, b/, b,} is a 3-cut of G, separating {ag, by, by} from
B[b!, by, or {ag,b],b5} = {ap,b1,b2} and b) is a cut vertex of GGy separating b; from

{ag, b2 }. So (i) or (iv) holds, a contradiction. O

Lemma 2.0.9 Let «y be infeasible and A, B be an ay-frame in vy, and let G, be obtained
from G* by deleting the component of G* — B containing A. Suppose (Gy, ag, by, B, bs) is
planar, and G has four distinct vertices by, by, by, b, with by, b}, b, b, b, by on B in order,

and by, by are incident with a common finite face of G,.

(i) If {0, } is a 2-cut in G separating B[V, bS] from {ao, b1, ba}, then b, b}, by, b, are
incident with a common finite face of Gy, and {b,b,} is a 2-cut in G separating

BIbY, by from {ag, b1, bs}.

(ii) If there exists a vertex ayy in G, such that {a}, b, by} is a 3-cut in Gy separating

BIb, bS] from {ag, by, by}, then one of the following occurs:
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(a) ay, by, by, by are incident with a common finite face of Gy, and {ay, by, by} is a

3-cut in Gy separating B[V}, b from {ag, by, b2} or {ag, b, by} = {ag, by, b2},

(b) ay, by, b3, by are incident with a common finite face of G, and {b7, by} is a 2-cut

in Gy separating B[b], bl from {ag, by, by}

Proof. Let F" be a finite face of GG incident with b7, b/}. To prove (i), we let F” be a finite
face of GG incident with b/, b5,. Since by, bf, b}, b5, b5, bs occur on B in order, F' = F”, and
so (i) holds.

Next, we prove (ii). For each i € [2], we let F be a finite face of G incident with both
b; and aj,. Since by, b7, b}, b5, b5, be occur on B in order, then F} = F" or F; = F". Now, if

F| = F”, then (a) of (ii) holds; if F, = F, then (b) of (ii) holds. a
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CHAPTER 3
GOOD FRAMES AND IDEAL FRAMES

In this chapter, we show that if v is infeasible then ~y has a special frame. For an a;-

frame A, B in v, we fix the following notation:

e ¢(A,B)=|{ve V(Ai(B)NB)—{b1,bs} : {v,a;} separates b; from by in A;(B) U
B}|.

We say that an a;-frame A, B in v is good, if among all the frames in 7,
(i) a(A, B) is maximum,
(ii) subject to (i), ¢(A, B) is minimum,
(iii) subject to (ii), A;(B) is maximal.

Lemma 3.0.1 Suppose + is infeasible and A, B is a good frame in . Let i € {0, 1,2} and

A’, B’ be disjoint paths in G — a; from a;_1,b; to a;y1, by, respectively.

(i) If, for some j € 2|, G has a path By from a; to b; and independent from A', B', then
a(A,B) > 1.

(ii) If {a;,b1,b2} is contained in a component of G — (A" U (B' — {by,b2})), then
a(A, B) = 2.

(iii) If G has a path B" from b; to by and independent from A', B', then o(A, B) = 2 and
c(A,B) =0.

Proof. We first prove (i). We see that B’, By are contained in a common component of

G — V(A’). By Lemma 2.0.2 and the existence of A’, there exists an induced path A* from
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a;_1 to a;y1, such that G — V(A*) is connected, and B, By C G — V(A*). Since 7 is
infeasible, A* and a; are in different components of G — B’. So A*, B’ is a frame. By the
existence of By, a(A*, B’) > 1, and so a(A, B) > 1.

Similarly, for (i), let C' be the component of G — (A" U (B’ — {by,b>})) containing
by, bo, a;, we may assume there exists an induced path A* from a;_; to a;;1, such that
G — V(A*) is connected, and B',C C G — V(A*). So A*, B’ is a frame. By the existence
of C, a(A*, B") = 2, and so o(A, B) = 2.

For (iii), since ~y is infeasible, B’ U B” + a; must be contained in a component of
G — V(A’). Hence, we may assume that B” + a; is contained in a component of G — (A" U
(B" — {b1,b2})). So by (ii), a(A, B) = 2. Now by Lemma 2.0.2 and the existence of A’,
there exists an induced path A* from a;_; to a;1, such that G — V(A*) is connected, and
B'"UB" +a; C (G—V(A*)). So A*, B’ is a frame. Since B” + a; is contained in a
component of G — (A" U (B’ — {b1,b2})), we see that ¢(A, B) = 0. O

For a frame A, B in 7, an A-B bridge is an (A U B)-bridge of G with at least three
vertices and intersecting both A and B. Let M be an A-B bridge, [, € V(AN M), and
I',r" € V(BN M),suchthat A[l,r] and B[l’,r'] are maximal. Then we say that [, r are the
extreme hands of M, and that I', v’ are the feet of M. We say that M lies on B[b}, b}] for
some b}, b, € V(B), if B[l',r'] C BV}, b,]. We say that M is fat if |V (M N B)| > 2 and

non-fat if it is not fat.

Lemma 3.0.2 Suppose v is infeasible and A, B is a good ag-frame in~y. Let {dy, - - ,d;} =
V(B N Ay(B)) such that by, dy, - - -, dy, by occur on B in order, and let dy = by, d1 = bo.

Then the following conclusions hold:

(i) Foranyi € [t], G — (Ao(B) — (B — d;))) does not contain disjoint paths from ay, by

to as, by, respectively.

(ii) For any A-B bridge M, M N B C Bld;_1,d;| for some i € [t + 1].
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(iii) Let N be a B-bridge of G not containing A or ag, then |V(N N B)| > 4, and
N N B C Bld;_1,d;] for some i € [t + 1].

Proof. First, we note that (ii) and (iii) follow immediately from (i). So we prove (i). Sup-
pose (i) fails, and let A*, B’ be disjoint paths in G — (A¢(B) — (B — d;))) from ay, b, to
as, bo, respectively.

Then Ay(B) U B’ is contained in a component of G — V(A*). By Lemma 2.0.2 and
the existence of A*, there exists an induced path A’ from a; to ay, such that G — V(A') is
connected, and Ag(B) U B’ C (G — V(A’)). So A, B’ is a frame in 7. Now, due to the
existence of d;, the B-bridge of G containing a is properly contained in the B’-bridge of

G containing a, a contradiction. O

An a;-frame A, B in 7 is ideal if A, B is a good such that
(i) the union of those B-bridges of GG not containing A or a; is maximal,
(ii) subject to (i), the union of those fat A-B bridges is maximal,

(iii) subject to (ii), the number of non-fat A-B bridges is minimum.
Lemma 3.0.3 Suppose v is infeasible with ideal frame A, B. Then all A-B bridges are fat.

Proof. Let M be a non-fat A-B bridge with extreme hands [/, and foot u. Then V(M N
A(l,r)) # 0, to avoid the cut {l,r,u} in G*. Note that M — u — A(l,r) has a path from !
to . Hence, by Lemma 2.0.2, M U A[l, r] — u contains an induced path P from [ to r, such
that M U A[l,r] — u — V(P) is connected with A(l,r) C M U A[l,r] —u — V(P). Let
A" := Alay,l]U P U Alr, as]. We show that A’, B contradicts the choice of A, B.

Clearly, A’, B is a good frame, and the union of those B-bridges of G not containing
A or ay is equal to the union of those B-bridges of GG not containing A’ or ay. Moreover,
A(l,r) is contained in a non-fat A’- B bridge; otherwise, the union of those fat A’-B bridges

properly contains the union of those fat A-B bridges, a contradiction.
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Let My, -+, M; be the A-B bridges such that for each i € [k|, M; N A(l,r) # 0,
M; # M. Then k # 0; otherwise, G has at least two disjoint edges from A(l,r) to B (as
G* is 6-connected), which contradicts that A(/, r) is contained in a non-fat A’-B bridge.

Since M;NA(l, 1) # O fori € [k], U,y Mi and A(l, ) are contained in a same non-fat
A’-B bridge; so My, ..., My, are non-fat A-B bridges. Now, since M UA[l, r|—u—V (P) is
connected with A(l,7) € MUA[l, r]—u—V(P), then {J,cy; M; and MUA[, r]—u—V(P)
are contained in one single A’-B bridge. Hence, the number of non-fat A’-B bridges is

strictly smaller than the number of non-fat A-B bridges, a contradiction. O

Let A, Bbe a good a;-frame in~, let {dy,---,d;} = V(BNA;(B)) with by, dy, - -+, dy, by
on B in order, and let dy = by and d;1 = by. For any i € [t + 1], we let J be the
union of Bld;_1,d;], all the edges between A and B[d; 1, d;], all those A-B bridges M
with M N B C Bl[d;_1,d;], and all those B-bridges N of G with (A + a;) " N = () and
NN B C B[d;_1,d;]. Letuy,us € V(AN JF), such that ay, uy, us, ay occur on A in order
with A[uy, us] maximal. Then we say J; = G[V (J; U Aluy, us))] is an A-B connector, and
uy, uy are the extreme hands of J;. We say that d; 1, d; are the feet of J;. Note that our
definition does not require J; N J; = ) for i # j.

An A-B connector J (with feet vy, vy and extreme hands uy, ug) is slim if (J—Afuq, us], Blvy, v2])
is planar, and each edge of .J with exactly one end in A[u, us| has its other end in Blvy, vs].
Thus, no slim A-B connector contains an A-B bridge. If J is not a slim connector, we say

that .J is a fat A-B connector.

Lemma 3.0.4 Let v be infeasible with an ideal frame A, B. Let J be an A-B connector

with feet vy, vy and extreme hands uy, us, such that V (J)\{u1, ug, v1,v2} # (0. Then

(i) wy # ug, there exists a unique j € (2] such that G has an A-B path from B(b;, v;) to

A(uy, ug), and (J — vj, Aluy, us), vs—;) is planar, and

(ii) if J is fat then Ng(v;) N V(J —v; — A) € L, for p € [2], where L, denotes the

subpath of the outer walk of (J — vj, Aluy, us|, vs_;) from u, to vs_; without going
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through us_p,.

Proof. Since V (J)\{u1, uz,v1,v2} # 0 and G* is 6-connected, then u; # uy and G has an
A-B path from B — B[by, by to A(uy,us). By Lemma 2.0.7, there exists a unique j € [2]
such that G has an A-B path from B[b;, v;) to A(uq,us).

To prove (J — v, Afuq, ug], vs—;) is planar, let 7" be an A-B path from ¢’ € B[b;, v;) to
t € A(uq,ug). If J — v; contains disjoint paths A*, B* from u,, ¢ to uy, v5_;, respectively,
then A" := Alay, u1]UA*UA[us, as] and B’ := Blb;,t'|UTUB*UBvs_;, bs_;] are disjoint
paths in G — v; — V(Ag(B) — B) from ay, b to as, b, respectively; which contradicts
(i) of Lemma 3.0.2. So assume that such A*, B* do not exist. Then by Theorem 2.0.1,
there exist m > O and aset D = {Dy,---, D,,} of pairwise disjoint nonempty subsets of
V(J —vj) — {u1,us,t,vs_;} such that (J — v;, D, uy,t, us, v3_;) is 3-planar. We choose
Dy, ..., Dy, such that {J;(,, D; is minimal. Then for all p € [m], G[D,UN,_;(D,)] does
not have a disk representation with N;_, (D,) occurring on the boundary of the disk (or
else, D, could be chosen to be empty). Obviously, |D,| > 2.

Note that J — v; — Aluy, ug| is connected. For, otherwise, let C' be a component of
J —v; — Aluy, ug] disjoint from B(v;, vs_;]. Then Ng(C) C V(Afuy, us]) U {v;}. Since
G — Ais connected, v; € N(C); hence, G[V(C)UN(C)|] — E(A) is a non-fat A-B bridge,
contradicting Lemma 3.0.3.

If m = 0then D = 0, and (J — v, uy, t, us, v3—;) is planar; so (J — v, Aluy, us, v3—;)
is planar as J — v; — Aluy, us] is connected. Hence, m > 1. Since G* is 6-connected,
for all p € [m], Nj_,;(Dp) U {v;} is not a cut of G separating D, from other vertices.
So D, N V(A) # 0. Since Dy, N {uy,uz,t,v5_;} = 0, [Ny, (Dp) N Al > 2. Moreover,
since A is an induced path and G[D,UN;_,, (D,)] does not have a disk representation with
Nj_y,;(D,) occurring on the boundary of the disk, D, Z V' (A). Thus, N;_,,(D,) € V(A)
as J — v; — Aluy, ug] is connected. So |N;_,,(D,)| = 3 and |N;_,,(D,) N A| = 2.
Moreover, if we let {s1, 2,5} = Nj_,,(D,) such that s ¢ V(A) and uy, s1, 52, uz occur

on A in order, then J — v, has a path D from s to vs_; disjoint from A; or else, there exists

19



a non-fat A-B bridge with foot v;, or G — V(A) is not connected. Moreover, since G* is
6-connected, G has an A-B path R from 1’ € V(B — Blvy, 1)) tor € V(A(s1,s2)). By
Lemma 2.0.7, 7" € B[b;, v;).

Let H := G[D, U N;_,,(D,)]. If H contains disjoint paths X', R, from sy, 7 to sy, s,
respectively, then the paths A" := Alay, s1] U X" U A[sy, as] and B’ := Blb;,r'|URUR; U
DUB[vs_j,bs_;] in G—V (Ay(B) — B) —{v;} from ay, by to as, bs, respectively, contradict
Lemma 3.0.2. So such X’ and R; do not exist. By Lemma 2.0.1, there exist n > 0 and
asetV = {Vi,---,V,} of pairwise disjoint subsets of D, such that (H,V, sy, 1, S, 5) is
3-planar. However, we see that { Dy, - - -, D,, }\{D, }U{V4, - - -, V},} contradicts our choice

of {Ds, ..., D,,}. This completes the proof of (i).

Next, we prove (ii). Since J contains disjoint paths A[uy, us] and Blvy, vs], Ng(v;) N
V(J —v; —A) # 0. Suppose Ng(v;) NV (J —v; —A) C L, for some p € [2]. Letu €
Nelv;])NV (L), such that u # u,, and L, |u,, u] is minimal. Since (J — v;, A[uy, us], v3—;)
is planar, J — v; — Afuy, up] is also planar. Let P’ denote the subpath of the outer walk of
J —v; — Aluy, ug] from w to v3_; with P* C L,,. Then Ng(v;) NV (J —v; — A) CV(P).
Let B' = B[bj, v;] U{v;u} U P"UB[vs_;, bs_;]. Then A, B’ is a good frame. The union of
those B-bridges of GG not containing A and a is contained in the union of those B’-bridges
of GG not containing A and ag, which forces B = B’ by the choice of A, B. Moreover, by
Lemma 3.0.3 and the planarity of J — v;, each edge of .J with exactly one end in Au;, us]

has its other end in Bluvy, vs]; so J is a slim connector, a contradiction. |
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CHAPTER 4
CORE FRAMES

In this chapter, we consider the situation when there is a fat connector for some ideal
frame in ~y. The first two lemmas study the inside of fat connectors, and show that each fat

connector has a core in which we can find various disjoint paths.

Lemma 4.0.1 Suppose v is infeasible and A, B is an ideal ay-frame in ~y. Let J be a fat
A-B connector with feet vy, vo and extreme hands uy, us, such that (J — vy, Aluq, us|, v2)
is planar, ay,uy, us, as occur on A in order, by, v, v, by occur on B in order, and G has an
A-B path from A(uy,us) to Blby,v1). Then there exists a separation (H, L) in J of order

4 (we allow H = J and L consists of uy, us, vo and no edges), such that

(i) V(H N L) = {vy, 21,22, y2}, U1, 1, T2, us occur on A in order, vy, ya, v occur on

Bin order, Alxy, x5 U Blvy,yo) C H,{uy,us,v2} C V(L);

(ii) (L — A, Blya, ve], v1) is planar, and each edge of L with exactly one end in A has its
other end in V (B|yz, v2]) U {v1 };

(iii) (H — vy, Alxy, xs),y2) is planar, H — vy — Alxy, xs] is connected, x1ys, T2ys ¢
E(H), H — A(zy,x5) — {vix1,v122} contains disjoint paths from vy, ys to 1, T,
respectively, and disjoint paths from vy, Yy, to T, x1, respectively, and V (X; N Xy) =
{y2} and N(v)) NV (H — A) € V(X;) fori € [2], where X; is the path from x; to

Yo on the outer walk of H — vy without going through rs_;.

Proof. Note that by Lemma 3.0.4, if we take H = J and let L consist of u, us, v2 and no
edges, then (H, L) satisfies (i) and (ii) (with z; = wu; for i € [2] and y, = v3). Hence, we
choose (H, L) satisfying (i) and (ii) and, subject to this, H is minimal. We show that (iii)

holds.
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Since (J — vy, Aluy, us), ve) is planar, (H — vy, A[z1, 23], y2) is planar. Note that H —
v; — Alxq, 9] is connected; for otherwise, let C' be a component of H — v; — A[xq, 25 not
containing ¥, which is also a component of J — v; — Afus, ug]. Then either it contradicts
the definition of frame that G — V' (A) is connected, or it contradicts Lemma 3.0.3 that all
A-B bridges are fat. By the minimality of H, we see that z1ys, xoys ¢ E(H ).

For 7« = 1,2, let X; denote the path in the outer walk of H — v; from ys to z; not
containing z3_;. Then V(X; N X3) = {y2}. For, otherwise, H has a separation (H, H»)
such that |V (H, N Hs)| = 1, yo € V(H, — Hs), and A[xy,25] C Hs. Since G* is 6-
connected, V(H; — Hy) = {ya2}. Let yy € V(H; — y2). Now it is easy to check that the
separation (H — y2, G[L + y5]) contradicts the choice of (H, L) (that H is minimal).

Next we show that N(v;) N V(H — A) € V(X;) for i = 1,2. For, suppose this is
false and, by symmetry, that N'(v,) NV (H — A) C V(X3). Let y5 € N(vy) NV (X3) with
Xs|yh, yo] minimal. Let B’ denote the path in the outer walk of H — A from y) to y, not
containing X[y}, y2]. We could choose B so that B’ C B. However, this shows that .J is
not fat, a contradiction.

It remains to show that for j € [2], H — A(xy,23) — {v121,v122} contains disjoint
paths from vy, y» to x3_;, x;, respectively. For, otherwise, we may assume by symmetry
that H — A(xq1,22) — {viz1, v122} does not have disjoint paths from vy, ys to 1, xo, re-
spectively. Hence, H — A(x1,x9) — Xo — {v121, v122} has no path from v; to x;. Since
(H — vy, Az, 22], Xo, X1) is planar, there exist 2} € V(A(z1,22)), yh € V(Xs), and
a 2-separation (Hy, Hy) in H — vy such that V/(H; N Hy) = {2}, 44}, x1,y2 € V(H,),
Alx),xe] C Hy, and N(v1) NV (H) C V(Hy U Ay, 23] U X5). Then we see that the
separation (Hs, G[Hy U L]) of J contradicts the choice of (H, L). O

With the notation in Lemma 4.0.1, we say that H is an A-B core or a core of the fat
connector J. Moreover, we say that x|, zo are the extreme hands of H, vy, y, are the feet
of H, and ys is the main foot of H. For convenience, we write y; := v;. By symmetry, we

may always assume that ay, 1, T2, as occur on A in order, and that b, y1, ¥, b, occur on B
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in order. Note that y; € V(A(B)) and G has a path from q, to y; internally disjoint from
B. Fori € [2], let 2, € V(A(x1,x2)) such that 2}, x; are incident with a common finite
face of H — y;, and H — y; has a path from 2 to y> and internally disjoint from A. And
for i € [2], let X! be the path from y, to z/ on the outer walk of H — {y;, z;} without going

through x3_;.

Lemma 4.0.2 Suppose  is infeasible, A, B is an ideal ay-frame, and H is an A-B core
with extreme hands x1,xo and feet yy, ys, where 1o is the main foot. Then the degree of v

in H — vy is at least 2 and, for i € 2],

VI(Xi(i,92))] 2 Land V(X; N X3 ;) = {4}
Moreover, if, for some i € [2|, H does not contain disjoint paths from y.,ys to x;, x%_,,

respectively, and internally disjoint from A, then the following are true:
(i) No finite face of H — v, is incident with both y, and a vertex of A(x1, x).

(ii) Foranyv € N(y;) NV (H) withv ¢ X ;U A(x;, x3_;), there exist ¢; € A(z;, x5_,)
and cy € X, _,(x5_;,y2), such that {cy,co} is a cut in H — {y1,x3_;} separating
v from x;, and there exist independent paths from v to cy,co in H — {y1, 23},

respectively, which are internally disjoint from X}_, U Alx;, x5 _,].

(iii) H has disjoint paths from y,,ys to x3_;, x}, respectively, and internally disjoint from

A

Proof. By Lemma 4.0.1, V(X; N X5) = {y2} and x1ys, x2y2 ¢ E(H); so the degree of
yo in H — g is at least 2 and |V (X;(z;,92))| > 1. Moreover, V(X; N X} ) = {yz} for
i € [2]; for, suppose there exists ¢ € V(X; N X} ) — {ya}, then {c, y1, ya, x3_; } is a cut in
G separating V' (X3_;) from {ao, a1, as, by, b}, a contradiction.

By symmetry, we may assume that / does not contain disjoint paths from y;, y> to

x1, Th, respectively, that are internally disjoint from A.

To prove (i), suppose there exists vy € V(A(x1,z2)) such that vy, y, are incident with

a common finite face in H — y;. Since (H — yi, A[x1, 23], y2) is planar, H — y; has a
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separation (Hy, Hs) such that V/(H; N Hs) = {y2,v0}, X1 C Hy, and Xy C H,. Now, we
further choose vy so that H; is minimal.

Now, we see that H, contains a path P, from y, to x5, and internally disjoint from A;
for otherwise, V' (Hy N A) = {z2} and, hence, {y1, y2, z2} is a cut in G separating V' (X>)
from {ao, a, as, by, b2}, a contradiction.

Now, let P; be the path from y; to 21 in H—V (A(x1, x2))U{ys2} (by (iii) of Lemma 4.0.1).
Since vy # x1, V(P1 N Hy) = (), and so V(P; N P;) = (). However, the existence of P, P»
contradicts that H does not contain disjoint paths from vy, y» to x1, x5, respectively, and

internally disjoint from A. This completes the proof of (i).

To prove (ii), let v € N(y;) N V(H) such that v ¢ X} U A(xy,25]. Since (H —
{y1, 22}, Alxy, 2] U Xi[xh, yo]) is planar and H — y; — A(z1, 22] U X} does not have a
path from v to xy, there exist ¢1,co € V(A(z1, 5] U X)) such that {c;, 2} is a cut in
H — {y1, x5} separating v from ;. We may assume c;, ¢ occur on A(xy, x5 U X,[xh, yo]
in order.

Note that ¢; ¢ V(X}), to avoid the cut {cy, ¢2, 1, X2} in G*. Moreover, co ¢ A(xh, y2];
orelse, H — V(A) U {y1} is not connected, contradicting (iii) of Lemma 4.0.1.

We choose ¢, ¢y such that Afcy, 24| and X[z}, co] are minimal. Then H — {y;, 22}
contains independent paths from v to ¢y, co, respectively, and internally disjoint from A U

X/. Moreover, by (i), ca # y2. This completes the proof of (ii).

To prove (iii), observe that V(X[ N X)) = {y-}. For otherwise, let c € V(X]NXY) with
¢ # yo. Since ys has degree at least 2 in H — y; and 1Yo, 2ys ¢ E(H), {1, %2, Y1, Y2, C}
is a cut in G* separating V' (X; U X3) from {ayg, ai, as, b1, ba }, a contradiction.

Now, let us € V(X5 N XY%) such that Xs[xo, us] is minimal. Moreover, let v € N(y;) N
V(H—A). Ifv € V(X)) thenlet P, = v = ¢y; and if v ¢ V(X)) then by (ii), there
existc; € V(A(xy, 7)) and ¢y € V(X5(2h, o)), such that {¢1, 2} isacutin H — {y;, x5}
separating v from z, and there exists a path P, from v to ¢y in H — {y1, 2}, which is

internally disjoint from XU A[xq, «}]. Since V(XN XY) = @ and (H —y1, A[z1, 2] UX3)
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is planar, P, is disjoint from X. Now, X/ and y;vU P, U X} [ca, us] U Xa[us, x5 are disjoint

paths from ys, y; to o), x4, respectively, in H, which are internally disjoint from A. a

The next lemma describes some interactions between cores from different connectors
and finds a path B’ so that A, B’ is a good frame in «y which will eventually be used to form

a special frame A’, B" in 7.

Lemma 4.0.3 Let vy be infeasible with an ideal ay-frame A, B, and let H’, j € [m], be the

A-B cores in  such that H7 has extreme hands x{, sz and feet y{ , y% Then
(i) for any distincti,j € [m), A[z?, 23] C Alxl, 23] or Al )] C Alz?, 23],

(ii) for any j € [m|, HY — Alx1,xs] has a path P; from y; to ys such that |V (P;)| > 3,

HY — Pj is connected, and P; is induced in G — y11s,

(iii) A, B' is a good ay-frame and Ay(B') = Ao(B), where B’ is obtained from B by

replacing Bly], y3] with the path P; in (ii) for j € [m], and

(iv) with G|, as the graph obtained from G by deleting the component of G— B’ containing
A, (Gl ag, by, B',by) is planar and, for any v € B'(y],y}), the degree of v in Gy is
2.

Proof. To prove (i), assume for some distinct ¢, j € [m] with i # j, we have Az}, z4] ¢
Azl 23], and Az}, )] ¢ Alzi, x3). Without loss of generality, let by, v, ui, yl, 43, bo
occur on B in this order, and ay, '}, 2%, a; occur on A in this order with 2, 27 € A(x%, 23).
By Lemma 4.0.1, H* — A(x}, x%) has two disjoint A-B paths Py, P, from v}, 5 to a%, xt,
respectively, and H/ — A(z], }) has two disjoint A-B paths Ps, Py from 17,13 to z, 27,
respectively. Therefore, P;, P, P3, P, form a doublecross in A, B, a contradiction.

For (ii), let j € [m]. Since H’ is a core, H’ —y{yg — A has a path 7} from y{ to y% So by
Lemma 2.0.2, H7 — 1y} has an induced path P; from ] to g} such that H7 —yjy} — V (P;)

is connected and A[x], 23] C H' — y{y) — P;.
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To see (iii), we observe that Ay(B’), the B’-bridge of G containing ay, is the same as,
Ay(B), the B-bridge of G containing ay. So A, B’ is also a good ay-frame.

To prove (iv), let C' denote the component of G — B’ containing A; so G, = G — C.
By Lemma 2.0.6, (Ao(B’), ag, by, B, by) is planar. Thus, to show that (Gj, ao, by, B, b) is
planar, it suffices to show that for any A-B connector J with feet vy, vy, (J — C, B'[v1, v9])
is planar. This is clear when .J is a slim connector. So assume ./ is a fat connector. Then J
has a separation (H, L) satisfying (i), (ii), and (iii) of Lemma 4.0.1. By (ii) of Lemma 4.0.1,
(L— A, B'N L) is planar. Since H — B’ C C, we see that (J — C, B'[v, v5]) is planar.

Moreover, for any v € B'(y], 1), since B'[y], )] is a path in the core H, then, com-

bined with (ii) that P; is induced in G — y,y», the degree of v in G is exactly 2. a

In the remainder of this chapter, suppose ~ is infeasible and A, B is an ideal frame in
~. By (i) of Lemma 4.0.3, there exists an A-B core (or said an A-B’ core) H with extreme
hands z, x5 and feet yy, y» (3 as the main foot), such that for any core H’ with extreme
hands 27, x}, we have A[z], 23] C Alzy, x,]. We call such a core H a main A-B' core (or
said a main A-B core). We also use B’ to denote the path in (iii) of Lemma 4.0.3 and G|,
to denote the graph in (iv) of Lemma 4.0.3. By (iii) of Lemma 4.0.2, for i € [2], we let
P, ;, P, 5_; be disjoint paths in H — A(z1, z2) from 1, x5 to y;, y3_;, respectively.

We consider the structure of G outside H. Let r; € V(B'[b1,y1)), such that B'[by, 1)
contains no foot of A-B cores in vy, G has no A-B’ path from A(xy,z5) to B'[by,r1), and
subject to these conditions, B’[b;, 1] is maximal. Then G has a path R; from r; to some
r € V(A(z1,x2)) and internally disjoint from A such that R; = ryr or R; is contained in
some A-B core H' with r; as a foot and does not contain the other foot of H’.

For notational convenience, we let £; := ry and ¢, := y,. We derive useful structure of

G outside A[ZL‘l, ZEQ] U B/[tl, tg]

Lemma 4.0.4 G has no A-B’' path from A(x1,x5) to B' — B'[ty,ts] or from B'(t1,t5) to
A — Alxy, 2.
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Proof. By the maximality of B’[b;, 1], G has no A-B’ path from A(z1,x5) to B'[by, t1).
Since no double cross exists in A, B (by Lemma 2.0.7), G has no A-B’ path from A(xy, z5)
to B'(t2, bo]. Moreover, G has no A-B’ path from B'(1, t2) to Alay, x1)UA(z2, as]; to avoid

forming a double cross with R; and one of { P, 5, P51}, {P11, P22} in A, B. O
Lemma 4.0.5 Let e = asbs,eq = asby € E(G) with az,aq € V(A) and bs, by € V(B').

(i) If for some i € [2], ag € V(Ala;,x;)), by € V(B'[ta,b2)), as € V(A(as,z;]),
and by € V(B'[by,t1)), then Gy has a 3-cut {ay, b}, by} with b) € B'[by, by] and
by, € B'[ta, bs], which separates B'[b}, )] from {ay, by, bs} in GY,.

(ii) If for some i € [2], a3 € V(Alai, x;)), by € V(B'(b1,t1]), as € V(A(as,x;]), and
by € V(B'(t2, ba)), then one of the following holds:

(a) Gy has a 3-cut {ay, b, by} with by € B'[bs, t1] and b, € B'[by, bs], which sepa-
rates B'[b}, by from {ag, by, by} in G,
(b) G{y has a 2-cut {y,,by} with b, € B'[by,bs], which separates B'[y,, by from

{ao, bl, bg} in G6

(iii) If az € V(Alay, 1)), as € V(A|xe,as]), and bs, by € V(B'(b1,t1)), then G, has a
3-cut {af, b, by} with b, € B'[bs, by] and by € B'[ts, by, which separates B'[l, )]
from {ag, by, by} in Gy,

(iv) If ag € V(Alay, 21]), ay € V(Alxe, as]), and by, by € V(B'(ta,b2)), then one of the

following holds:

(a) Gy has a 3-cut {ay, b}, by} with b} € B'[by,t1] and b, € B'[bs, by|, which sepa-
rates B'[b}, by from {ag, by, b2} in G},

(b) Gj, has a 2-cut {y,,b5} with b, € B’[bs,by], which separates B'[y,b,] from
0 2 2 2
{(10, bl, bg} lI’L G6
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Proof. Suppose (7) fails. Then, since (G, ag, b1, B', by) is planar and y, is the main foot
of H, there exist disjoint paths B, Aj, in G, — (B'[b1, bs] U B'[ys, bs]) from bs, ag to y1, 1,
respectively. Now, Afa;, az]Ues U B[y, b3]U Ps_; 2 U A(z4, az_;] U Ry U Ajy and B'[by, by] U
eqs U Alay, z;) U P U B! show that v is feasible, a contradiction.

Now suppose (ii) fails. Then, since (Gj, ag, by, B’, by) is planar and ys is the main
foot of H, G, — (B'[bs, 1] U B'[by, bo]) contains two disjoint paths B}, Aj from by, ag to
Y1, Y2, respectively. Now Ala;, as] U es U B'[bs,r1] U Ry U A(x;,a3-;] U Ps_;2 U A} and
Bf U Py U Alay, ;] U eqg U B'[by, by] show that  is feasible, a contradiction.

If (iui) fails then, since (G§,ag, b1, B',bs) is planar and y, is the main foot of H,
Gy — (B'[bs, by] U B'[te, bs]) has disjoint paths B}, Aj from by, ag to 71, y1, respectively.
Moreover, by Lemma 4.0.2, for some p € [2], H contains disjoint paths Y7, Y5 from z,,, x’g_p
to Y1, Yo, respectively. Thus, Alay, x1] U eg U B'[bs, by U eg U A[xg, as] UY; U Af and
B U Ry U A(xy,22) UY,y U B'[ta, by show that 7 is feasible, a contradiction.

Finally, suppose (iv) fails. Then, since (Gj, ag, b1, B’, b2) is planar and y5 is the main
foot of H, G{, — (B'[b1,t1] U B'[bs, by]) has disjoint paths B, Aj from by, ag to ya, Y1,
respectively. Thus, Afa;, z1] U e U B'[bs, by] U ey U Alza, as] UY; U Aj and B'[by, | U

Ry U A(xy,z5) U Y, U Bj show that 7 is feasible, a contradiction. O

Lemma 4.0.6 G|, does not have 3-cuts {a, b}, b} and {aj, by, by} with b € V(B'(by,11])
and by € V(B'[ty, b)) such that {aj, b}, by} separates B'[b},bs] from {ag,by, b2} and

{ag, b1, b5} separates B'[by, by from {ag, b1, ba}.

Proof. For, suppose both 3-cuts exist. We choose {ay, b}, bo} with B’[by, b}| minimal, and
choose {ag, by, b5} with B'[b], by] minimal. Then, since Gj, has a path from a, to y; and

internally disjoint from B’, it follows from Lemma 2.0.8 that
(1) (ii) or (iii) or (iv) of Lemma 2.0.8 holds (and so ¢(A, B’) > 1).

By the minimality of B[by, 0] and B[}, bs], it follows from (1) and planarity of (Gy), ag, b1, B', bs)

that
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(2) Gy — B'(by, b)) — B'(by, ba) has disjoint paths B}, By, Aj from by, by, ag to by, b3, y1,

respectively, which are internally disjoint from B’.

Also by the minimality of B[by,b]] and B[b], by], it follows from (iii) and (iv) of
Lemma 4.0.5 and Lemmas 2.0.8 and 2.0.9 that

(3) G hasno edge from B’(by, b)) to Alay, z1] or no edge from B’(by, b)) to A[zs, as]; and
G has no edge from B’(bj, by) to Alay, z1] or no edge from B'(by, by) to Az, as).

Next, we claim that
4) a(A,B') < 1.

For, suppose «(A, B') = 2. Then, by (1), ag = af, = ag; so ¢(A, B') > 2. For convenience,
let s; := b and sy := bj. Now, since a(A, B") = 2, G}, has a path A} (for each i € [2])
from ag to b; and internally disjoint from B’. Hence, since G* is 6-connected, B'(b;, s;) # ()
fori € [2].

We claim that there do not exist e = ab, ¢’ = a't/ € E(G), such that for some i € [2],
a,a’ € A(a;,x;), b € B'lb1,s1), and Y € B'(sq,bs]. For, otherwise, (A, B') = 2 and
c(A, B') = 0 by Lemma 3.0.1, because of the path B'[by,b] U e U Ala,a'] U e U B[V, by]
from by to by, the path B U B'[b}, 1| U Ry U Az, 23_;) U P o U B'[ya, b] U Bs from b,
to bo, and the path Aj U P5_; 1 U A[xs_;, az—;| from ag to as—,. This is a contradiction.

Since G* is 6-connected, G has at least three pairwise disjoint edges from B’(b;, s;) (for
each i € [2]) to Alay, z1] U A[zg, as]. By (3), for each i € [2], we may assume for some
J € [2], G has no edge from B'(b;, s;) to Ala;, z;]. Now, by symmetry, we assume G has
no edge from B’(by, s1) to Alxs, as).

By Lemma 2.0.7, G has no cross from Ala, z1] to B'(by,s1). So, let f; = w;v; for
i € [3] be pairwise disjoint edges of G with u; € Alay, 1] and v; € B’(by, s1), such that
ai, Ui, Us, Uz, ag occur on A in order, and b, vy, v3, V9, by occur on B’ in order. We choose

f1, f2 so that Aluy, ug| U B'[vq, v9] is maximal.
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Then G has no edge from B’(s9,bs) to Alay,x1]. For otherwise, G has no edge from
B'(s2,by) to A[zs, as] and, hence, has at least three pairwise disjoint edges from B’(sy, by)
to Alay, x1]. Therefore, G has an edge from A(ay, x;) to B'(ss, bs), which together with f3
contradicts our claim above.

Thus, G has three pairwise disjoint edges from B’(sy, by) to A[xs, as]. Since G has no
cross from A[xs, as] to B'(sq, by) (by Lemma 2.0.7), we let f; = u;v; for j € {4,5,6} be
pairwise disjoint edges of G with u; € A[xy, as] andv; € B’(sq, bs), such that ay, uy, us, us, as
occur on A in order, and by, vy, vg, U5, by occur on B’ in order. Choose fy, f5 so that
Aluy, us) U B'[vy, v5] is maximal.

Now by the maximality of A[uy,uz|, G has an edge f; = uzv; with u; € A(uy,us) and
vy € B'lty, by], to avoid the cut {uy, us, by, s1, a0} in G*. Similarly, by the maximality of
Aluy, us|, G has an edge fs = ugvg with ug € A(uy,us) and vg € B'[by, t1]. Now, by the
claim above, v; € B'[ty, so] and vg € B'[s1,t1]. Hence, fs, f4, f7, fs form a double cross,

contradicting Lemma 2.0.7. O

For i € [2], let a € V (A[a;, z;]) with Ala;, ;] minimal such that o] = z; or G has an
edge from a; to B'(b}, by). Then G has an edge e, = asby with ay € A(a}, x1] U Alza, aj)
and by € Bl[by,b)); for, otherwise, {ag, a, ah, b}, by} would be a 5-cut in G* separating H

from {ag, a1, as, by, b2}, a contradiction. By symmetry, we may assume
(5) a4 € A(a}, x1].

Let €3 = CL3b3 € E(G) with az = CL’l and b3 S B/(bll,tl] U B,[tg,bg). Since €3, €4 and

the paths in /7 do not form a double cross (by Lemma 2.0.7), we have
(6) b3 € B,[tg, b2)

Lete = ab € E(G) witha € Alay,as] and b € B’[bs, bs], such that B'[b, bo] is minimal,
and subject to this, Afay, a] is minimal. Further, let ¢’ = a't/ € E(G) with @’ € Alay, a4

and b’ € B'[by, by, such that B'[by, V'] is minimal, and subject to this, A[a;, a’] is minimal.
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Similarly, for each i € [2], let a € V(Aa;, ;]) with Ala;,a}] minimal such that
a = x; or G has an edge from a! to B'(by,by). Since G* is 6-connected, there exist j € [2]
and es = agbs € E(G) such that as € A(aj,z;] and bg € B'(by,by]. Since a} # wj,

it follows from Lemma 2.0.7 that there exists e; = asbs € F(G) such that a; = af and

bs € B'(by, 1].
(7) b € BI(bIQIa b2]

For, otherwise, b ¢ B'(bj, bs]. Then, j = 2 and ag € Alxs,a}) by the choice of e. Hence,
bs € B'[by, by to avoid the double cross es, e4, €5, €. S0 by = by by (3), and thus a5 # as.
Let €5 = asby € E(G). Then b € B[bg, bo] to avoid the double cross es, €3, es, eg.

Note that a5 # z5. Then a(A, B') = 2 by Lemma 3.0.1 and the following paths: the
path Alas, as] U e5 from ay to by, the path el U B’[b}, by] from as to bs, the path B} U
B'[b}, 1] U Ry U A(1, 3] U Pao U B'[ya, by] U B; from by to by, and the path A5 U Py ; U

Alay, 1] from ag to a;. This is a contradiction to (4). O

If @’ # w7 then o(A, B’) = 2 by Lemma 3.0.1 and the following paths: the path
Alay,d'] U e U B'[by, 0] from a; to by, the path Afai,a] U e U B'[b, by] from a; to be, the
path BY U B'[b},r1] U Ry U A1, 22) U Py 2 U B[y, by] U B; from b; to be, and the path
A5 U Pay U Alxg, as) from ag to ag. This contradicts (4).

So a’ = z;. Hence, by the choice of ¢’ and Lemma 2.0.7, G has no edge from Afa;, 1)
to B'[by,t1]. Thus, G has an edge from a; to B'[ty, by]. So by the choice of e and by
Lemma 2.0.7, a = a; and, hence, b # b,.

We claim ag € A[zy,a3). For, otherwise, ag € A(a},z1]. Then a; € Alay,xy).
Now, e5 contradicts the choice of €/, or e5, €/, P 5, P51 form a double cross, contradicting
Lemma 2.0.7.

Thus, by (3), bg = by. So by € B’[by, V] to avoid the double cross e, €, es, €.

Suppose H contains disjoint paths Y, Y; from 1, 2 to y1, yo, respectively, and inter-

nally disjoint from A. Then a(A, B’) = 2 by Lemma 3.0.1 and the following paths: the
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path Alas, as] U es U B'[by, bs] from ay to by, the path Alag, as] U eg U B'[bg, ba] from as to
b, the path B} U B'[b}, 1] U Ry U A(z1,22) U Yo U B'[ys, 3] U B; from b, to b, and the
path A5 UY; U Alay, 1] from ag to a;. This contradicts (4).

So by Lemma 4.0.2, H has disjoint paths Y7, Y5 from o, 2 to yy, yo, respectively, and
internally disjoint from A. We have a contradiction to (4) as «(A, B') = 2 because of
Lemma 3.0.1 and the following paths: the path A[a;, x1] U e’ U B'[by, b'] from a; to by, the
path Alay, al Ue U B'[b, by] from a; to by, the path B U B'[b}, 1] U Ry U A(xy, z2) UYo U

B'lys, b3] U B from b, to by, and the path Af U YY) U A[xs, as] from ag to as. O

Lemma 4.0.7 Let {ay, b}, b5} be a cut in G|y separating B'[b,,] from {ag, by, by}, with
by € B'[by,t1] and by € Blts, bs]. Then V) = by, Uy # by, ay = ag, Y1 is a cut vertex in G|,
separating by from {agy, b1}, by has degree 1 in Gy, and for some p € [2], G has an edge

from by to x,, and no edge from by to A — x,,

Proof. Fori € [2],let a; € V(A[a;, z;]) with Aa;, a}] minimal such that a; = x; or G has
an edge from a to B'(b], b2). Since G* is 6-connected, there exist ¢, j € [2] such that G
has an edge e4 = asby with ay € A(aj, 7;] and by € B'[b;,b’). By symmetry, assume i = 1.
Then a) # x; and let e3 = azby € E(G) such that ag = | and by € B’ (b}, t1] U B'[t2, b}).
Now b3 € B'[t3_j,b;_;), to avoid the double cross formed by e3, e, and two paths in H (by
Lemma 2.0.7).

First, we show that
(1) by = by.

For, suppose b} # b;. Choose the 3-cut {ay, b7, b5} with 0] # by, such that B[bj, by] is
minimal and, subject to this, B[b;, b}] is minimal.
Observe that by € B[by,b)). For, otherwise, by € B(b,,bs]. Then by € B(b,t].

Now, by Lemma 2.0.9 and (ii) of Lemma 4.0.5, G{, has a 3-cut contradicting the choice of

{ag, 0y, b5}
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Then b3 € B'[ts,b),). Hence, because of e3, ey, it follows from (i) of Lemma 4.0.5 that
Gy has a 3-cut {ag,b], b5} with b € B’[by, by and b € B'[ty, bs], separating B'[b], b}
from {ao, b1, b2 }. By Lemma 2.0.8 and the choice of {ag, b, b, }, we have b = b;.

By Lemma 4.0.6, b, # by. Hence, by Lemma 2.0.8, there exists a; € V(GY), such
that {07, b5, ai} is a 3-cut in G, separating {ag, b1, b2} from B'[b], b,]. For i € [2], let
a! € Ala;,x;] with Afa;, a!] minimal such that @] = z; or G has an edge from a! to
B'(b], b}).

Since G* is 6-connected, there exist k& € [2] and e; = asb; € E(G) with as € A(a}, xx]
and bs € B'(b,, by]. Let eg = aghbs € E(G) with ag = a, and bg € B'(b],t1] U B'[ts, b}).
Then bg € B'(V},t1], to avoid the double cross formed by e5, eg and two paths in H.
Because of e; and eg, it follows from (ii) of Lemma 4.0.5 and the choice of {a(, b, b5}
that G has a 2-cut {yy, b3} with b5 € B'[bs, bo], separating B'[y;, b3] from {ay, b1, b2 }. But
then, by Lemma 2.0.9, {y;, b5} and {ay, b}, b, } force a 3-cut in G, which contradicts the

choice of {ay, b, b,}. O

Since G* is 6-connected, it follows from (1) that by # b,,. We choose {ay, b, by} so that
Blby, bl is minimal. Then, by (1) and (ii) of Lemma 4.0.5, G, has a 2-cut {y;, b5} with
by € B'[bg, bs), separating B’[yy, bj] from {ag, by, b2 }.

Moreover, b = by; for, otherwise, by Lemma 2.0.9, {y;, b5} and {ay, b}, b,} force a
3-cut in G, which contradicts the choice of {ay, b}, 0,}. Hence, y; is a cut vertex in Gj,
separating by from {ay, b1 } and a(A, B") < 1. And (for any choice of {ay, b}, b5},) ay = ao;
or else, since y; is a cut vertex in G, separating by from {ag, by}, {b1, ay, by, ba} is a cut in
G separating ag from {aq, as }, a contradiction.

So by (1), Gy — V(B'(by, 1) U B'(y1, ba]) has disjoint paths B}, A} from by, ag to t1, v,
respectively, such that Af is internally disjoint from B’. By the choice of {ay, b}, 5},

Gy, — V(B'(bh, b)) has a path B from by to b).

(2) For i € [2], if G has an edge from B’'(b),, by] to Ala;, z;), then G has no edge from
A[ai, ZL’Z) to B/[bl, tl)
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For, suppose for some ¢ € [2], G has an edge e from b € B’(b}, bs] to a € Ala;, x;) and an
edge € from o’ € Ala;, z;) tot € B'[by,11).

Then, o(A, B') = 2, by Lemma 3.0.1 and the following paths: A[a;,a’| Ue’ U B'[by, V']
from a; to by, the path Ala;, a]UeU B’[b, by] from a; to be, the path B} U Ry U Alx;, x3_;) U
P, 5 U B; from by to by, and the path A U Ps_; 1 U A[zs_;, as—;) from ag to as_;. Thisis a

contradiction. O
(3) B'(bh,bz) =0, and so by has degree 1 in GY,.

For, suppose B'(b},bs) # (. Then, as G* is 6-connected, G has edges from B’(b), by) to
Alay, x1) U Alza, as).

Indeed, G has an edge e3 from B’(b), by) to Alai, z1], and an edge e4 from B’(b), by)
to Alxs, as]. For otherwise, there exists ¢ € [2], such that all edges of G from B’(b}, by)
to A end in Ala;, z;]. Let uy,us € V(Ala;, z;]), such that G has edges from B’(b}, by) to
uy, us, respectively, and, subject to this, Afu;, us] is maximal. Now, by Lemma 2.0.7, G
has no edge from A(uy,us) to B'[ta, bl). Moreover, by (2), G has no edge from A(uy, us)
to B'[by,t1). But then, {t1, uy, us, by, by} is a cut in G separating V (Afuy, us] U B'[b,, bs))
from {ayg, a, as, by, by }, a contradiction.

Now Alay, z1|UesU B’ (b, bo)UesUAlxa, as] UY1UAS and B [by, r|UR U A(xy, 22)U

Y5 U B'[ye, b] U B show that v is feasible, a contradiction. O
(4) G has no edge from by to Alay, x1) U A(xa, as].

Suppose for some i € [2], G has an edge e from by to a € Ala;, ;). Let e’ = a1b’ € E(G)
with b’ # t;. Obviously, b’ ¢ B'[ty, by); otherwise, e, €’ and two disjoint paths in H force a
double cross, contradicting Lemma 2.0.7.

So b’ € Blb,t1). Now (A, B') = 2 by Lemma 3.0.1 and the following paths: the
path ¢’ U B'[by, V'] from a; to by, the path Afa;, a] U e from a; to by, the path Bf U Ry U
Alxi, x3-;) U Pio U B'[ya, bo] from by to bs, and the path A5 U Ps_; 1 U Alxs_;, az—;] from

ap to as_;. However, this is a contradiction. O
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Now, since the degree of b, in G is at least 2, it follows from (4) that G has an edge from
by to z, for some p € [2]. If G has no edge from b, to x3_, then we are done. So assume
baxr1,baxy € E(G). Then a; # 7 and as # x2. Now, by Lemma 2.0.7, G has no edge
from {ay,as} to B'[ta, by). Since G* is 6-connected, G has edges ey, es from B’(by, 1) to
ay, ay, respectively. But then, it follows from (iii) of Lemma 4.0.5 that G}, contains a 3-cut,

which contradicts (1). O
Lemma 4.0.8 H is the unique main A-B’ core in 7.

Proof. Suppose for a contradiction that H” is a main A-B’ core with H” # H, and let
w1, wy be the feet of H” (with w, as the main foot). Then, by Lemma 2.0.7, w, = r; and
by, wo, w1, Y1, Yo, by occur on B’ in order.

Recall that the definition of x}, X! before Lemma 4.0.2. Fori € [2],letz} € V (A(x1,x2))
such that =/, x; are incident with a common finite face of H” —w,, and H"” — w, has a path
from 2 to wy and internally disjoint from A. So for ¢ € [2], let X! be the path from ws to
x! on the outer walk of H"” — {w, z;} without going through z3_;, and, moreover, let X
be the path from z; to wy on the outer walk of H” — w; without going through z5_;.

Suppose H contains disjoint paths from y;, yo to xo, x, respectively, and internally
disjoint from A, as well as disjoint paths from v, y> to x1, x5, respectively, and internally
disjoint from A. Then, by Lemma 2.0.7, for any ¢ € [2], H” does not contain disjoint paths
from wy, wy to x;, x5_;, respectively, and internally disjoint from A. This contradicts (iii)
of Lemma 4.0.2.

Hence, by symmetry, we may assume that / contains no disjoint paths from vy, y» to
x1, xh, respectively, and internally disjoint from A. Then by Lemma 4.0.2, H contains
disjoint paths Y/, Y] from v, y, to xo, 2, respectively, and internally disjoint from A.

Then by Lemma 2.0.7 and 4.0.2, we may further assume H” contains disjoint paths
Y/, Y] from wy, ws to x4, 27, respectively, and internally disjoint from A, but no disjoint

paths from wy, ws to xq, 5, respectively, and internally disjoint from A. Moreover, by
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1) of Lemma 4.0.2, — W1, Y25 U x1,X9)) contains a pat rom x; to xo, an
(1) of L 402, H V(A i path D’ fi d

H" — {wy,wy} UV (A(x1, z5)) contains a path D” from z; to z.
(1) There is no A-B’ path in G from A(zy, xs) to B’ (w1, y1).

For, suppose that P is an A-B’ path from p € V(A(z1,22)) to p’ € V(B'(w1,v1)). Then
Gy — B'(wa,wy) — B'[ys, be] does not contain disjoint paths B}, A} from by, ag to p/, y1,
respectively; otherwise, Alay, x1]U D" U A[xg, as] UY] U Af and Bf UPU A(xq, x2) UY5 U
B'lya, by show that 7 is feasible, a contradiction. Hence, there exists w’ € V(B'(ws, wy)),
ap € V(Gy), and b, € V(B'[ya, bo]), such that {w’, aj, by} is a 3-cut in G}, separating
B'[w', b}] from {ag, by, by }.

Now b; = w,. For, suppose not. Since wy, wy are feet of H”, wy, wy are incident with
a common finite face of Gj,. Therefore, {ws, ay, by} is a 3-cut in G}, separating B’'[ws, b}]
from {ao, b1, b2}, a contradiction to Lemma 4.0.7. Similarly, by the symmetry between H
and H"”, we can also prove by = 5.

Now, since b, € V(B'[ya, ba]), by = ba. So af, = ay; or else, {by,a, b} is a 3-cut in
G, separating ag from B’(by, bs), a contradiction. Then ag, by, w’, w; are incident with a
common finite face of Gy,. Similarly, by the symmetry between H and H", ag, bs, y; are
incident with a common finite face of Gj,, which implies a(A, B’) = 0.

By Lemma 4.0.2, V(XJ N X7) — {ws} = 0. Now (A, B’) > 1 by Lemma 3.0.1 and
the following paths: the path A{UY, U A[z2, as] from ag to as, the path XJ U A(z1, 22) UYy

from b; to by, and the path Afa;, x1] U X from a; to b;. This is a contradiction. O
(2) a; = T and Qa9 = T9.

Recall that for i € [2], P, ; and P» 5_; are disjoint paths from x1, x5 to y;, y3_;, respectively,
in H — A(xy,22). Fori € [2], let Q,, Q23—; be disjoint paths from x4, 25 to w;, ws_;,
respectively, in H” — A(xy, z5).

We claim that for ¢ € [2], G has no edge from Ala;, z;) to B’(by, ws]. For, suppose

there exists ¢/ = a'b/ € E(G) with o' € Ala;,z;) and b’ € B'(by,wsy]. Then by # ws.
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By Lemma 4.0.7, G, — B[/, ws] — B[y2, bs] contains disjoint paths B}, Aj from by, ag to
w1, Y1, respectively. Now Ala;, a’] Ue' U B'[b/,wa] U Q3—i2 U Alzs—i, a3—;) U Ps_i1 U Aj
and BY U Q;1 U P, 5 U B'[ys, by] show that ~ is feasible, a contradiction.

Due to the symmetry between H and H”, with the same argument above, we can
show that for i € [2], G has no edge from A|a;, z;) to B'[ys2, b2). Thus, (2) follows from

Lemma 4.0.4 and the assumption that G* is 6-connected. O

(3) H" — V(X{ U X3) contains a path Q)" from w; to A(zy,z2); and H — V(X; U X5)

contains a path @) from y; to A(z1, x2).

By the symmetry between H and H”, we only prove the existence of ()”. Suppose for a
contradiction that )" does not exist.

We see that (N(wy) N V(H")) C V(X) U A(xy,x9]). For, otherwise, by (ii) of
Lemma 4.0.2, there exists v” € N(w,) NV (H"), ¢ € A(zy,25), and ¢ € X (x}, ws),
such that v" ¢ X U A(xq,xs), {c], 5} isacutin H” — {wy, x5} separating v” from z,
and there exists a path P}’ from v” to ¢/ in H” — w; — x5, which is internally disjoint from
XU Alxq, 24]. But then, wyv” U P/ is a path from w; to A(zq,x2) in H” — V(X U X3),
a contradiction.

Now, since Q)" does not exist, combined with (N (w;) NV (H")) C V(XY U A(xy, 2)),
we may further assume (N (w;) NV (H")) C V(X;), contradicting (ii7) of Lemma 4.0.1.

O

(4) bl = Wso and b2 = Ya.

By the symmetry between H and H”, we only show b; = ws. Suppose for a contradiction
that by # ws.

Since w, wo are incident with a common finite face of G, it follows from Lemma 4.0.7
that G, — B'[wa, w1) — B'[ys, bs] contains disjoint paths B}, A} from by, ag to wy, yi, re-

spectively.
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Now, Alay, z1|UXTUXSUA[zg, as)]UY/UAS and BfUQ"UA(z1, 22) UYy U B’ [ys, by

show that -y is feasible, a contradiction. O

Note that G’ has no A-B’ path from a; to B’(wy,y;), as such a path together with
Yy Y], Y, forms a double cross, contradicting Lemma 2.0.7. So by (1) and (4), {b1, ba, w1, y1, as}

is a cut in GG separating ag from a4, a contradiction. d

We now use A, B’ to form a new frame A’, B’, called core frame.

Lemma 4.0.9 Let M, denote the union of all the A-B’ bridges that are disjoint from H —
A — yy. Then there exists an induced path A" C (AU My) — B’ from a; to as in G, such

that A'la;, x;] = Ala;, z;) for i € [2] and the following hold:
(i) A', B"is a good frame in .
(ii) Each A'-B’ bridge lying on B'[r1, 1] is contained in some A-B' bridge.

(iii) There exists an induced subgraph H* in G, such that A'[xy, 2] U H C H*, all A’-
B’ bridges not lying on B'[ry,y:] are contained in H*, and H* is separated from

{607 ai, ag, by, 52} by V(‘A/[xlv $2D U {yb?ﬂ} inG.

(iv) For any v € (V(H*) — V(A") U{w}), H* — vy contains a path from v to y, and

internally disjoint from A’.

(v) If l,r are the extreme hands of an A'-B' bridge lying on B'ry,y,]| then {l,r} #
{x1,22}, and H* — y; does not contain a path from y, to A'(l,r) and internally

disjoint from A'.

Proof. We choose the induced path A’ so that A" C AU M, — B’ is from a; to a,, such that
A'la;, x;) = Ala;, z;] for i € [2], (i)-(iv) are satisfied, and, subject to this, H is maximal.
Note that such A’ exists, as A satisfies (i)-(iv).

To prove (v), let M be an A’-B’ bridge M lying on B’[rq,y;| with extreme hands [, r
and feet I’ r'. If {{,7} = {x1, 2} then, since M is contained in an A-B’ bridge (by (ii)), M
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is contained in a main A-B’ core, a contradiction to Lemma 4.0.8. Hence, H — y; contains
a path Y5 from y, to 3, € A’(l,r) and internally disjoint from A’.

Let 7" be an induced path in M —V (A’(l,r)UB'[l', r']) from  tor, and let Cy, Cy, ..., C,
be the components of M UA'[l, r]UB'[l', r'] =V (T') not containing A’(l, ) and not contain-

ing B'[l', r"]. We choose T, such that |T'| := (—|V (U,.,; Ci)l, |V (CY)|, [V(Ca)l, ..., |V(Cy)])

i€ln]
is maximal with respect to the lexicographical ordering.

We claim n = 0. For, suppose n > 0. Let l,,, 7, € N(C,,) N V(T') such that T'[l,,, ]
is maximal. Since G* is 6-connected, there exists another component C' of (M U A’[l,r] U
B'[l';r"])=V(T), such that N(C)NT(l,,,7,) # 0. Now, let T’ be an induced path in G[T'U
C.,] between [,, and 7, such that 7" N T'(l,,, ,,) = 0. Clearly, |T’| > |T|, a contradiction.

Now, let A” be obtained from A’ by replacing A’[l,r] with T". Clearly, A"[a;,x;] =
Ala;, x;] for i € [2]. Since T is induced, A” is induced. Moreover, since n = 0, then
any component of G[V (M U A’[l,r] U B'[l',;r'])] — T contains A’({,r) or B'[l', 7], and so
G — V(A”) is connected. Hence, A”, B’ is a frame. Since Aj(B’) = Ay(B’) = Ao(B’),
we see that A”) B’ is a good frame in .

Next, we show that G has no A’-B’ path from A’(l, ) to B'[by, y;) and disjoint from 7".
For otherwise, let S be an A’-B’ path from s € A'(l,r) to s’ € B'[b1, y1) and disjoint from
T. Then A” and B'[by, s'] U S U A'[s, yb] U Ya U B'[ys, bs] are disjoint paths from ay, b; to
as, by, respectively, in G — V(Ay(B') — B’) — yi, a contradiction to (i) of Lemma 3.0.2.

Hence, there does not exist an A’-B’ bridge N lying on B’[ry, 1], such that N # M,
NNnA(,r)#0,and N N B'[by,y1) # (). So each A”-B’ bridge lying on B’[ry, y;] must
be contained in some A’-B’ bridge and, hence, contained in some A-B’ bridge. So A”, B’
satisfies (i1).

Moreover, V (A" [x1, x2])U{y1, y2} is acutin G separating V' (H ) from {ag, a1, as, by, ba }.
Now, we let V" be the set of vertices of A” U B'[by, y1] U B'[y2, bs]-bridge of G containing
A'(l,r),and let H" := G[V" UV (A"[x1, x2])]. Then clearly (iii) and (iv) holds for A", B’.

However, H” properly contains H, a contradiction. ]
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CHAPTER §
INSIDE THE MAIN A’-B’ CORE

We use the notation of the previous chapter: ~ is infeasible, A’, B’ is a core frame, and
let H' := H* — {x1y2, 2y>} with extreme hands x1, x5 and feet y1, y» (such that y, is the
main foot), where B’ is defined as in Lemma 4.0.3, A, H*, x1, x5, y1, 2 are defined as in
Lemma 4.0.9, and ¢, t5, Ry, r, are defined after Lemma 4.0.3. And we say that H’ is the
main A’-B’ core in .

We now study the structure of G inside the main A’-B’ core H'.

Lemma 5.0.1 (H' — yy, A'[x1, 23|, y2) is planar, the degree of y, in H' — yy is at least 2,
and H' — y; — A'(x1, x3) contains disjoint paths from yi, ys to x;, x3_;, respectively, for
i € [2]. Moreover, for i € [2], let X; be the path from x; to ys on the outer walk of H' — y,

without going through xs_;, then N(y1) " V(H' —y; — A') £ V(X;) fori € [2].

Proof. We can apply the same proof in Lemma 3.0.4, and show that (H'—y;, A'[x1, 23], y2)
is planar, and N(y;) N V(H' —y; — A') £ V(X;) fori = 1, 2.

Moreover, since V (H —y;) C V(H' — ), then, by (iii) of Lemma 4.0.1, the degree of
yoin H' — gy is atleast 2, and H' — A’(xq,x2) — {y171, y122} contains disjoint paths from

Y1, Y2 tO X1, To, respectively, as well as disjoint paths from y, y» to x5, 1, respectively. O

Lemma 5.0.2 Let R be an A’-B’ path from r € A'(x1,25) to ' € B'[ry,y1) such that

B'[rq1,7'] is minimal. If v’ # ry then the following conclusions hold:
(i) There exists an A-B core Hy with ry as a foot.

(ii) Let ry be the other foot of Hy, then there exists an A'-B' bridge with ry as a foot,

intersecting A" only at x; for some j € [2], and lying on B'[rq,14].
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(iii) ' € V(B'(r1,72)), and G has an A’-B' bridge with feet I}, 1, which is internally

disjoint from R and intersecting A" only at xj, such that v’ € B'(l}, r}).

(iv) If Gi, has a cut {af, b}, by} separating B'[b}, bS] from {ag,by,bs} such that V) €
B'(ry,r'] and b, € B'[ys,bs], then 1 = by and a), = ao;, G}, has no path from a

to by and internally disjoint from B, and a(A’, B') < 1.

Proof. To prove (i), assume that r; is not a foot of any A-B core. Then by the definition of
r1, G has an edge from ry to o’ € V(A(z1,x3)). Since v’ # 11, a’ ¢ A'(x1, x2). Moreover,
a’ is not contained in any A’-B’ bridge lying on B’[r1,y;], as any such A’-B’ bridge is
contained in an A-B’ bridge (by (ii) of Lemma 4.0.9). Soa’ € V(H' —y;) \ V(A’). Hence,
by (iv) of Lemma 4.0.9, H' — y; has a path Y5 from a’ to y» and internally disjoint from A’.
Therefore, A" and B'[by, 1| U ria’ U Yy U B'[ys, by] are disjoint paths from ay, by to as, bs,
respectively, in G — V(A{(B') — B') U {y }, contradicting (i) of Lemma 3.0.2.

Now, we prove (ii). By Lemma 4.0.4, r, is the main foot of H;. Hence, by (iii) of
Lemma 4.0.1, 7, has two neighbors u;, uy in H; — ro — A. Since B'[ry,rs] is induced in
G — {riro} (by Lemma 4.0.3), u, ¢ B’ for some p € [2|. Moreover, u, ¢ A'(z1,22)
since 1’ # r1. Thus, u, must be contained in some A’-B’ bridge M, lying on B'[ry, 3],
which must have r; as a foot and cannot have both x; and z- as extreme hands (by (v) of
Lemma 4.0.9). Hence, since r" # ry, this A’-B’ bridge intersect A’ only at z; for some
Jj €2

Obviously, since G* is 6-connected, ' € B’(r1,79) to avoid the cut {ry, 3, 1,22} in
G* separating V' (H) from {ao, a1, as, by, b }. Let [, 7, be the feet of M, with [, = r, and
T, € B'[r1,rs]. For, suppose (iii) fails. Then r' € B'[r{,rs]. Since x3_; ¢ V(H; N A)
(by Lemma 4.0.8), then by the definition of 7/, {z;, 1,7’} is a cut in G separating M, from
{ag, a1, as, by, by}, a contradiction.

To prove (iv), we observe that B’[ry, 73] is on the boundary of a finite face of Gj.
Therefore, since ' € B'(rq,12), ap and r; are also incident with that finite face. Suppose

r1 # by or afy # ag. Then {ay, r1, by} is a 3-cut in G, separating B'[r1, b}] from {ag, by, b2 }.
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By Lemma 4.0.7, r; = by. So aj, # ag. Then, by Lemma 4.0.7, {af, b1, ), b2} isacutin G
separating ag from {a;, as}, a contradiction. So, r = b; and a; = ag. Hence, G, has no

path that is from ag to b; and internally disjoint from B’. In particular, «(A’, B') < 1. O

Since G* is 6-connected, G has two disjoint A’-B’ paths from p,q € V(A'(z1,22))
to p',q € V(B'[r1,y1)), respectively. We choose P, to first maximize A’'[p,¢|, then
minimize B’'[by, p'] N B'[by, ¢'], and finally maximize B’[p’, ¢'|. By the symmetry between

a; and as, we may relabel aq, x1, 2, as so that

® ay,T1,p,q,Ta, as occur on A’ in order, and by, 71, P, ¢, y1, b occur on B’ in order.

Lemma 5.0.3 Any A’-B’ path from B'[r,p') to A'(x1,x) must be disjoint from P,Q,
and end in A'(p,q). Moreover, if H — y; contains a path from u € A'[q, xs) to y, and
internally disjoint from A', then all A'-B' paths from A’(u, x5) to B'[ry1,y1| and internally

disjoint from H' — vy, are edges ending in {1,y }.

Proof. First, assume S is an A’-B’ path from s’ € V(B'[r,p')) to s € V(A (x1,x2)).
Then V(S N (P UQ)) = 0; for otherwise, let v € V(S N (P U Q)) with S[s’, v] minimal
then P’ := S[s’,v] U P[v,p| and @ (when v € V(P)) or P and Q' := S[s',v] U Q[v, ¢
(when v € V(Q)) contradict the choice of P, Q). Hence, s € A’(p, q) as otherwise S, P or
S, () contradict the choice of P, ().

Now let Y, be a path in H' —y; from u € V(A'[q, 23)) to y2 and internally disjoint from
A’. We first see that G has no path from A’(u, z5) to B'[ry,y;) — p'. For, suppose not. Let
S be an A'-B’ path from s € V(A'(u,z2)) to s € V(B'[r1,y1) —p'). Then V(SN P) # (),
or else, P, S contradict the choice of P, Q. Since s’ # p/, S, P are contained in an A’-B’
bridge. However, by u € A’(p, s), the existence of Y5 contradicts (v) of Lemma 4.0.9.

Now let S be an arbitrary A’-B’ path from s € A'(u,z2) to ' € B'[r1,y1]. Suppose
S has length at least 2. Then S is contained in some A’-B’ bridge N with feet n}, nj and
extreme hands nq, ny. Then n/, n} € {p’,y1}. By (v) of Lemma 4.0.9 and the existence of

S and }/2, A’[nl, ng] g A[U, 272]. Let hl, hg S Al[l'l, ZL’Q], such that A’[nl, TLQ] g A/[hl, hg],
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H' — y; does not contain a path from A’(hq, hy) to y» and internally disjoint from A’,
and subject to this, A’[hq, ho] is maximal. Clearly, A’(hy, hy) C A’(u, ), and for i € [2],
H'—y; contains a path from h; to ¥, and internally disjoint from A’. By (v) of Lemma 4.0.9,
{h1,hs,p’, 11} is a cut in G* separating V' (N) from {ag, ai, as, b1, by }, a contradiction.
Thus, S must be an edge. To complete the proof, we need to show ' = p’. For, suppose
r’ # p'. By (i), R is disjoint from P, Q) withr € A’'(p,q), and so R, P, S,Y; force a double

cross in A, B, contradicting Lemma 2.0.7. O

Let R = Pifr’ = p/, and if ' # p’ then by Lemma 5.0.3, R is disjoint from P, () with
r € A'(p,q). By Lemma 5.0.1, for i € [2], we let P, ;, P»5_; be disjoint paths from z;, -
to Y, ys—q, respectively, in H' — y; — A'(x1, 2).

We now use the structure inside H’ to derive further structure outside H’.

Lemma 5.04 (i) G hasno edge from A’ (x4, as] to B'(by, 1] and no edge from A’[ay, x1)
to B/[yg, bg)

(ii) G has no edge from by to A'lay, x1] U A'[xs, as] and no edge from by to A’[xs, as).
(iii) ry = by implies x1 = ay, and y = by implies v = as.

(iv) If yo # be and y, is a cut vertex of Gi, separating by from {ag, b1}, then N(by) =
{yz, 1’1}, ay # x1, and as = xs.

Proof. By Lemma 4.0.7 and (iv) of Lemma 5.0.2, we may assume

(1) when by # 11, Gy — B'(by,7"] — B’[y2, b contains disjoint paths B}, A from by, ag

to ¢', 11, respectively.
(2) G has no edge from A’(xq, as] to B'(by, r1].

For, let e = ab € E(G) with a € A'(x9,as] and b € B'(by,7]. Then by # r1; so B, A§
exist by (1). Now A'[ay, rJURUB'[b,r'|UeUA[a, as] U P, 1 UAS and By UQU A'[q, z3]U

P, 5 U B'lys, by] show that v is feasible, a contradiction. O
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(3) G has no edge from by to A'[z4, as).

For, let e = aby € E(G) with a € A’[xg,as]. Then a # ay and let € = axb’ € E(G)
with V' € B'(by,bs). Now b’ ¢ B'[ys, b2) to avoid the double cross e, €', P 5, I ;. Hence,

b € B'(by, ], contradicting (2). O
(4) G has no edge from A’[ay, x1) to B'[ys, bs).

Otherwise, let e = ab € E(G) with a € A'[ay, z1) and b € B'[ys, by). Then G has no edge
from by to {z1, 2 }; as such an edge must be byx; by (3), which forms a double cross with
e, P11 and P, 5, contradicting Lemma 2.0.7.

Hence, by Lemma 4.0.7 and (iv) of Lemma 5.0.2, G, — B[by, r'| — B'[y2, b] has disjoint
paths By, Ay from by, ag to y1, ¢/, respectively. But then, A'[a;, a] U e U B'[yy,b] U Py U
A'lg,as) U Q U Ag and B'[by,r'| U R U A’[z1,7] U P11 U By show that v is feasible, a

contradiction. O
(5) (1)—(ii) hold.

For, suppose not. Then G has an edge e = bya with a € A'[ay, 1] U A'[z4, as).

Suppose a € A’[ay,z1]. Then a # ay, and let ¢ = a1V’ € E(G) with b’ € B'(by,bs).
Now V' ¢ B'(by, 1] to avoid the double cross e, €', P 2, Py 1. So b’ € B'[ys, by), contradict-
ing (4).

Hence, a € A’[xs,as]. Then a # as, and let ¢/ = axt/ € E(G) with /' € B'(by,bs).
Now &' ¢ B'(by, 1] to avoid the double cross e, €', Py 1, Py 2. Hence, b/ € B'[ys, by).

If G has an edge ez from by to {x1, x5} then, by (3), it ends with z1. So a1 # x4,
and G has an edge e, from a; to B’(by,by). But now, e, €, e3, e4 force a double cross, a
contradiction.

So G has no edge from by to {z1,x2}. Hence, by Lemma 4.0.7, G, — B'[by, 1] —

B'[ys, V'] has disjoint paths By, Ag from by, ag to 41, ¢, respectively. But then, A’[aq, q] U
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PioU By, b Ue UQ U Ag and e U A'[xg,a] U Py; U By show that v is feasible, a

contradiction. O

Since G* is 6-connected, it follows from (2) and (4) that (iii) holds. It remains to prove
(iv). So assume yo # by and ys is a cut vertex of Gy, separating by form {ag, b, }. Then
alA',B') < 1.

Suppose B'(y2,b2) # 0. Then, since G* is 6-connected, it follows from (4) that G
has edges from B’(ys, b) to distinct uy, us € V(A'[x2, as]), and we choose u, us so that
A'luy, us] is maximal. Now, by (2) and (3), {u1, us, y2, b2, 1} is a cut in G* separating
V(B'(ya, b2)) from {ag, a1, as, by, by}, a contradiction.

So B'(yg,by) = 0. Then ay = x; for otherwise, since G* is 6-connected, G has an edge
from ay to B'(by, 1], contradicting (2). We may assume that there exists e = bya € E(G)
with a € A’(ay,z1); as otherwise, (iv) holds. Let ¢/ = a1/ € E(G) with v/ € B'(by, by).
Then VY € B'(by,r1] by (4); so by # ry, and B}, A} exist by (1). Now, by Lemma 3.0.1,
we derive a(A’, B") = 2 with the following paths: the path ¢’ U B[by, 0] from a; to by, the
path A’[ay, a] U e from a; to by, the path Bf U Q U A'[z1, q] U Py 2 U B'[ys, by] from b; to
by, and the path Aj U P, ; from q to a,. This contradicts a(A’, B') < 1as A’, B' is a good

frame. =

Let Hy denote the minimal union of blocks of H' — y; — A’[q, x| containing X7, let
W denote the path between z; and -, such that W is contained in the outer walk of H,
and for any vertex v € V(W — A’), there exists a vertex u € A’[q, x|, such that u, v are
incident with a finite face of H' — yy, and let w; € V(A’ N W) with A'[z, w,] maximal.

Next, we further study the structure inside H'.

Lemma 5.0.5 (i) Hy= H' —y; — A(wn, xs], and each vertex in W (w1, y2| has at most

two neighbors on A'(q, xs), inducing a subpath of A’ with vertices at most two.
(ii) H —{y1,y2} — A'(x1,x2) contains a path from x; to x,.

Proof. Suppose (i) is not true. Then H' —y; has a nontrivial (HyUA'[q, z5])-bridge J which
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has exactly one vertex in W (wy, yo] (by definition of Hy and since G — A’ is connected)
or some vertex w € V(W (wy,ys]) has two neighbors on A’[q, 2] such that the subpath
of A’ between them has at least three vertices. In the first case, let w € V(J N Hy) and
u,v € V(JNA’) such that JNA" C A’[u, v]; and in the second case, let u, v be the neighbors
of w on A’[q, x5] such that A’[u, v] is maximal. Then by Lemma 5.0.3, {u, v, w,y;, 7'} is a
cut in G*, a contradiction.

Now suppose (ii) is not true. Then there exists vy € V(A'(xy, z2)) such that yo, vy are
incident with a finite face of H' — y;. We further choose vy so that A’[vg, 2] is minimal,
and let (L, Lo) be a separation in H' — y; such that V(L N Ly) = {y2, v0}, 1 € V(L1),
and x5 € V(Ly).

By Lemma 5.0.1, for each j € [2], H' — A'(x1, z3) contains disjoint paths from y;, y»
to x;, x3_j, respectively. So for j € [2], G[V(L;) U {y1}] — y» contains a path 7; from y;
to =, and internally disjoint from A’.

We see that g5, vy are not incident with a common finite face of H,. For otherwise,
vo € A(xy,un], x1 # wy, and Wwy,ys] € Lo. Hence, T7, Wlwy,ys], P and @ are
disjoint, which form a doublecross, a contradiction to Lemma 2.0.7.

Now, by the minimality of A’[vg, x5 and planarity of H' —y;, vy € A’[q, x3). Therefore,
by Lemma 5.0.3, {vg, z2,7’, y1, Y2} is a cut in G* separating V' (L) from {ao, a1, az, b1, b2},

a contradiction. O

Let ws, - - -, wy, be the vertices on W in order from z; to y, such that fori € {2,--- m},
w; has a neighbor on A'[q, 5], and for i € {2,---,m}, let u;,v; € N(w; N A"), such that

ay, ui, v;, ag occur on A’ in order with A'[u;, v;] maximal.
Lemma 5.0.6 w, # 1, and Hy is 2-connected.

Proof. Suppose this is false. Let z € V(Hj) such that z = 2y (When x; = w;) or z is a cut
vertex of Hy and, subject to this, W[z, 2] is maximal. Then V(W [z, y2] N X7) = {z, 92}

Note that z € X[z, y2) and w,, € W(z, y2).
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Let k£ be minimum such that wy € W(z,ys] and u € N(wg) N V(A'[g,x2]) such
that A’[g, u] is minimal. Moreover, let K denote the {z, u}-bridge of H' — y; containing
A'lu, x5] U Xy, and let K* := G[V(K) U {y1}].

By (v) of Lemma 4.0.9 and by the existence of W [ys, wy| U wyu,
(1) no A’-B’ bridge has one extreme hand in A’[z1, «) and the other in A’(u, x5).

Thus, since {y1, y2, 2, u, 2 } is not a cut in G* separating V' ( K') from {ag, a1, as, by, b },
G has an A’-B’ path from A’(u,x2) to B’[r1,y;) and internally disjoint from H’. By

Lemma 5.0.3,

(2) all A’-B’ paths from A’(u, z5) to B'[r1,y;] and internally disjoint from H' are edges

from A’(u, xo) to {1, y1 }.
Solete = ar’ € E(G) with a € A'[u, x4), and choose a such that A'[u, a] is minimal.

(3) Let L denote the path on the outer walk of K between 1, and u not going through s,

and let Ly := L U A’[u,a]. Then V(Lo N X3) = {y2}, and N(y;) NV (K) C V(Ly).

First, suppose there exists v € V(Lo N X3), such that v # yo. Then {v, y;,u, x9,7'} is a
cut in G* separating V' (A’ (u, z3)) from {ag, a;, as, by, by }, a contradiction.

Now suppose there exist v € N(y;) N V(K) such that v ¢ V(Ly). We claim that
K* — V(L) has a path Y; from y; to 5. For otherwise, by the planar structure of K, there
exist ¢1,co € V(Ly), such that ¢;, co are incident with a finite face of K, and {c1,c2} is a
2-cut in K separating v from 5. Thus, by (2) and the choice of a, {c1, co, y1,u, 2} is a cut
in G* separating v from {ag, ai, az, b1, b2}, a contradiction.

If G has an A’-B’ path T" from A’(z,u) to B'(r’, y;] and internally disjoint from H’,
then T e, L, Y; force a double cross, a contradiction. So I" does not exist. Then u = ¢ and,

by (1), {z1,u, z,7"} is a cut in G* separating r from {ao, a1, az, b1, b2}, a contradiction. O

We will need the following claim.
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(4) G|, contains a path A} from B’(r’,y;) to ao and internally disjoint from B’.

For otherwise, there exists 0] € V(B’[by,7']), such that {b],y,} is a 2-cut in G}, separating
B'[by, y1] from {ag, b1, bo}. Furthermore, {0}, y1, 92} is a 3-cut in G}, separating B'[, yo]
from {ao, by, b2}. We choose b so that B[by, ;] is minimal. By Lemma 4.0.7 and (iv)
of Lemma 5.0.2, b} = by, and {by, 41, y2, b2} is a cut in G* separating ag from {a;, as}, a

contradiction. O

Let 1,y € V(Lo) N N(y1) such that a, v, y7, y2 occur on Ly in order and, subject to

this, Lo[y], v}] is maximal.
(5) yi/ S L0[27u)'

For, otherwise, y{ € Lo(z,y2]. Then ¢ ¢ Lo|z,y2]; otherwise, G has a separation
(G1,Gs), such that V(Gy N Gy) = {r',u,z,91,y2, 22}, {ag,a1,a2,b1,b2} C V(Gy),
Go = K*, and (G, 7", u, 2,91, Y2, T2) is planar, which contradicts Lemma 2.0.3.

We claim that K — V(Loly}, a] U Lolyz2, y;]) contains a path X’ from x5 to z. For
otherwise, by (3) and the planar structure of K, there exist ¢; € V(Lo[y;,a]) and ¢ €
V(Loly2,y!]), such that ¢, co are incident with a finite face of K, and {c;,co} is a 2-
cut in K separating x5 from z. If ¢; € A'[u,a] then {cy1, o, 90, 2,7} is a cut in G*
separating V' (X3) from {ag, aj, as, by, bo}, a contradiction. So ¢; ¢ A’[u, a]. Then G has
a separation (G1, Gs), such that V(G N Gy) = {1, u, 1, ¢2, Yo, X2}, {ao, a1, as, by, ba} C
V(Gy), V(A'u, 22)UXy) C V(Gs), and (G, 7', u, c1, ¢a, Y2, T2) is planar. This contradicts
Lemma 2.0.3.

Now, the following paths give a contradiction to (i) of Lemma 3.0.2: the path A’[a;, x1]U
Xilzy, 2] U X' U A'[z2, ag] from a; to as, the path B'[by, '] U e U Lo[a, y1] U viy1 Uyiy! U

Lo[yy, yo] U B'[ya, by from by to by, and the path Af from B'(r’, y,) to ag. O

We claim that y; € A’(u, a]. For, otherwise, v, v4 € Lo[z, u]. Now, G has a separation
(Gl, GQ), such that V(Gl N Gg) = {T/, u, Y1, 2, Ya, .%'2}, {(10, ai, ag, bl, bg} - V(Gl), GQ =

K*, and (G, ', u,y1, 2, Yo, T2) is planar. This contradicts Lemma 2.0.3.
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Moreover, K —V (Loy;, a]ULg|yz, y;]) contains a path X’ from x5 to u. For otherwise,
by (3) and the planar structure of K, there exist ¢; € V(Lo[y}, a]) and co € V (Lo[yz, y7]),
such that ¢y, ¢o are incident with a finite face of K, and {c;, co} is a 2-cut in K separating
xo from w. If co € Lo[ys, 2] then {cy, ¢2, Yo, k2, 7'} is a cut in G* separating V' (X,) from
{ao, a1, as, by, by}, a contradiction. So ¢y ¢ Lo[ys, z]. Then G has a separation (G1, G3),
such that V/(G1 N Gy) = {r', c1, o, 2, Yo, T2}, {00, a1, as, by, ba} C V(Gy), V(A [er, o] U
X2) CV(Gy), and (Ge, 1, ¢1, o, 2, Yo, T2) is planar. This contradicts Lemma 2.0.3.

Hence, the following paths contradict (i) of Lemma 3.0.2: the path A'[a;,u] U X' U
A5, as] from a; to as, the path B [by, r'|UeU Lo|a, v} |Uyiy1 Uy y{ U Lo [y, y2] U B’ [y2, ba]

from b; to by, and the path A from B'(1’, y1) to ao. O

Lemma 5.0.7 Let 21,25 € V(W) with Wz, 25| is maximal, such that x1, z1, z, Yy occur
on W in order, and for each i € (2|, G[Hy + y1| has a path Z; from y to z; and internally
disjoint from W. Then, N(y1) NV (Xi[z1,92)) = 0 and Z; N (X7 U Xy) = 0.

Proof. By Lemma 5.0.6, w; # x1 and Hj is 2-connected. So V(X3 N W) = {z1,y2}.

If N(y1) N V(Xqlx1,y2)) # 0 or Z3 N Xy # 0 then Z; U X contains a path S from
y1 to x1 and disjoint from W [wy, yo]. Now S, Wlwy,ys], P, and @ force a double cross,
contradicting Lemma 2.0.7. So N (y1) NV (Xi[z1,y2)) = 0 and Z; N X; = 0.

Moreover, Z; N X, = (). For, otherwise, by the choice of z; and Z;, it follows from the
planarity of H' — y; that z; € V(X3). But then, H' — A’(x1, x2) contains no disjoint paths

from y,, Y5 to x1, xo, respectively. This contradicts Lemma 5.0.1. a

Lemma 5.0.8 ay = xo, and if y» # by then yy, yo are cut vertices in G{y separating by from

{ao, b1}, N(by) = {y2, 21}, and ay # x1. Moreover, one of the following holds:

(i) there exists a 2-cut {2}, z5} in Hy with x1, 2}, 21, 29, 25, yo on W in order such that

W (z1, 25) # 0 and 2}, 2, are incident with a finite face of Hy, or
(ii) N(y1) NV (Hy) C V(W wy,ys]) and, for any i € [m], w; ¢ W (z1, 22).
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Proof. By Lemma 5.0.6, w; # x1, and Hj is 2-connected. If y, = bo, then by (iii) of

Lemma 5.0.4, we have ay = x».

Now assume y, # bo. We claim that G, has a 3-cut {ag, b}, y=} with b} € B'[by,r1],
which separates B'[b], yo| from {ao, b1, b2 }. For otherwise, by (iv) of Lemma 5.0.2, G|, —
B'[by, '] — ys contains disjoint paths Ay, By from ag, by to ¢, y1, respectively. Let Y; be a
path in Z; UW 21, w1 ]JUA [wy, r] from y; to r. Note that r ¢ A’[q, x5 and, by Lemma 5.0.7,
Y) N (Ag,22] U X3 U X3) = 0. Now, A'lay, 1] U X; U Xo U A'[q,as] UQ U Ay and
B'[by, '] U RUY; U B, show that 1 is feasible, a contradiction.

Thus, when 3, # by, we may apply Lemma 4.0.7 (with b, = y5), and conclude that
b, = by, ay = ag, and y;, Y are cut vertices in Gy, separating b, from {ag, b;}. By (iv) of

Lemma 5.0.4, we have Ng(by) = {y2, 21}, a1 # x1, and ag = x.

We now show (i) or (ii) holds. First, suppose z; = zy. Then N(y;) NV (Hy) = {z1};
or else, there exists v € N(y;) NV (Hp) with v # z1, and {21,y } is a cut in G separating
v from {ag, ai, as, by, by }, a contradiction. Clearly, z; € V(W (w1, y2)), and so (ii) holds.

So we may assume z; # zo. Now suppose W (z1, 2z2) N {wy,...,wy,} = 0. Then (ii)
holds or there exists v € N(y;) NV (Hy) such that v ¢ V(W). In the latter case, there
exist ¢1, ¢y € V(W (x1,y2]), such that {c1, c2} is a 2-cut in H, separating v from z1; since,
otherwise, Hy—W (x1, y»] contains a path 7" from v to x1, and y, vUT", W w1, ys], R, @ force
a double cross, contradicting Lemma 2.0.7. Now, {y;, ¢1, ¢o } is a cut in G*, a contradiction.

Hence, we may assume W (zy, 29) N {wy, ..., w,} # 0. Now suppose (i) fails. Then
by the planar structure of Hy, Hy — W (x1, 21] — W/z2, o] contains a path X’ from z; to
W (z1, 2z2) and internally disjoint from W'.

We claim that X’ must be disjoint from Z;, Z,. For otherwise, let z* € V(X' N Zj)
for some j € [2]. As X', Z, Z, are all internally disjoint from W, Z;[s;, z*] U X'[z*, z1]
implies that z; = x1, contradicting Lemma 5.0.7 that V' (Z; N (X; U X3)) = 0.

We claim w; € W (21, 23). For otherwise, w; € W(z1, 25) for some ¢ > 2. By Lemma

4.0.7 and (iv) of Lemma 5.0.2, there exists a path Af in G{, from ao to B’(r’, y;) internally
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disjoint from B’. Now A'[ay, x1] U X' UW (21, 22) Uw;v; U A'[q, a2 UQ U B’ (1, y1) U A§
and B'[by, r'| U RU A'[r, w1 U W [wy, 21] U Z1 U Zy U W (za, y2] U B [ys, ba] show that + is
feasible, a contradiction.

So z; € A'(z1,w;). Moreover, r ¢ A'(xy, z1]; otherwise, A'[a1, 1] U X ' UW (21, 22) U
A'lwy, as]UQUB'(r', y1 )UAS and B’ [by, r'|URUA'[r, z1|UZy U ZoUW 29, yo] U B’ [y, ba]
show that ~ is feasible, a contradiction. But now, A’[ay, 21| U Z; U B'(r',y1) U A5 U Q U
A'lg, as] and B'[by,r'| U R U A'[r,w] U W wy, yo] U B'lys, bo] show that ~ is feasible, a

contradiction. O

Lemma 5.0.9 Suppose (i) of Lemma 5.0.8 holds, and a 2-cut {z}, 24} in G}, is chosen with

Wz}, 24| maximal. Then z| € A'[xy, w;].

Proof. For, suppose 2-cut {z], z5} is chosen with W2/, 2] maximal, and z] ¢ A’[z1, w].

By Lemma 5.0.5, we can define v/, v”, v', v”, such that u’, v” € V(A'[q, xs]), x1, v/, u”, x9
occur on A’ in order, H' — y; has edges from u’, " to v/, v" € V(W (z1, 2})), respectively,
subject to this, A’[«/, «”] is maximal, and subject to this, W [v', v”] is maximal. Obviously,
there exists a separation (K, Ky) in H' — y;, such that V(K N Ky) = {u/,u”, 21, 25},
V(W[zy, 25] U A, u"]) € V(K), and V(W[zy,21] U X;) C V(Ky). We also let
K* = GIV(K) U {}].

By (v) of Lemma 4.0.9 and by the existence of the paths from u/, u” to 1, respectively,

in H,—yl,

(1) there does not exist an A’-B’ bridge with extreme hands nq, no, such that for some

ve{u,u"},ng € Allzy,v) and ny € A'(v, z2].

Now, since {y1, 21, 2, v/, u” } isnota cut in G separating V (K) from {ag, ay, as, by, b },

then, combined with (1), we may assume

(2) A'(u',u") # 0, and G has an A’-B’ path from A’(v/,u") to B'[r1,;), internally

disjoint from H' — y;.
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By Lemma 5.0.3, we may further assume

(3) all A’-B’ paths from A’(v',u") to B'[ry, 1], internally disjoint from H' — y;, are

edges from A’(u/,u”) to {r', y1 }.
Now, we let e = ar’ € E(G) with a € A'[u/,v”), such that A’[«/, a] is minimal.
(4) Gy, contains a path A} from B’(r’,y;) to ao, internally disjoint from B’.

For otherwise, there exists b} € B’[by, 7], such that {b},y;} is a 2-cut in G}, separating
B'[b}, 1] from {ag, b1, by }. Furthermore, {b], y1,y2} is a 3-cut in G}, separating B'[, y2]
from {ao, b1, b2 }. By Lemma 4.0.7 and (iv) of Lemma 5.0.2, 0, = by, and {b1, y1,y2, b2} is

a cut in G separating a, from {ay, as }, a contradiction. O

Since 2] may not be chosen so that 2| € A’[x,w;], then there does not exist a vertex
v € A'[x1, w], such that v, 2}, are incident with a common finite face of K. Thus, we may

assume
(5) Koy — V(A'[z1,v/]) contains a path Y from y» to 21, internally disjoint from A’.

Let L denote the path on the outer walk of K from z] to «’ without going through u".

Obviously, z, ¢ V(L). Moreover, we let Ly := L U A'[v/, a].

(6) N(y1) NV(K) Z (V(Lo) U{z5}).

For, suppose N (y1) NV (K) C (V(Lo)U{z5}). Obviously, V(Ly) NN (y1) # 0; otherwise,
{u',u”, 2], 25, 7'} is a cut in G separating V' (K) from {ag, a1, as, by, b2}, a contradiction.
Now, we let v}, y; € V(Ly) N N(y1), such that a,y],y, 2 occur on Ly in order, and
Lo[yy, v] is maximal.
We first claim ¢} € Lo(u/,al. For otherwise, yi,y5 € V(Lo[z],u']). Now, G has a
separation (G, Gy), such that V(G N Gy) = {r', v/, 11, 21, 25, 4"}, {ag, a1, az,by,b2} C

V(G1), V(K) CV(Gs),and (Ge, r' v, y1, 21, 25, u”) is planar, which contradicts Lemma 2.0.3.
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Now, we see that y} € Lo[2], ). For, suppose v ¢ L[z}, u'). Theny; € Lo[u, a] and
zh € N(y1). Now, G has a separation (G1, G), such that V/(G1NG3) = {7, y1, v/, 21, 25, u"},
{ap, a1,a9,b1,02}y C V(Gy), V(K) C V(Gy), and (Go, 1", y1,0, 24, 25, u”) is planar,
which contradicts Lemma 2.0.3.

Then we claim that K — V(Lo[21,y]] U Lo[y}, a]) U {25} contains a path X’ from
u” to u'. For otherwise, by the planar structure of K, there exist ¢; € V(Loly,,al),
co € V(Lo[z1,y!]) U {2}, such that ¢, ¢, are incident with a common finite face of
K, and {cy, 2} is a 2-cut in K separating ' from u”. By the existence of the path
uv" U W W U from v’ to «/, we may assume co = v'. Moreover, v\ # v”;
otherwise, {v', v/, u”, 7’ 3, } is a cut in G separating V' (A’ (v’, v”)) from {ao, a1, as, b1, b},
a contradiction. But then, as G* is 6-connected, GG has a separation (G, Gs), such that
V(G1NGy) =A{r e, 0, 21, 25, 4"}, {ag, a1, a9, b1, b2} C V(Gh), V(A'[er,u"]) U {v"} C
V(Gs), and (Ga, 1’ c1, ', 24, 2, u") is planar, which contradicts Lemma 2.0.3.

Now, the path A’[ay, v/ |UX"UA'[u”, as] from a; to ag, the path B'[by, r'|UeU Ly[a, y;|U
yiyr Uy U Lo[yl, 21] UY U B'[ya, ba] from by to by, and the path Aj from B'(r’,y,) to

ap contradict (i) of Lemma 3.0.2. O
(7) K* — V(L) U {2} contains a path Y} from y; to u”.

For, suppose (7) fails. By (6), there exists v € N(y;) NV (K), such that v ¢ V(L) U {25}.

Since K* — V(Lg) U {24} contains no path from y; to u”, then by the planar structure
of K, there exist ¢, ¢ € V(Lo) U {25}, such that ¢, ¢y are incident with a common finite
face of K, and {c;, ¢y} is a 2-cut in K separating v from «”. Thus, combined with (3)
and the choice of a, {¢1, ¢o,y1, 0/, 21} is a cut in G separating v from {ag, a1, as, by, bs}, a

contradiction. O
(8) G has no A’-B’ path from A’[ay,u) to B'(r', 1], internally disjoint from H' — ;.

For, suppose G has an A’-B’ path T' from A’[a;,u’) to B'(r',y;], internally disjoint from

H' —y,. ThenT,e,Y U L, Y, force a doublecross, a contradiction. O
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(9) bllezT/.

We may assume b; = ry and so a; = x; by (iii) of Lemma 5.0.4. For, suppose b; # ry.
By Lemma 4.0.7 and (iv) of Lemma 5.0.2, G, — 1’ — B’[ys, bs] contains disjoint paths
By, Ap from by, ag to ¢, y1, respectively. Now, A'[a;,r| U RUeU A'[a,as] UY; U Ap and
BiUQU A g, ]ULUY U B[y, by] show that ~ is feasible, a contradiction.

We may assume r; = 7. For, suppose r; # r’. By (iii) of Lemma 5.0.2, there exists
an A’-B’ bridge M, with feet [, r}, such that R is internally disjoint from M,, and ' €
B'(l},r}). Let P* be the path from [ to ) in My, internally disjoint from A’, B’, and let
Aj, be the path from ag to y; in Gy, internally disjoint from B’, then A'[a;,r] U R U e U
A'la, as) UY1 U Ajy and B'[by, I} U P*UB'[r), ¢ UQ U A'[q,w'|U LUY U B'[y,, by| show

that v is feasible, a contradiction. O

Now, by (8), (9), Lemma 5.0.8, and Lemma 5.0.3, {by, v/, as, y1, b2} is a cut in G sepa-

rating ao from aq, a contradiction. O

Lemma 5.0.10 (i) a(A',B') = 1, and y, is a cut vertex in G|, separating by from

{a07 bl};

(ii) Let A{, be the path from y, to aq in G, internally disjoint from B' and on the bound-

ary of Gy, then G, — B'(by, r'] — A{, contains a path B’ from b to ¢ .

Proof. We may assume H' — {y1,y2} — Z3 U W{z1,w;| U A’(x1, x2) contains a path X,
from x; to x5. For otherwise, by the planar structure of H' — y;, there exists a vertex
v e V(ZUW]|z,w1|UA (21, x2)), such that yo, v are incident with a common finite face
of Hy. By Lemma 5.0.5, v ¢ A'(xy,x2), and so v € V(Z; U W{z1,w;]). Now, we claim
that there exists ¢ € W{zy, 1], such that {ys, c} is a cut in Hy separating W (c, y,) from
x1. For otherwise, v ¢ Wz, w]. Sov € Z[s1, 21), and (i) of Lemma 5.0.8 holds with
2-cut {z], 2, }. But then, z7, v, y» are incident with a common finite face of Hy, and {ys, 2] }

is a 2-cut, which still leads to our claim. Thus, our claim is true. Now, the existence of
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{ya, ¢} show that (i) of Lemma 5.0.8 holds. By Lemma 5.0.9, {y, ¢} may be chosen with
¢ € A'[z1,w], a contradiction to Lemma 5.0.5.

We now prove y; is a cut vertex in Gy, separating by from {ayg, b;}. For, suppose not.
Then by Lemma 5.0.8, we may assume yo = bs.

Moreover, we may assume Gf, — B’[by, '] — B’(y1, by) contains disjoint paths Ay, By
from ag, by to ¢', 1, respectively. For otherwise, by planar structure of G, there exists a
3-cut {a, b}, b5} with by € B'[by,r’] and b, € B'(y1, by), which separates B'(b], b,) from
{ao, b1, b2 }. Since yy, bo, b, are incident with a common finite face of G, then af,, by are
incident with a common finite face of Gf, and so {}, a(, b2} is a 3-cut in G}. Moreover,
since y; is not a cut vertex in Gj, then ay # ag. But now, by (iv) of Lemma 5.0.2, b ¢
B'(ry,r'], and therefore, b} € B’[by,r1]. Now, by Lemma 4.0.7, b, = by. Then {b;, b, aj}
is a cut in G separating a, from {a;, a»}, a contradiction.

Now, by the existence of Ag, B, A'lay, x1] U Xo U A'[q, as] U Q U Ag and B'[by, 7] U
RU A'[r,w| UWlwy, z1] U Z] U By show that 7 is feasible, a contradiction. Thus, y; is a
cut vertex in G, and a(A’, B') < 1.

Next, we show that «(A’, B) = 1. We let Aj be the path from q to y; in Gj, in-
ternally disjoint from B’. When yo = by, we let B* := A’[ay, z1] U X;; when yp #
by, by Lemma 5.0.8, x1by € E(G), and we let B* := A’[ay, x1] U 21by. Then com-
bined with Lemma 3.0.1, the path Aj U B'[¢/, 1] U Q U A’[q, as] from ag to ag, the path
B'[by, | U RU A'[r,wy| UWwy, ya] U B'[ya, by] from by to by, and the path B* from a; to
by show that a(A’, B") = 1.

Finally, we prove (ii) holds. For otherwise, by planar structure of Gj, there exists a
2-cut {ay, b} } with aj, € Af and b} € B’(by, '], which separates b; from ¢'. Since y; is
a cut vertex of G, then {af, b7, b2} is a 3-cut in G}, separating B'[], bs] from {ag, by, ba}.
By Lemma 4.0.7, b) ¢ B’(by,r1], and so b} € (r1,7']. But, by (iv) of Lemma 5.0.2,
ag, = ap, which implies that G, has no path from q to by, internally disjoint from B’, and

so (A, B') = 0, a contradiction. O
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Lemma 5.0.11 Suppose (i) of Lemma 5.0.8 does not hold and (ii) of Lemma 5.0.8 holds,
then N(y1) NV (Hy) C V(W wy, ws)).

Proof. Since z; ¢ V(X3) (by Lemma5.0.7), then z; ¢ W [w,, y2]. So, by (ii) of Lemma 5.0.8,
we may assume that there exists j € [m — 1], such that z;, 20 € Ww;, w;j41] with
2y € W(w;,w;t1]. We may also assume zo ¢ Wwy, ws] and j # 1; otherwise, N (y;) N
V(Hy) C V(W wy, ws)).

Since (i) of Lemma 5.0.8 does not hold and z, ¢ W{w;,ws], then we may assume
Hy — W{zy,w;] — W]z, w,,] contains a path Y5 from y, to ws.

We may assume b, = y,. For, suppose by # y5. Then by Lemma 5.0.8, G has an
edge from by to x1, and a1 # x;. Lete = a;b € E(G) with b € B'(by,r1]. Now,
combined with Lemma 3.0.1, the path A} U 120 U Wz, w,,] U wy,2o from ag to as, the
path B} U Q U A'[wy, q] U W [wy, ws] U Ys U B'[ys, be] from by to by, the path e U B'[by, b]
from a; to by, and the path A'[a;,z1] U 21by from ay to by show that a(A’, B') = 2, a
contradiction to (i) of Lemma 5.0.10.

Now, we distinguish two cases.
Case 1. ug = xs.
(1.1) There does not exist a cross C, D from ¢,d € A’[x1,z5) to ¢, d" € B'[by, 1], such

that, ¢ € A'[ay,w1), a1, ¢, d, as occur on A’ in order, and C, D are internally disjoint

from A, B, H'.

For otherwise, such a cross C, D, together with the path y; 2o U W2y, wy,| U w22 from g4

to x5 and the path Yo U W [ws, wy| from y, to wy, forces a doublecross. O

(1.2) G hasan A'-B' path T from t € A’[a;,w;) tot' € B'[by, y1], internally disjoint from
H'.

For, suppose not, then {aq, w1, T2, y1, Y2 } is a S-cutin G separating V' (Hy) from {ao, a1, as, by, bo },

a contradiction. O
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We further choose T so that B’[by, t'] is minimal, and subject to this, A’[a;, ] is minimal.

(1.3) ¢ € B'[by, '], V(T'N Q) = 0, and G has no A’-B’ path from A’[ay,t) to B'[by, 1],

internally disjoint from H’.

We first prove t' € B’[by,’]. For, suppose t' € B'(1’,y1]. Then by the choice of T', we may
assume 7', R are disjoint, and r € A’[wy,q). But then, T, R form a cross, contradicting
(1.1).
We may assume V(7' N Q) = 0; otherwise, T, Q) are contained in a same A’-B’ bridge,
then by w; € A'(t, q), the path from w; to y, in H' — y;, contradicting (v) of Lemma 4.0.9.
Finally, suppose G has an A’-B’ path S from s € A'[ay,t) to s’ € B'[by, y1], internally
disjoint from H’. Then by the choice of T, we have S, T are disjoint, and s € B'(t', y1].

But then, 7', S form a cross, contradicting (1.1). O
(1.4) Hy — A'[x1,t] U Xq[x1, y2) U W[z, w;] contains a path Yy from ys to w;.

For otherwise, by the planar structure of Hy, there exist ¢; € Wz, w;] and ¢; € A'[z4,t]U
Xi|x1,y2), such that {c, co} is a cut in H, separating y, from w;. We notice that j < m
and z; ¢ V(Xy), and so z; € Ww;, w,,). We may assume ¢ ¢ X;[x1,y2); otherwise,
{c1, 2,11, y2, 22} is a cut in G separating w,, from {ag, a;, as, by, by}, a contradiction. So,
t € A'(x1,w;) and ¢y € A’(x1,t]. But then, by (1.3), G has a separation (G, G3), such that
V(G1NGy) = {x1,y2, 2, Y1, €1, C2}, {ag, a1, a2, b1,b2} T V(Gy), V(X1UXs) C V(G,),

and (G, 71, Y2, To, Y1, C1, C2) is planar, which contradicts Lemma 2.0.3. O

Now, combined with Lemma 3.0.1, the path Aj U y;2; U W{z1, w;] U w;zs from ag to
as, the path B} U QU A’[wy, ¢l UY, from by to by, the path A'[ay,t] UT U B'[by, t'] from a,
to by, and the path A'[a;, z1] U X; from a; to by show that a(A’, B') = 2, a contradiction

to (1) of Lemma 5.0.10. O

Case 2. us # xs.

(2.1) G has no A’-B’ path from ay to B (by, 1]
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For, suppose G has an A’-B’ path S from a5 to s’ € B'(by,r']. Then, combined with (ii)
of Lemma 5.0.10, A'[ay, 7] U R U B'[s',7"] U S U agw,, U Wwy,, 22] U 22y1 U A} and

B U QU A'lg, us] Uuswy UYs show that  is feasible, a contradiction. O

(2.2) There does not exist a cross C, D from ¢,d € A'[xy,x3) to ¢, d’ € B'[by, 1], such

that a1, ¢, d, as occur on A’ in order, and C, D are internally disjoint from A’, B, H'.

For, suppose such a cross exists. We claim that ¢ ¢ A’[ay, uy); otherwise, such a cross
C, D, together with the path y; 2o U W 2y, w,,| Uw,, x5 from y; to x5 and the path Yo Uwous
from g5 to usq, forces a doublecross.

So, d € A'(ug,x2). Then, by Lemma 5.0.3, D is an edge with ' = 7’. Moreover, by
2.1),b; =1,

Now, we may assume G has no A’-B’ path from A'[aq,uz) to B'(by, 1], internally
disjoint from H'’; otherwise, such a path together with D forms a cross, contradicting our
claim that ¢ ¢ A’[a;, us). But then, combined with Lemma 5.0.3, {b1, b, y1, ug, as} is a

cut in GG separating a; from ag, a contradiction. O
(2.3) Hy — A'(z1, w1] — Wza, yo] has a path X’ from z; to w;.

For otherwise, by planarity of H, there exist ¢; € A’'(z1,w;] and co € Wz, o], such that
¢1, ¢o are incident with a common finite face of Hy, and {cy, c2} is a cut in Hy separating

x1 from w;. But then, (i) of Lemma 5.0.8 holds, a contradiction. O
(2.4) Hy — A'lzy, w1 U Xq[z1,y2) U W29, wy,) contains a path V5" from y, to ws.

For otherwise, by planarity of Hj, there exist ¢; € Wiz, w,,) and ¢o € A'[xq,w] U
Xi|x1,y2), such that ¢, co are incident with a common finite face of Hy. Clearly, ¢ ¢
A'[z1,w]; otherwise, (i) of Lemma 5.0.8 holds, a contradiction. So ¢; € X [x1,ys).

Now, let w; € W (e, yo) such that ¢ is minimum. Then we may assume G has an A'-
B’ path S from s € A’'(u;,z5) to s’ € B'[by,y1], internally disjoint from H’; otherwise,

{u;, c1, C2, Yo, x2} is a cut in G separating w,, from {ay, a1, as, b1, b2}, a contradiction.

58



By Lemma 5.0.3, S is an edge with s’ € {r/,y;}. Now, if s’ = yy, then A'[a;, w;] U
Wiw, z1)Uz1y1 UALU S sU A'[s, ag] and B’ [by, ¢'| UQU A'[q, w;] Uw;w; UW [w;, yo] show
that -y is feasible, a contradiction. So s’ = /. But then, S, () form a cross, contradicting

(2.2). 0
(2.5) z1, x5 are incident with a common finite face of H' — ;.

For otherwise, we may assume there exists some k € {j + 1,---,m}, such that G has
an edge from wy to uy € A’lusy, x5). We further choose & so that & is minimum, and so
k=j+1lork=j+2.

Now, we claim that G has no A’-B’ path from as to B’[by, y1], internally disjoint from
H'. For, suppose G has an A’-B’ path S from ay to s’ € B'[by, r']. By (2.1), s’ ¢ B'(by,1'].
We may also assume s’ ¢ B'(r', y;]; otherwise, S together with R, uzwy U W [wy, yo], and
X' U Wlwj, z1] U 21y, forces a doublecross. So s’ = b;. Moreover, since G has no edge
from as to by, then S is not an edge, and so 8" = r; = by and S is contained in an A’-B’
bridge N with extreme hands n;, ny and feet n}, n),. Since s’ = by, we have n| = nf, = b;.
By Lemma 5.0.3, V(N N A’(ug, 22)) = 0. By (v) of Lemma 4.0.9, ny; ¢ A'[a;,uz), and
SO n1 = uy. But then, {ny, ns, by} is a cut in G separating V' (V) from {ag, a1, as, by, b}, a
contradiction.

Now, since the degree of a, in (G is at least 4, then we may assume G has an edge from a,
tow € Wwg, wy,). But then, combined with Lemma 3.0.1, the path A'[a;, r|URUB’[by, ']
from a; to by, the path A’[a;, x1]U X from a; to by, the path BjUQ U A'[q, us] Uugws U Y5
from b, to by, and the path aawUW [w, z5]Uzoy; UA( from as to ag show that a(A’, B') = 2,

a contradiction to (i) of Lemma 5.0.10. O

(2.6) G has two disjoint A’-B’ paths from A’(z1,v;) to B[by, y1], internally disjoint from
H'.
For otherwise, there exists a vertex v € V((), such that G — v does not contain any A’-B’

paths from A’(z4,v;) to B'[by, 1], internally disjoint from H’. But then, combined with
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(2.6), G has a separation (G1,Gs), such that V(G N G2) = {v,x1,ys, T2, u,v;} with
u = y; (when z; # 29) or u = z; (when 21 = 23), {ag, a1,a2,b1,bo} € V(Gy), and
V(A [x1,v;] U X;) CV(Gy).

Now, we claim that (G2, v, 21, Y2, T2, u, v;) is planar, and so Lemma 2.0.3 applies. Ob-
viously, when v € A’, this claim is true. So we may assume v ¢ A’. Furthermore, if all
the A’-B’ paths from v to A are edges, then our claim is still true. Therefore, we may as-
sume there exists some A’-B’ bridge N with feet n’, n}, and extreme hands n;, ny, such that
v € N and N contains a path P* from v to A’[n, ny], which is not an edge and internally
disjoint from A’. By (v) of Lemma 4.0.9, H' — y; does not contain a path from A’(nq,ns)
to yo, internally disjoint from A’. Hence, {n;, ny, v} is a cut in G separating V' (P*) from
{ag, a1, as, by, b}, a contradiction. O

Now, we let T, T’ be disjoint A’-B’ paths from t,t € A'(x1,u;) to t), th € B'[by, 1],
respectively, internally disjoint from H’, such that aq, t1, t2, a3 occur on A’ in order, subject
to this, B'[t, t}] is maximal, and subject to this, A’[t, t5] is maximal. By (2.2), by, t}, 15, bo

occur on B’ in order.
(2.7) t) € B'[by,r"].

For otherwise, t| € B'(r’,y;]. We may first assume R is internally disjoint from 7}, T5.
For otherwise, let v € V(R N (11 U T3)), such that R[r’,v] is minimal. If v € V(1}),
then R[r’, v] U T[v, t1], T» contradict the choice of T1, Ty; if v € V(T5), then Ty, R[r’, v] U
Ts[v, t5] form a cross, contradicting (2.2).

Now, if € A’[ay, t1], then R, T, contradict the choice of T}, Ts; if r € A’(t4, q), then

R, T; form a cross, contradicting (2.2). O

(2.8) There exist c1,c2 € V(GY), such that ¢; € B'[by,t}], co € B'[th, y1], and ¢y, 2 are

incident with a common finite face of Gy,.

In fact, due to the existence of the path A'[a;,z1] U X' U w;v; U A'[v;, as] from a; to ay

and the path B/[bl, tll] U T1 U A/[tl, tg] U TQ U B/[té, yl] U Y129 U W[ZQ, yg] from bl to bQ,
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G, contains no path from aq to B'(t],t,), internally disjoint from B’ (by Lemma 3.0.2).

Hence, (2.8) holds. O

Now, we further choose ¢y, ¢3 so that B[cq, ¢5] is maximal.
(2.9) Gy — B'(b1,¢1) U B'[ca,y1] U Aj contains a path B from b; to ¢;.

For otherwise, V(B'(by,c¢1)) # 0, and by planarity of G, we may assume there exist
by € B'(by, 1) and agy, € B'[ca, y1] U Aj, such that b, a;, are incident with a common finite
face of G. Now, if af, € B'[ca,31], then b, af, contradict the choice of ¢y, co; if ay € A,

then {0}, ay, b2} is a 3-cut in G, contradicting Lemma 4.0.7. O
(2.10) Gy — B'(b1, ¢c2) U B'(c2,y1] U A} contains a path B from b; to cs.

For otherwise, by planarity of G{, we may assume there exist b; € B’(by,c2) and a; €
B'(co,y1] U Aj, such that b, aj, are incident with a common finite face of Gf,. Now, if
ay, € B'(cq, 1], then b), a, or ¢, af, contradict the choice of ¢y, co. So a € Af,. We may
further assume b; = ¢; and b} € B’(cq, ¢2); otherwise, {0, aj, ba} or {c1, ay, bo } is a 3-cut
in G, contradicting Lemma 4.0.7. But now, since ay, by, b}, ¢, are incident with a common

finite face of G, then a(A’, B') = 0, a contradiction to (i) of Lemma 5.0.10. O
(2.11) G has no A’-B’ path from B'(by,¢;) to A'.

For otherwise, since ¢; € B'[by,t}| and t} € B’[by, 1], then ¢; € B'[by, r1], and so such an
A’-B' path from B’(by, ¢1) to A’ should be an edge e from b € B'(by,¢;)toa € A'lay, z1]U
{a2}. By (2.2), a # ay, and so a € A'[ay, 4].

But then, combined with Lemma 3.0.1, the path A'[a;, a]UeU B’[by, b] from a; to by, the
path A’[ay, x1] U X, from a; to be, the path AyU B'[¢, y1] UQ U A’[q, as] from a to as, and
the path Bj U B'[cy, 7| U RU A’[r, wy] U W wy, y2| from b; to by show that a(A’, B") = 2,

a contradiction to (i) of Lemma 5.0.10. O

(2.12) G'has an A’-B’ path T from ¢’ € B'(co,y1) tot € A'[xy, 23]
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For otherwise, combined with (2.11), {by, c1, ¢2, 41, b2} is a cut in G separating ay from

{a1, as}, a contradiction. O

Now, we choose 1" so that A'[t, as] is minimal.
(2.13) t # as.

For otherwise, combined with Lemma 3.0.1, the path A'[ay,t,] U Ty U B'[by, ] from a4
to by, the path A'[ay, z1] U X; from a; to by, the path T'U B'[t', y1] U A} from as to ay,
and the path Bjj U B'[ts, o] U Ty U A'[to, us] U ugwe U Wws, yo] from by to by show that

a(A’, B") = 2, a contradiction to (i) of Lemma 5.0.10. O
(2.14) T is internally disjoint from 77,75, and t = uy = v;.

First, we may assume 7" is internally disjoint from 77, T5. For otherwise, let v € V(TN
(Ty U Ty)), such that T'[v, ¢'] is minimal. Now, if v € T}, then T1[t1,v] U T'[v, '], T, form
a cross, contradicting (2.2); if v € Ty, then 17, Ty[t2, v] U T'[v, t'] contradict the choice of
1y, Ts.

Now, by (2.2), we may assume ¢ € A’[ty, as). By the choice of T3, Ty, we may further
assume ¢ ¢ A’[ty,v;). Finally, by Lemma 5.0.3, we have ¢ ¢ A'(uy,as), and so t = uy =

’Uj. O

(215) tl € A’[al,wl).

For otherwise, t; € A'[w,v;). We first claim G has an A’-B’ path Tj, from ¢, € A'(x1,w;)
to t;, € B'[by, y1], internally disjoint from H’. For otherwise, by (2.5) and uy = v;, G has
a separation (G'1, GG3), such that V(G N Gs) = {x1,wy, us, u, T2, Y2} with u = y; (when
21 # zg) or u = z (When 21 = 2), {ag, a1, a2,b1,b2} C V(Gy), V(X5 U Xs) C V(Gs),
and (G, T1, w1, Uz, u, Ta, Y2) is planar, a contradiction to Lemma 2.0.3.

We may assume Ty is disjoint from T3, T5. For otherwise, let v € V(7o N (T U Ty)),
such that Tj[v, t] is minimal. Now, if v € T}, then Ti[t1, v] U Ty[v, ty], To contradict the

choice of Ty, Ts; if v € Ty, then 11, T [te, v] U Ty[v, t(,] form a cross, contradicting (2.2).
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But then, either Tj, 75 contradict the choice of 17,715, or 1,17 form a cross, contra-

dicting (2.2). O

Now, combined with (2.15) and Lemma 3.0.1, the path from A'[ay,t| U Ty U B'[by, t]]
from a; to by, the path A'[a;, z;] U X, from a; to by, the path A'[t, as] UT U B'[t', y1] U A
from as to ag, and the path B U B'[to, co] U Ty U A'[wy, to] U W wy, yo] from by to by show

that a(A’, B") = 2, a contradiction to (i) of Lemma 5.0.10. O

Lemma 5.0.12 None of (i) and (ii) of Lemma 5.0.8 holds.

Proof. For, suppose (1) or (i1) of Lemma 5.0.8 holds.

(i) When (i) of Lemma 5.0.8 holds, by Lemma 5.0.9, we may choose 2-cut {z/, 25} so

that 2 € A'[xy, w].

(ii) When (ii) of Lemma 5.0.8 holds, by Lemma 5.0.11, we may assume N (y;)NV (Hy) C

V(W w, ws]). For notation convenience, we let 2] := w; and z}, := z;.

(1) 25 & V(X).

For, suppose z; € V(X5). Since z; ¢ V(X,) by Lemma 5.0.7, we may assume (i) holds.
Then 2] = z1; or else, it contradicts Lemma 5.0.1 that H' —y; — A’(z1, x2) contains disjoint
paths from N(y;) — V(A'), ya to xy, xo, respectively. But now, {x,ys2, 2} is acutin G
separating V' (X (x1, y2)) from {ag, a;, as, by, by }, a contradiction. O

Since 2z, ¢ V(Xa), then w,, € W(z},y,). Now, we let h € {2,---,m}, such that

wy, € W (2}, y2), and subject to this, & is minimum.
(2) Hy — Wwp,yo) U A’(x1, wq] contains a path Y from N (y;) — V(A’) to z;.

Let v € N(y1) N V(Hy), such that v ¢ V(W wp, y2] U A’ (21, w1]). For, suppose such a
path Y does not exist. Then, combined with the planar structure of H, there exist 2| €

A'lxy, 21], 25 € Wwp, ys], such that 2/, zJ are incident with a common finite face of H,
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and {27, 2’} is a 2-cut in Hy. Hence, (i) holds. But then, {2/, 25} contradicts the choice of
{=1,2}. O
Now, we let Y; be the path obtained from Y by adding the vertex y; and the edge from

yy to the end of Y*, such that Y] is a path from y; to z1, and let Y := W{ys, wy,| U wpup,

and so Y5 is a path from y, to uy, disjoint from Y;.

(3) Hy — W{z2, w,,] has a path Yy from ys to 2, internally disjoint from A’.

For otherwise, by the planar structure of Hy, there exist 2] € A'[xq, 2]), 28 € W(za, wp),
such that 27, 2/ are incident with a common finite face of Hy, and {2z, 2’} is a 2-cut in Hy.

Hence, (i) holds. But then, {z/, zJ'} contradicts the choice of {z, z}}. O

Now, we let Y] := Z) U W |2y, wy,] U wp, v, and so Y/ is a path from y; to z,, disjoint

from Yj.

(4) G hasnocross C, D fromc¢,d € A’ tod,d € B'[by, 1], such that C, D are internally
disjoint from A’, B, H', c € A’[ay, 2}), and d € A'(c, x2).

For otherwise, C, D, Y/, Y, force a doublecross, a contradiction. O

(5) If up, # x9 and G has an A’-B’ path S from s € A'(up,z5] to s € B'[by, 1],

internally disjoint from H’, then b; = ry = r’ = s’ and S is an edge from s to s'.

We may first assume S and R are disjoint; otherwise, S, R are contained in an A’-B’ bridge,
which contradicts (v) of Lemma 4.0.9 due to the path uywy, U W wy, yo] from wy, to ys.
Now, s ¢ B'(r',y1]; otherwise, S, R, Y}, Y> form a doublecross by u;, # 5. Thus, G
has no A’-B’ path from A’(uy, x2) to B'(r', y1], which further implies that S, () are disjoint.
We may assume b; = r; and so a; = x; by (iii) of Lemma 5.0.4. For, suppose b; # ;.
Then s’ # by; otherwise, s = x5 = ay, and S is an edge from a, to by, a contradiction.

So ' € B'(by,r']. But then, A'lay,r] U RU B'[s', 7| US U A'[s,as] UY; U Aj and
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B, U QU A'[q,up] UYs U B'[ys, by] show that - is feasible, a contradiction. (Bj, Aj, are
defined in (ii) of Lemma 5.0.10.)

We may also assume r; = 7’. For, suppose r; # r’. By Lemma 5.0.2, there exist
a core H' of A, B with ry,ry as feet and ' € B'(ry,rs), and an A’-B’ bridge M, with
extreme hands l4, 74 and feet [}, 7}, such that R is internally disjoint from My, [y = 4 = x;
for some ¢ € [2], and ' € B'(l},r}). Since G has no A’-B’ path from A'(uy, x5 to
B'(r',y1], then i # 2 and S is internally disjoint from M. Next, s’ # r’. For, suppose
s = r’. Let P* be the path from [ to 7 in M,, internally disjoint from A’ B’, then
A'lay, T]URUSU A (up, as) UYy U A and B'[by, I}] U P*U B'[r}, ¢ UQU A’[q, up] U Y3
show that - is feasible, a contradiction. So s € B'[ry,r’) and s = x5 (by the definition
of 7). Now, we see that s ¢ B’(r,7’) and S is not contained in an A’-B’ bridge. For
otherwise, by Lemma 4.0.9, S is contained in H’, which further implies z» is an extreme
hand of H’. So H' is a main core of A, B, a contradiction to Lemma 4.0.8. Therefore,
s’ =ry, and S is an edge from b; to x5, which implies ay # x5, a contradiction.

Thus, now, by = r; = r’ = §. To finish (5), we just need to prove that .S is an edge
from A’(uy,x2) to s’. For otherwise, S is contained in an A’-B’ bridge N with extreme
hands ny, ny. Obviously, V(N N B') C {by,y;} (by ' = r’). Moreover, by Lemma 5.0.3,
V(N N A'(up, x2)) = 0. Hence, ny € A'[xy,up] and ny = 5. By (v) of Lemma 4.0.9,
H' — y; does not have a path from A’(n;,ny) to ys, internally disjoint from A’. So, by the
existence of path Y, ny ¢ A'[xy,us). So ny = uy. But then, {ny,ny,by,y1} isacutin G

separating V' (V) from {ao, a1, as, b1, b2}, a contradiction. O

(6) x1 # 2.

For, suppose x; = zj. Since w; # 1, then (i) holds. And G has an A’-B’ path from
A'(up, x2) to B'[by, y1] internally disjoint from H' — y;; otherwise, G has a separation
(G1,Gs) of order 5, such that V(G N Gy) = {1, 25, up, 22,42}, {ao, a1, as, by, b} C
V(G4), and V(X U X3) C V(G3), a contradiction. Hence, A’ (up, z2) # 0, and by (5),

by = r1 = r/, and a; = x; (by (iii) of Lemma 5.0.4). But then, G has a separation
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(Gh Gg) of order 6, such that V(Gl N Gg) = {1’1, Zé, Up, T2, Y2, bl}, {CL(), ai, as, bl, bg} g
V(G1), V(X1 U Xy) C V(Gy), and (Ga, 21, Y2, o, by, up, 25) is planar, a contradiction to

Lemma 2.0.3. O

(7) by = yo.

For, suppose by # y». By Lemma 5.0.8, N(by) = {y2, 21} and a; # x1. Now, let ¢’ =
a b € E(G) withd' € B'(by,r1] U B'[y2, bs). By (i) of Lemma 5.0.4, b’ € B’(by, 71]. Now,
since x; # 21, combined with Lemma 3.0.1, the path Ay U Y] U A’[x4, as] from a to as,
the path B} U Q U A'[2], ¢] U Y] U B'[ys, by] from by to by, the path €' U B'[by, V] from a4
to by, and the path A’[a1, z1] U e from a; to by show that a(A’, B") = 2, a contradiction to

(i) of Lemma 5.0.10. O
(8) G has an A’-B’ path from A’[ay, 2}) to B'(by, y1], internally disjoint from H'.

For, suppose G has no A’-B’ path from A’[ay, 2]) to B'(by, 1], internally disjoint from
H'. Then a; = z;. Now, by (5) and (7), when (i) holds, {b1,bs, 21, 25, up,} is a cut in
G separating aj,as from ag, a contradiction; when (ii) holds, {by,bs, 2}, y2,u,} (when
21 # wog) or {by, by, 21, 21, up} (When z; = ws) is a cut in G separating aq, ap from ag, a

contradiction. O

(9) If up, # xo, then G has no A’-B’ path from A’(uy, x2] to B'[by, y1], internally disjoint
from H'.

Suppose G has an A’-B’ path S from s € A'(up,xs] to s € B'[by, 1], internally disjoint
from H’. Then by (5), S is an edge from s to by with by =, =1’ = §'. So s # as, and
s € A'(up,as).

By (8), G has an A’-B’ path from A’[ay, 2}) to B'(by, y1], internally disjoint from H’.

Now, this path together with S forms a cross, which contradicts (4). O

(10) G has disjoint A’-B’ paths from A'[ay, 2}) to B’[b1, y1], internally disjoint from H'.
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For otherwise, there exists a vertex v € V(G), such that G — v has no A’-B’ path from
A'lay, z1) to B'[by, y1], internally disjoint from H’. Then combined with (10), there exists
a separation (G, G») in G of order 4, such that V(G N Gy) = {v, 21, 2, un}, a0, y1 €
V(G1 — G3), and aq, as, by € V(Gs).

Now, we claim that (Ga, v, 21, 25, up, as, by, ay) is planar. Obviously, when v € A’,
this claim is true. So we may assume v ¢ A’. Furthermore, if v € B’ and all the A’-B’
paths from v to A" are edges, then our claim is still true. Therefore, we may assume there
exists some A’-B’ bridge N with feet n/, n and extreme hands n,, ny, such that v € N.
By (v) of Lemma 4.0.9, H' — y; does not contain a path from A’(n;, ns) to ys, internally
disjoint from A’. Now, v ¢ B’; otherwise, n} = n), = v, and {ny,ns,v} is a cut in G
separating V' (N) from {ao, a1, as, by, b2}, a contradiction. So v ¢ V(A" U B’). Now, N
has a separation (N’, N”) of order 1, such that V (N’ N N”) = {v}, ny,ne € V(N' = N"),
and nj,ny, € V(N” — N'). We see that V(N') = {ny,nq,v}; or else, {ny,ny, v} is
a cut in G separating V(N') — {ny,no, v} from {ao, ai, as, by, b2}, a contradiction. So,
V(N') = {ny,n9,v}, N’ is planar, and (G, v, 21, 25, up, as, ba, a1 ) is planar. So our claim
is true.

Now, we see that if v = ay,u, = ag, then {v, 2], 25, up, bo} is a cut in G separating
V(X1UX5) from {ag, a1, as, by, by}, a contradiction; if v # aq, up = ag orv = ay, uy, # as,
then Lemma 2.0.3 applies; if v # aq, u;, # as, then Lemma 2.0.4 applies. O

By (10), we let 77, T3 be two disjoint A’-B’ paths from ¢ty € A’[ay, 2]) to t),t) €
B'[by, 11], such that T, T5 are internally disjoint from H’, a4, t1, t5, as occur on A’ in order,
and subject to this, A'[t1,t5] U B'[t], 5] are maximal. By (4), 71, 7> do not form a cross,

and so by, t}, 5, v, occur on B’ in order.
(11) @ is internally disjoint from 77, Ty, t} € B'[by, '], and t}, ¢ B'(¢, ).

For, suppose () is not internally disjoint from 7} for some j € [2], then (), T} are contained
in a same A’-B’ bridge. But then, the existence of the path from 2| to yo in H — y;

contradicts (v) of Lemma 4.0.9.
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Hence, t, ¢ B'(¢,y1] (to void the cross contradicting (4)).

We also see that t| € B’[by, '] For otherwise, t} € B'(r',t}). Now, V(RN(T1UTy)) =
(). For, suppose there exists u € V(R N (71 U Ty)), then we choose u so that R[r’, u] is
minimal. Now, if u € Ty, then R[r’, u] U Ti[u, t;] and T, contradict the choice of T3, Tb; if
u € Ty, then Ty, R[r’, u]UT5[u, to] form a cross, contradicting (4). So V(RN(T1UTy)) = 0.
But then if r € A’[ay,t;]|, R and T contradict the choice of T, Ty; if r € A'(t1, ), then

T1, R form a cross, contradicting (4). O

We let Qo be an A’-B’ path from ¢y € A'(z1, as] to ¢, € B’[b1, y1], internally disjoint

from H’, such that B[¢(, y1] is minimal. By the existence of (), obviously, ¢, € B'[¢, v1].

(12) There do not exist ¢1, co € V(GYy), such that ¢; € B'[by, t}], co € B'[q, y1], and ¢1, ¢z

are incident with a common finite face of Gj,.

For, suppose (12) fails. We choose ¢y, ¢3 so that B’[cy, ¢o] is maximal. Since t| € B’[by, 1],
then ¢c; € B'[by, r’]. We may further assume ¢; € B’[by, ]. In fact, by (iii) of Lemma 5.0.2,
when r’ 2 ry, we have 1’ € B'(ry,rs), and so r/, ry, ry are incident with a common finite
face of G, which further implies ¢; € B’[by, 1] by the choice of ¢y, .

Now, we may assume G has an A’-B’ path T3 from t; € B'(by,c1) U B'(¢c2,91) to
ts € A’. For otherwise, {b1,ba,c1,c2,91} is a cut in G separating ay from {a,as}, a
contradiction.

We may assume t5 € B’(cq,y1). For otherwise, ty € B'(by,¢1), and so t; € B'(by, 1),
which further implies 73 is an edge. Now, by the choice of 17,75, and by (4) and (9), we
have t3 = uj, = ag. Thus, A'[ay, t,|UT UB'[t;, )| UT5UY] UA[ and B{UQUA'[21, q]UY,
show that -y is feasible, a contradiction.

Now, by the choice of Q, t3 ¢ A’(z], as] and T3, Q) are disjoint. Moreover, by (4), to
forbid the cross T3, Qo, t3 ¢ A'[ay, 2}), and so t3 = 2].

We claim that G}, — B'[t}, qj] — A} contains a path Bj from b; to t;. For otherwise,

by maximality of B’[cy, co], there exists a vertex c3 € V(Aj[), such that {co, c3} is a cut in
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G, separating b; from t;. Moreover, by the maximality of B’[c;, ¢o], there does not exist
an A’-B’ bridge with feet n/, n}, such that n| € B'[by, cs) and n}, € B'(cy,y1]. Hence,
{2}, ca, 3,91} is a cut in G separating t; from {ag, a1, as, by, by}, a contradiction.

Now, A'lay, t,]UTy U B[], ¢0] U Qo U A'[qo, as] UY{ U A and B U T3 UY] show that

~ is feasible, a contradiction. O
(13) Gy — B'(by, t}] — B'[q), y1] U Aj contains a path B} from b, to B'(t}, q;)-

For otherwise, by # t|, and there exist ¢;,co € V(G}) with ¢; € B'(by,t}] and ¢; €
B'[q), y1] U Aj{, such that ¢y, ¢, are incident with a common finite face of Gj. By (12),
co & B'[q),y1]- So we may assume c; € Aj. Since t| € B'[by,r’], then ¢; € B'(by,1'].
By Lemma 4.0.7, ¢; ¢ B'(by,71]. So ¢; € B'(r1,r']. But then, by (iv) of Lemma 5.0.2,

¢a = ag and by = r1. Then (A, B') = 0, a contradiction to (i) of Lemma 5.0.10. O

(14) When (i) holds, H' — y; — V(Xi[x1,y2)) U {2} contains a path Y;* from 2| to y»,

internally disjoint from A’.

For otherwise, there exists a vertex u € V/(A'[z1,2]) U Xi[x1,¥2)), such that u, 2, are
incident with a common finite face of H' —y;. By the choice of {z], 25}, u ¢ V(A'[xy, 2)).
Sou € V(Xi(x1,y2)). But then, {u, 25, up, x2, 9} is a cut in G separating V' (X5) from

{ag, a1, as, by, by}, a contradiction. O

(15) When (i) holds, H' — y; — A'(x1, 21) — W[z}, y2] contains a path X* from z; to z/;

when (ii) holds, H' — y; — A’(x1, 2}) — W22, yo] contains a path X* from x; to 2.

For otherwise, let v = 2}, when (i) holds; and let v = 2z, when (ii) holds. Then there exists a
2-cut {27, 28} in Hy, such that z{ € A'(x1,27), 25 € W{v,ys], and 2/, 2% are incident with
a common finite face of Hy. Hence, (i) holds. But then {z, zJ'} contradicts the choice of

{z1,2}. O
(16) G has no A’-B’ path from A’(ty, 2}] to B'(t!, q;), disjoint from 77, Qo.
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For, suppose G has an A’-B’ path T from t € A'(ty,2}] tot' € B'(t, q), disjoint from
T1,Qo. When (i) holds, we let B* be the path from b, to by in Bf U B'(t},q) UT U
A'lt, 1] U Y5, when (ii) holds, we let B* be the path from b, to by in B} U B/(t},q}) U
T U W'[t,y2]. Now, combined with Lemma 3.0.1, the path B* from b; to by, the path
A'lqo, az) U Qo U B'[q), y1] U Ay from as to ag, the path A’[ay, t1] U Ty U B'[by, t)] from a4
to by, and the path A'[a;, 21] U X; from a; to by show that «(A’, B') = 2, a contradiction

to (i) of Lemma 5.0.10. O

(17) th = g

For otherwise, by (16), V(T2 N Qy) # 0. So Ty, Qg are contained in a same A’-B’ bridge.

But the existence of the path from 2] to y, in H' — y; contradicts (v) of Lemma 4.0.9. O
(18) G has an A’-B’ path R* from ' to A'(z1, 21), and t} = r’.

We may assume G has an A’-B’ path from ' to A’(xy, 2}). For otherwise, R is disjoint
from 75, and R, T, form a cross, contradicting (4).

Now, we prove t; = r’. For otherwise, ' € B'(t, ¢;). Now, by (16), V(R* N (T3 U
Qo)) # 0. Obviously, by the definition of 7/, V(R* NTy) = (). Thus, R*, Q) are contained
in a same A’-B’ bridge. But then, the path from z] to y» in H' — y; contradicts (v) of

Lemma 4.0.9. O

Now, the path A'[ay, 2] U X* U A'[2], as] from a; to ay and the path B'[by, 7’| U R U
Allr,ta] UTo U B'[th, y1] U Z5 U W zg, y2] from by to by show that G, does not contain a
path from B'(t/,t}) to ao, internally disjoint from B’; or else, it contradicts (i) of Lemma
3.0.2. So, there exist ¢; € B'[by,t]] and ¢y € B'[t}, 2], such that ¢y, ¢, are incident with a

common finite face of Gj,, a contradiction to (12). O
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CHAPTER 6
SLIM CONNECTOR

In this chapter, we deal with the case, when no ideal frame in v = (G, ay, a1, as, by, b2)
admits a fat connector.

Definition. Let A, B be an ideal frame in v w.r.t. ao. Assume there does not exist
any fat connectors of ideal frame A, B, then let Gy := G — A. By Lemma 2.0.6 and the
structure of slim connectors, Gy has a disk representation with B and aq occurring on the

boundary of the disk, and any A-B path in 7 is induced by a single edge.

Lemma 6.0.1 Suppose -y is infeasible, and A’, B' is a core ag-frame in . Let a_1 := as

and az = ag. Then

(i) There do not existi € {0,1,2}, a graph H and vertices s,s' € V(H), such that G is

obtained from H by identifying s with ', and (H,a;_1,b1, a;11, bs) is planar.

(ii) Foranyi € {0,1,2}, (G — a;_1,a;,b1,a;11,b2) or (G — a;41,a;,b1,a;_1,bs) is not

planar.

(iii) There do not exist a permutation 7 of {0,1,2}, a graph H and s,t,s',t' € V(H),
such that G is obtained from H by identifying s with s’ and t with t', respectively,
(H, a0y, b1, arqy, 5,1, 8", ', ar(2), b2) is planar, and a1y, t,s', a2y are distinct in

H.

Proof. Let n denote the number of vertices in G. Obviously, |E(G)| > 3n — 7.

For, suppose (i) fails, and there exist i € {0,1,2}, a graph H and vertices s,s’ €
V(H), such that GG is obtained from H by identifying s with ', and (H, a;_1, b1, a;11, b)
is planar. Obviously, |F(H)| > |E(G)| > 3n — 7. Moreover, we let H' = H +
{a;_1b1,a;_1bs, a;11b1, a;11be, bibe}, then H' is planar with |V (H')| = n+1and |E(H')| >
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3n—2 = 3(n+1)— 5. But now, it contradicts that a planar graph with n+1 (> 3) vertices
has at most 3(n + 1) — 6 edges.

For, suppose (ii) fails, and for some i € {0, 1,2}, (G — a;_1, a;,b1, a;11,bs) and (G —
a;y1,ai, b1, a;_1, by) are planar. Without loss of generality, we assume ¢ = 0, and the degree
of a; in G is no more than the degree of as in GG. Let k denote the degree of a; in GG, and
let G' := G + {agby, asby, agby, agbs, biby}. Obviously, G’ — a; is planar. We also see
that a, has degree at least k + 2 in G, a( has degree at least 6 in G/, and b; has degree at
least 5 in G’ for j € [2]. Moreover, all other vertices of G’ not in {ag, a1, as, by, by} have
degree at least 6 in G'. Hence, the sum of degrees of each vertices in G’ — a; is at least
6(n—5)+(k+2)+6+5+5—k = 6n—12. So the number of edges in G' — a; is at
least 3n — 6 = 3(n — 1) — 3. But now, it contradicts that a planar graph with n — 1 (> 3)
vertices has at most 3(n — 1) — 6 edges.

For, suppose (iii) fails due to some permutation 7 of {0, 1,2}, a graph H and s, ¢, s',t' €
V(H). Obviously, |E(H)| > |E(G)| > 3n—7. Moreover, we let ' := H+{b1a~(0), b1a(1),
b2 (0), b2Gr(2), Ar(0)Qr(1)s Gr(0)0r(2), Ar(0)t, Gr(0)S }. Since G* is 6-connected and (H, ar(o),
b1, ar(1), 8,1, 8,1, ar2), ba) is planar, then a.(o)ax(1), Gr(0)ar(2); Ar(0)t, Ar(0)s’ & E(H), and
so H' is planar with |V (H')| =n +2and |E(H')| > 3n+ 1 = 3(n + 2) — 5. But now, it

contradicts that a planar graph with n + 2 (> 3) vertices has at most 3(n + 2) — 6 edges. O

Definition. Let v = (G, ag, a1, as, by, by) be a rooted graph with an ideal frame A, B
w.r.t. ag. Let a't/, a"b" € E(G) with ', a” € V(A) and V', 0" € V(B) all distinct. We say
that o'/, a”’b” form a cross (w.r.t. A, B)if ay,d’,a”, as occur on A in order, and by, 0", ', by
occur on B in order. We say that a'b’, a”b" are parallel if a1, a’;a”, as occur on A in order,
and by, b, 0", by occur on B in order.

For i = 5,6,7, let e; = a;b; € E(G) with a; € V(A) tob; € V(B). We say
that (e, eg, e7) is a 3-edge configuration (w.r.t. A, B) if bg € B(bs,b;) and aq, as, ag ¢
Alas, az].

Fori = 3,4,5,6,7,lete; = a;b; € E(G) with a; € V(A) and b; € V(B). We say that
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(es, eq, €5, €6, €7) is a 5-edge configuration (w.rt. A, B) if
e (e5,e4,€7) is a 3-edge configuration w.r.t. A, B,
e Alas,a7] C A(as,ay), and
o b3, by € B(b;,bs) N B(bj, br) for some j € [2].

Lemma 6.0.2 Suppose v is infeasible, and A’, B’ is a core ag-frame in 7. Suppose A, B is

an ideal frame w.r.t. aq in ~y. Then there exists a 5-edge configuration w.r.t. A, B.

Proof. (1) Forany i € [2], G has a cross from A — a; to B.

For, suppose (1) fails. Without loss of generality, we assume G has no cross from A —a,
to B. Now, we let i’ € B[by, bs], such that G has an edge ¢’ from b’ to A|ay, as), and subject
to this, B[V, by] is minimal.

We first see that G has an edge from ay to B[by,0'); otherwise, (G, ay, as, be, ag, by) is
planar, a contradiction to (i) of Lemma 6.0.1.

Now, we let uy, us € Blby, 1), such that G has an edge from wuy, to ay for each k € [2],
and subject to this, Bluy, us] is maximal.

We claim that G has an edge e from b € B(uy,us2) to a € Alay,as). For otherwise,
we can obtain a new graph H from G by splitting ay as s, s, such that H has no edge
from Bluy, us] to s’ and no edge from B[V, bs] to s, and (H, ay, by, ag, by) is planar, which
contradicts (i) of Lemma 6.0.1.

We also see that a ¢ A(aq,as). For otherwise, let e* = a1b* € E(G) with b* # b.
Since G has no cross from A — ay to B, then b* € B(by, b). Now, (e*, ujas, e, usas, ') is a
5-edge configuration, a contradiction.

So, a = a4, and all edges from B(uy,us) to Alay,as) are end in a;. But now, (G —
ai, as, be, ag,b1) and (G — ag, ay, by, ag, by) are planar, contradicting (ii) of Lemma 6.0.1.

O

We let b/, b, € B[by, bs], such that by, b/, b}, by occur on B in order, G has an edge from

b to A for each i € [2], and subject to this, B[b], b,] is maximal.
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(2) For some i € [2], G has no edge from b, to A(ay,as).

For, suppose G has an edge ¢, from b} to A(ay, as) for each i € [2]. For each k € [2],
since the degree of a; in G is at least 4, then we may assume G has an edge ¢, from a;, to

B(b},b,). But now, e, e, €], e, form a doublecross, a contradiction. O

By symmetry, without loss of generality, we may assume that GG has no edge from b} to
A(aq, aq), and has an edge es from b} to a;.

By (1), there exist e, = a4by, 5 = asb; € E(G) with ayg,a5 € A(ay,as] and by, by €
BV, bs], such that ey, e5 form a cross, and by, by, bs, by occur on B in order. We further
choose ey, €5 so that B[}, by]U A[ay, as] is minimal, and subject to this, B[bs, ba] U A[ay, as]

is minimal. By the choice of e4, e5, we may assume

(3) G has no edge from Blby, by) to A(as, as], no edge from A(ay, as) to B(by, bs], no

edge from by to A(ay, az], and no edge from as to B(bs, bs).
(4) G has no cross from B[by, by] to Alay, as] and no cross from Blbs, bo] to Alay, as].
For otherwise, such a cross together with ey, e; forms a doublecross. O

(5) If G has an edge from B(bs, by] to A(ay, as), then G has no edge from B(by, b5) to

A(al, CL4) — Q5.

For, suppose G has an edge e from b € B(bs,bo] to a € A(ay,a4) and an edge ¢’ from
b € B(by,bs) tod € A(ay,ayq) — as. Now, by (3), we have a ¢ A(aq,as), ’ ¢ A(aq,as),

and so a,a’ € A(as,ay). But then, (es, e4, €', €5, e) is a 5-edge configuration. O
: ) g g

Let b. € B(by, bs|, such that G has an edge e}, from as to b, and subject to this, B[bf, bs]

is maximal.
(6) G has no edge from B(b;, bs) to A — as.

For, suppose G has an edge e from B(b., bs) to A — as. Then b5 # bt, and (e3, e4, €%, €, €5)

forms a 5-edge configuration, a contradiction. O
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(7) G — ayb; has no cross from B[bL, by to A(as, as].

For, suppose there exist ¢/ = a't/, " = a"V" € E(G) with «’,a” € A(as,as] and b',0" €
BIbs, by], such that €', ¢” form a cross, ay,a’,a”, as occur on A in order, and ¢” # a4bL.
Then we may assume a” ¢ A(ay, as; otherwise, ey, ef, ¢/, ¢” form a doublecross. So o’ €
A(as, aq). Now, we see that b = bf; otherwise, (e3, eq, €5, €”, €’) is a 5S-edge configuration.
Since ¢” # a4bl, then a” # ay4. So a” € A(as,aq). Now, let ¢ = a”b* € E(G) with
b* € Blby, by]. Since the degree of a” in G is at least 6, we may further let b* ¢ {V', ", b,}.
First, we see that b* ¢ B[by,bs); otherwise, e*, €/, e4, ef form a doublecross. Next, b* ¢
B(by, bt); otherwise, (e3, e4, €*, ef, €') is a 5-edge configuration. Moreover, b* ¢ B(bL, b');
otherwise, (e3, €4, €5, e*, €') is a 5-edge configuration. So we may assume b* € B(V, by,

but then (e3, e4,€”, €, ") is a 5-edge configuration, a contradiction. O

If ay # ag, we let b, b5 € B(by, b, such that by, b}, b5, by occur on B in order, G has

an edge e} from af € A(ay, as to b} for i € [2], and subject to this, B[b}, b3] is maximal.
(8) If ay # as, then G has no edge from B(bj, b3) to as.

For, suppose a4 # as, and G has an edge e} from bf € B(b], b}) to as. We see that b # bs.
For otherwise, b5 = by and a% # as. By (3), G has no edge from a, to Blby, by, and so G
has an edge from as to B(by, bs), which together with ey, e}, ef forms a doublecross. Then
we shall show that we can obtain a new graph H from G by splitting a5 or bf as s, s, such
that (H, a1, by, ag, by) is planar.

We first claim that G has no edge from B|by, b}) to A(ay, as] and no cross from B|by, b})
to Alay,as]. In fact, we see that G has no edge from B(by,b}) to Alai,as] — a4. For
otherwise, let e = ab € E(G) with b € B(by,b}) and a € Alay, as] — as. Then by the
definition of b}, b5, we have a ¢ A(ay, as]. Moreover, a # a; to avoid the doublecross
e eq,€x,e;. But then a € A(a,ay), and so (es, ey, e, €], €z) is a 5-edge configuration,
a contradiction. Now, combined with (3) and (4), we may assume G has no edge from

Blby, b7) to A(ay, as] and no cross from B[by, b}) to Alay, as).
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We also claim that G has no edge from B(b}, bo] to Alay, as]. For, suppose G has an
edge e from b € B(b,bs] to a € Alay,as]. Then a # ay; otherwise, (e, eh, e, e, eq)
is a 5-edge configuration. And a ¢ A(ay,a4); otherwise, (es,eq,el, €5, ¢) is a S-edge
configuration. We may also assume a # ay4; otherwise, ey, €], ef, e form a doublecross. So
a € A(ay, ay], but it contradicts the definition of b}, bj.

Moreover, we claim that G —{as, b; } has no edge e from B[b}, b3] to Alay, a4), such that
e # a4bi. For, suppose there exists e = ab € E(G) with e # a4}, a € Alay, as] — a5, and
b € B[b, bs]—bt. Then we may assume b ¢ B(bZ, b3]; otherwise, if a € Alay, as), thena =
a; by (3), and (€5, e, €%, €7, e4) is a 5-edge configuration; if a € A(as, aq), then ey, €%, ¢, €]
form a doublecross. So b € BI[bj,bi). Now, if a € Alay,as), then ey, ef, e, et form a
doublecross. So a € A(as,as]. We may further assume b = b}; or else, b € B(b7, b%),
and (€3, e, e, e}, eq) is a 5-edge configuration. Since e # a4b}, then a € A(as, ay). Now,
we let eg = aby € E(G) with by € Blby, by]. Since the degree of a in G is at least 6, we
may further let by ¢ {by, b3, b%}. By (3), by ¢ B[by, by). Moreover, by ¢ B(by, b}); or else,
(e3, €4, €0, €], €%) is a 5-edge configuration. By b = b, we have by ¢ B(b},b3] — bi. So
by € B(b3, bo], but it contradicts that G has no edge from B(b}, by to Alay, as].

Finally, we claim that G has no cross from A(ay4,as] to B[b,b) U B(b%, b5]. For,
suppose there exist ¢/ = a'l,e" = a"V € E(G) with d/,a” € A(ay,as] and V',V €
BIby, b)) U B(b%, bs], such that ¢/, ¢” form a cross, and ay,d’, a”, as occur on A in order.
Then i/ € BIb}, bf) to avoid the doublecross ey, ef, €', ¢”, and so b” € B[b], bf). Moreover,
ay € Ald”, as] to avoid the doublecross ey, ef, €”, e5. But now, (€5, ef,¢’,€” ey) is a 5-edge
configuration.

Now, we let ¢/ = d'l/, " = d"V' € E(G) with b/ € BIbj,b%), b" € B(b,b}], and
a',a" € A(ay, as], such that B[b',b"] is minimal.

We may assume G has an edge e, from bf to ag € Alay,a’) U A(a”, as] with ag # as.
For otherwise, combined with (6) and our claims, we can obtain a new graph H from

G by splitting a5 as s, s, such that (H,aq, by, ag,by) is planar, which contradicts (i) of
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Lemma 6.0.1.

To avoid the doublecross e}, ey, €, e4, we may further assume ag € Aay, a’).

Now, we claim that G has no edge from a; to B(by, by] — b%. For, suppose G has an
edge e from az to b € B(byg, bo] — bi. Assume b € B(bg, b%). Now, if ay € A(as, da’), then
e, €9, €4, € form a doublecross. So ag € Alay, as). Now, let e = asbg € F(G). Since the
degree of a5 in G is at least 6, then we may let bg ¢ {bs,’,b:}. To avoid the doublecross
eq, €0, €4, €', bg & B(bE, ba]. Moreover, bg ¢ B(l,3); or else, (€5, g, g, €', €4) is a S-edge
configuration. By (6), bs ¢ B(bs, V). So bg € Blby,bs). But then (el, e, €, e4,¢6) is a
5-edge configuration. So we may assume b € B(bf, bs]. By (6), b ¢ B(b5, bs]. Now, if
ag € Alay, as), then ey, e, e4, € form a doublecross; if ag € A(as, a’), then (€3, e, eg, €, e4)
is a 5-edge configuration, a contradiction.

Hence, by our claims, we can obtain a new graph H from G by splitting b% as s, ', such

that (H, a1, by, ag, by) is planar, which still contradicts (i) of Lemma 6.0.1. O

For each a;, we let u{, ué € B[by, by, such that by, u{, ug, by occur on B in order, G has

an edge f/ from a; to u] for i € [2], and subject to this, B[u?, u] is maximal.
(9) If ay # as, then G has an edge from ay to B(bs, bs).

For, suppose a; # as and G has no edge from ay to B(bs, bo]. Since the degree of ay in
G is at least 4, then, combined with ay # a2 and the choice of ey, e5, we have u%, u% €
B(by, bs], u? # u3, and G has an edge f5 from ay to B(u?, u3). Then we shall show that
(G, ay,bs,ag,by) is planar.

We claim that G has no edge from B(u?, u2) to Alay, as). For, suppose G has an edge
e from b € B(u?,u3) to a € Alay, ay). First, a & Alay, as); otherwise, e, ey, es5, f7 form a
doublecross. By (8), a # as. So a € A(as, az). Now, we may assume bs = by; otherwise,
(es, f2, e, fE,e4) is a 5-edge configuration, a contradiction. Since bs = by, then u3 # bs.
But now, (e3, 7, e, f2, e5) is a 5-edge configuration, a contradiction.

We also claim that G has no cross from A[ay, as) to B[by, u?]. For, suppose there exist

¢ =db,e = dl € E(G) with d’,a" € Alay,as) and V', 0" € Blby,u?], such that
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¢/,€¢” form a cross, and ay,d’,a”,ay occur on A in order. We see that v € B[by, u3].
For otherwise, b” € B[b;,bs), and by the choice of ey, e5, a” € Ala,as] and ' = a;.
But now ¢, €”, e4, e5 form a doublecross, a contradiction. Moreover, a’ = a;; otherwise,
(es,€”, €, fo,e5) is a 5-edge configuration. But then, ¢, f5, e4, e5 form a doublecross.

Finally, we claim that G has no parallel edges from A[ay, as) to Blu3, by]. For, suppose
there exist ¢/ = a'l/,e” = "V’ € E(G) withd',a” € Alay,as) and V', V" € Blu3, by], such
that ¢/, ” are parallel, and a4, a’, a”, as occur on A in order. We see that ' € Alay, as); oth-
erwise, €', ¢’ ey, f£ form a doublecross. Moreover, b” € Blu3, bs|; otherwise, es, ¢”, e4, f?
form a doublecross. We may assume bs = by; otherwise, (es, ¢”, ¢/, fZ,e4) is a 5-edge con-
figuration. So u3 # bs. Now, lete = a”’b € E(G) with b ¢ {0/, bs}. Then b ¢ B[by,u?] to
avoid the doublecross e, ¢”, 2, ¢'. Moreover, b ¢ Blu3,V'); otherwise, (e3, fZ,¢,¢',€") is a
5-edge configuration. Since G has no edge from B(u?,u2) to Ala1, az), then b € B(V, bs).
But now, (es, 2, ¢, e, e5) is a 5-edge configuration.

Hence, by our claims, (G, aq, b, ag, by) is planar, contradicting (i) of Lemma 6.0.1. O
(10) G has no edge from B(bs, bs] to A(ay, a4).

For, suppose G has an edge e from b € B(bs, bo] to a € A(ay,as). We choose e so that
BIb, by] is minimal. By (3), a € A(as,as). By (5), G has no edge from B(by, bs) to
A(aq,ay4) — as. Moreover, since the degree of a in G is at least 6, then we let e = aby with
by € B[by,bs] and by ¢ {by, bs,b}. Now, by (3) and (5), and by the definition of b, we have
by € B(bs,b).

G has no edge from A(ay, as] to B[by, ). For, suppose there exists ¢/ = o't/ € E(G)
with a’ € A(ay,az] and V' € Blby,b). Then by (3), b ¢ Blby,bs]. So b’ € B(by,b). But
then, ¢, €/, e4, e5 form a doublecross.

G has no edge from by to A(as, a4) or no edge from a4 to B(by, b); otherwise, such two
edges together with e, e form a doublecross, a contradiction.

Now, we see that G has an edge ¢’ from a; to ' € B(by, by]; otherwise, since G has

no edge from b, to A(as, ay) or no edge from ay to B(by, b), then combined with (3), (4),
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(6), and (7), we can obtain a new graph H from G by splitting a4 or by as s, s, such that
(H,aq, a9, by, ag, by) is planar, a contradiction to (i) of Lemma 6.0.1.

We also see that G has no edge from a, to B(b},b); otherwise, such an edge together
with e, e4, €5, e forms a 5-edge configuration, a contradiction.

Hence, b’ € B(bg, b5 U B[b, by]. We further choose ¢’ so that B[V, by| is maximal.
Moreover, we let ¢’ = a1V € E(G) with b" € B(by, b5] U B[b, by] so that B[b”, by] is
minimal.

Now, assume b” € B(b4,bs]. Then by the choice of ¢”, G has no edge from a; to
BIb, by]. Moreover, G has no edge from B[by, by) to A(ay, as]; otherwise, by (3), such an
edge must end in A(ay, as], which together with €', ey, e5 forms a doublecross. Hence, G
has an edge eg from ay to bg € B(by,bs); or else, we can obtain a new graph H from
G by splitting by as s, s', such that (H, aq, as, be, ag, by) is planar, a contradiction to (i) of
Lemma 6.0.1. Now, GG has no edge from b4 to A(aq, a4); or else, such an edge together with
es, €', eg forms a doublecross. So we may assume ay # a4; otherwise, (G—ay, as, by, ag, by)
and (G — ay, a1, ba, ag, by) are planar, a contradiction to (ii) of Lemma 6.0.1. Then u3 €
BIb, bs] (by (7) and (9)). Moreover, bs ¢ B(V', bs|; otherwise, (f3, e, eq, €', e4) is a 5-edge
configuration. So G has no edge from a, to B(V, bs|. Therefore, we can obtain a new graph
H from G by splitting a4 as s, §', such that (H, ay, ag, ba, ag, by ) is planar, a contradiction
to (i) of Lemma 6.0.1.

So we may assume 0"’ € B[b, by]. Now, as = ay; otherwise, u3 € BIb, by] (by (7) and
(9)) and (f2,€”, ep, €5, €4) is a 5-edge configuration.

We also claim that G has an edge e from ag € A(ay,az2) to by € Blby, byl; other-
wise, (G — ay, ag, by, ag, by) and (G — ag, a1, by, ag, by) are planar, a contradiction to (ii) of
Lemma 6.0.1.

Then bg ¢ Blby,bs); otherwise, ag € A(ay,as), and (e, e”, es, eq, e6) is a 5-edge con-
figuration. Hence, bg = by, and G has no edge from a5 to B[b;, b4), which further implies

br # bs (as the degree of a; in G is at least 6).

79



Now, we may assume u3 ¢ B[b,by]. For, suppose not. Then G has no edge from
{a1,as} to B(by,bs); otherwise, such an edge together with f2 €”, es, eg forms a 5-edge
configuration. Moreover, ag ¢ A(as, ay); otherwise, (f2,€”, ey, e, €g) is a 5-edge configu-
ration. But now, (G'—ay, as, by, ag, by) and (G —as, ay, be, ag, by ) are planar, a contradiction
to (i1) of Lemma 6.0.1.

Since u3 ¢ BIb, by, then G has no edge from ay to B[b, by]. By (7), G has no edge
from ay to B(bS,b). By (3), G has no edge from ay to B[by,bs). Since the degree of
as in G is at least 4, then G has an edge e}, from ay to B(by, b%). Now, ag ¢ A(as,as);
otherwise, eg, €5, €, €, form a doublecross. Moreover, i’ ¢ B(by, b) to avoid the doublecross
¢, e, es, e. Hence, combined with (6), we can obtain a new graph H from G by splitting

as as s, s', such that (H, ay, by, ag, by) is planar, a contradiction to (i) of Lemma 6.0.1. O

Now, by (3), (8), (9), and (10), we have

(11) G has no edge from A(ay,as) U A(ay, as] to B(by, bs) and no edge from B[by, by) U
B(b5, bg] to A(a5, CZ4).

(12) There do not exist ¢’ = a'b/,e” = a"b" € E(G) with «’,a” € Alas, as] and V', 0" €
Blby, bs], such that ¢, e” are parallel, aq,a’,a”,as occur on A in order, and ¢’ #

!
asby, €’ # aybs.

For, suppose such €', ¢” exist. Then &' = by or b = bs; otherwise, (e3,eq,€’,€e” e5) is a
5-edge configuration, a contradiction.

We may further assume b’ = b,. For otherwise, b’ = bs and a” # a4. Now, let
e =a"b e E(G) withb € B[by, bs]. Since the degree of a” in G is at least 6, we may further
let b & {bs,b',b5}. By (11), b ¢ B[by,bs) U B(bs, by|. Moreover, b ¢ B(by,V'); otherwise,
(e3,eq,e,€ €") is a 5-edge configuration. So b € B(V',bs). But then (e3, eq, € e, e5) is a
5-edge configuration.

By b’ = by, we have that G — aybs has no parallel edges from B(by, bs| to Alas, a4].
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Now, since e¢” # a4bs; and the degree of a” in G is at least 6, then combined with (11),
we may choose 0" # bs, and so b” € B(by, bs).

Since €’ # asby, then @’ € A(as, ay). Moreover, since the degree of @’ in G is at least
6,welete = a'b € E(G) with b € Bby,bo] and b & {by, V", b5}. By (11), b ¢ B[by,by) U
B(bs,b]. And b ¢ B(bg,b"); otherwise, (e, eq,€,€”, e5) is a 5-edge configuration. So
be B, bs).

Now, G has no edge from ay to Blbs, bo]; otherwise, (f7,es5,¢,¢e”,¢’) is a 5-edge con-
figuration. Hence, a4 = as (by (9)), and so G has no edge from a4 to B[bs, bo]. Moreover,
G has no edge from a; to B(by, bs); otherwise, such an edge together with €', e, ¢” forms
a doublecross.

Hence, since G — a4b5 has no parallel edges from B(by, bs] to Alas, a4], then, combined
with (3), (4) and (11), any two edges from B[by, b4] to A do not form a cross, and any two
edges from B(by, by] to A are not parallel, which further implies that (G, ay, by, ag, by) is

planar, a contradiction to (1) of Lemma 6.0.1. O
(13) G has an edge e from a; to by € B(by, bs).

For, suppose GG has no edge from a; to B(by, by]. Then by (3), (4), (11), and (12), we can
obtain a new graph H from G by splitting a5, a4 as s, s’ and ¢, t', respectively, such that

(H,ag,b1,a1,s,t,s 1, as, by) is planar, a contradiction to (iii) of Lemma 6.0.1. O
We choose ¢ so that Blby, bo| is maximal. Moreover, we let e¢j = a b, € E(G) with

by € B(by, bo] so that Blby, by is minimal.

(14) Qg 7é 9.

For, suppose a, = ay. We first claim that A(as, az) # 0.
For otherwise, A(as, as) = (). Now, we may assume G has an edge e from b € B[by, by]
to a € A(aq,asl; or else, combined with (3), (4) and (6), (G — aq, as, by, ag, by) is planar

and (G — ag, ay, be, ag, by) is planar, a contradiction to (ii) of Lemma 6.0.1.
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Moreover, GG has no edge from as to B(by, bs). For, suppose G has an edge ¢’ from as
to b’ € B(b4, bs). Then G has no edge from a; to B(by, bs); or else, such an edge together
with e, €', e forms a doublecross. So by € Blbs,bs]. Now, G has no edge from a, to
B(bg, by]; otherwise, such an edge together with eg, €%, ¢/, e forms a 5-edge configuration.
So, combined with (3), (4) and (6), (G, a1, ba, ag, by) is planar, a contradiction to (i) of
Lemma 6.0.1.

Now, since G has no edge from as to B(by, b5), then G has an edge from as to B(bs, b
(by the degree of ay in G), and so u3 € B(bs, bs].

Assume by € B(by,bs). Then b ¢ B[by, by) to avoid the doublecross ey, €, e4, €5. Now,
by the degree of a5 in G, b, # bs, and G has an edge e? from a; to b2 € B(b%, bs). By (6),
by € B(by,bs]. So G has no edge from a; to B[bs, by|; otherwise, such an edge together
with f227 es, eg, e forms a 5-edge configuration. Hence, combined with (3), (4) and (6), we
can obtain a new graph H from G by splitting by as s, §', such that (H, ay, az, be, ag, by) is
planar, a contradiction to (i) of Lemma 6.0.1.

Therefore, we may assume G has no edge from a; to B(by,bs). Moreover, G has an
edge from Blby, by) to A(ay, as); otherwise, (G—ay, ag, by, ag, by) and (G—as, ay, by, ag, by )
are planar, a contradiction to (ii) of Lemma 6.0.1. Hence, we may choose e so that
b € Blby,bs). Then b, ¢ B(bs,by] and b = bs; otherwise, (fZ, ef, ek, eq, €) is a 5-edge
configuration. Hence, by = bj, = b5, and we can obtain a new graph H from G by splitting
bs as s, &', such that (H, a1, as, by, ag, by) is planar, a contradiction to (i) of Lemma 6.0.1.

Thus, our claim that A(as,az) # () holds, and there exists ag € A(as,az). Since the
degree of ag in G is at least 6 and G has no edge from ag to B[by, by) U B(bs, bs] (by (11)),
we may let by, bf € B(by,bs) with by # bf, such that by, by, by, by occur on B in order, G
has an edge e from a¢ to bj; and an edge e from ag to bf, and subject to this, B|by, by] is
maximal.

We now claim that G has no edge from B[b, bs] to A(ay,as]. For, suppose G has

an edge ¢” from 0" € Bl[by,by] to a” € A(ay,as]. Then by € B(by,b;] to avoid the
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doublecross e, €, es, ;. Moreover, by ¢ B(b, bs); otherwise, (e, e4, €5, €o, €5) is a 5-
edge configuration. Hence, by € B|bs, by] and G has no edge from a; to B(by, bs). We also
see that G has no edge from a, to B(bs, b] or no edge from as to B(bs, bo|; otherwise, such
two edges together with e, ef;, ¢” form a 5-edge configuration. But then, combined with
(3), (4), (11), and (12), we can obtain a new graph H from G by splitting as as s, ', such
that (H, ay, by, ap, by ) is planar, a contradiction to (i) of Lemma 6.0.1.

Thus, G has no edge from Bl[by, by] to A(aq, as|, and so by (11) and (12), (G—ay, az, be, ag, by)
is planar. Now, by (ii) of Lemma 6.0.1, (G — as, a1, ba, ag, b1) is not planar, and so we may
assume G has an edge e from a; to b € B(by,bs) and an edge ¢’ from O’ € B[by,b) to
a' € Aay,az). And b ¢ B(bg, bs) to avoid 5-edge configuration (es, ey, €5, €, e5). More-
over, we may assume G has no edge from as to B(by, b5); otherwise, such an edge together
with e, €/, e; forms a doublecross. So, by the degree of as, u% € B[bs, by]. But now,

(f2,es5,¢f,e,¢€) is a 5-edge configuration. O

Now, by (9) and (14), G has an edge from ay to B(bs, bs], and so u3 € B(bs, bs]. By
(3), (11) and (14), G has no edge from ay to B[by, bs), and so u? € Blbs, bs].

(15) by € B(by, bs).

For otherwise, by € Blbs, bo]. Now, we see that b, # bs; otherwise, by = b, = bs, and by
(3), (4), (11), (12), and (14), we can obtain a new graph H from G by splitting a4 as s, &/,
such that (H, aq, as, be, ag, by) is planar, a contradiction to (i) of Lemma 6.0.1.

Then G has no edge from Blby,bs) to A(ay,as); or else, such an edge together with
13, el, €5, e4 forms a 5-edge configuration. Hence, A(a,as5) = (), and by the degree of a;
in G, bl # bs. Now, G has no edge from Blbs, b)) to Alay, as); otherwise, such an edge
together with f2, ), et e4 forms a 5-edge configuration.

Moreover, if byas € E(G), then G has no edge from B(by, bs) to A(as, as|; otherwise,
such an edge together with f3, e}, e5, asbs forms a 5-edge configuration.

We may assume u? € Blbs,b)). For otherwise, G has no edge from Blbs, b)) to

Alay, as]. Now, by (3), (4), (11), (12), and our previous statements, we can obtain a new
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graph H from G by splitting a;, a4 as s, s’ and ¢, ¢/, respectively, such that a; := s in H,
and (H,ag, by, a1,s,t,s 1, as, be) is planar, a contradiction to (iii) of Lemma 6.0.1.

Now, by u? € Blbs, b}), G has no edge from Blbs, b to Alay, az), and so, by (3), (4),
(11), (12), and our previous statements, (G — ay, az, bs, g, b1) and (G — as, ay, ba, ag, by)

are planar, a contradiction to (ii) of Lemma 6.0.1. O

Now, we see that A(as,as) = (). For otherwise, there exists a € A(as,ay). Since
the degree of @ in G is at least 6, then combined with (11), G has an edge e from a to
b € Blby,bs] with b & {b4, b5, bo}. Now, if b € B(by, by), then (es, e4, €, €9, €5) is a 5-edge
configuration; if b € B(bg, bs), then (f3, e5, €, ey, €4) is a 5-edge configuration.

We may assume G has no edge from A(ay,as] to Blby,bs); otherwise, such an edge
together with eg, e4, e5 forms a doublecross.

Then we claim that G has no edge from B(by, bf,) to A(ay, as]. For, suppose G has an
edge e fromb € B(by, b)) toa € A(ay, as]. Then ) & B(bs, by]; otherwise, (fz, e, es, €o, €4)
is a 5-edge configuration. So b, € B(bs,bs]. Hence, b € B(by,bs), and by (11), a €
Alas, a4]. But then, (f2, €, e, ey, e4) is a 5-edge configuration.

Now, if G has no edge from a4 to B(by, b5), then, combined with (3), (4), (6), (11), and
our previous statements, we can obtain a new graph H from G by splitting b, as s, s, such
that (H, a1, as, by, ag, by) is planar, a contradiction to (i) of Lemma 6.0.1.

So we may assume G has an edge e from a4 to b € B(by,bs). Then b ¢ B(by, bs);
otherwise, (f2,es,e,¢eg,e4) is a 5-edge configuration. Moreover, GG has no edge from by
to as, since, otherwise, such an edge together with e, ey, e forms a doublecross. But now,
combined with (3), (4), (6), (11), and our previous statements, we can obtain a new graph
H from G by splitting a4 as s, s', such that (H, ay, ag, ba, ag, by ) is planar, a contradiction

to (i) of Lemma 6.0.1. O

Lemma 6.0.3 Suppose ~ is infeasible, and A’, B' is a core ag-frame in . Suppose P =

(€3, eq, €5, €6, €7) is a S-edge configuration w.r.t. an ideal frame A, B in v with ay, ag, ay, as
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on Ainorder and by, bs, by, bs, bg, bz, by on B in order. Let Gy := G— A, where (Gy, ag, by, B, by)
is planar.

Then Gq has a separation (G, G3) such that by, b, € V(Gy) N V(Gs),

V(Gy) N
V(Ga)| < 3, {ag,b1,b2} C V(Gy), Blb, by C G,

V(Gy — Gy)| > 1, and one of the

following holds:

(i) V(G1)NV(Gg) = {af, b, b5}, by € Blbs, by), by € Blby, bs], and Gy has a path from

ag to B(b},b,) through ajy and internally disjoint from B.
(ii) V(Gy) NV (Gq) = {b],b,}, by € Blbs, by, and by € Blbz, bs].
(iii) V(Gy) NV (Ge) = {b, b}, by € Blbs, by, and b, € Blbg, br).
(iv) V(G) NV (Gq) = {b), b}, by € B(by,bs], and by € Blbz, bs].

Proof. Since otherwise, Gy — (B|[bs, bs] U Blbr, by]) contains disjoint paths B;, A from
b1, ag to bs, b, respectively. Now (A — Alas,ar]) U ez U Blbs, byl U ey Ueg U Ag and

By Ues U Alas, az] U ez U Blbr, by] show that - is feasible, a contradiction. O

Definition. Let v = (G, ap, a1, as, by, by) be a rooted graph. Suppose A, B is an ideal
frame w.r.t. ag in v, and (es, ey, €5, €6, €7) is a 5-edge configuration w.r.t. A, B, where
e; = a;b; € E(G) witha; € V(A) and b; € V(B) fori = 3,4,5,6,7.

For notational convenience, we further assume a1, as, as, as occur on A in order, and
by, b, by, bs, bg, b7, by occur on B in order. Then we say that (es, e4, €5, €6, €7) is an ideal

frame if the following requirements are satisfied in the order listed:

Blby, br] is maximal,

Blbg, b7| is minimal,

Blby, bs] is minimal,

e Alas, ay] is minimal,
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e Alag, ay] is maximal,
e Blby, bs] is minimal, and

o Alag, as] N Alag, ar] is maximal.

Lemma 6.0.4 Suppose y is infeasible, and A', B’ is a core ag-frame in ~y. Suppose P =

(e3, €4, €5, €g, €7) is a 5-edge configuration w.r.t. an ideal frame A, B in vy with ay, as, ay, as

on Ainorder and by, bs, by, bs, bg, bz, by on B in order. Let Gy := G— A, where (Gy, ag, by, B, b)
is planar.

Assume a7 € Alay,as],a6 € A(as,as], G has no edge from B(by,bs| to Alay,as),
and G has no edge from Blb;,bsy] to A(as,as]. Then there does not exist a separation
(G1,G2) in Gy such that V(G N Gy) = {b}, b5} with by € Blby, by| and b € Blbg, bs),
{ao, b1, b2} C V(G1), V(B[b], b3]) C V(Ga), and [V(G1 — Ga)| > 1.

Proof. We choose (G1, G2) so that B[b}, b3] is maximized. To avoid forming a doublecross

with e5, eg, we may assume

(1) G has no parallel edges from Blbg, bo] to Alay, as].

(2) Ifab € E(G) with a € A(as,as) and b € V(B) then b € Blby, bs].

Suppose ¢ = ab € E(G) with a € A(as,as] and b € V(B) — V(Blby, bg]). We may
assume b € B[by,by). For, if b € B(bg, bs, then since G has no edge from Blbz, bs] to
Alas, az), b € B(bg, br). Now (es, eq, €5, e, e7) contradicts the choice of P.

Suppose a € A(as,ay). Then b € Blbs, by) to avoid the doublecross e, e3, e4, 5. But
then b3 # by, and (es, €, e5, g, e7) contradicts the choice of P.

Thus a € Alay, as]. Then b = by as, otherwise, (es, €, €5, eg, e7) contradicts the choice
of P. Hence, a # ag; and let ¢ = axl/ € E(G) with v/ € V(B) — {b1,by}. Then
b € Blbr,bs) to avoid the doublecross e, €', e3, e7. But it contradicts that G has no edge

from Blbz, bs] to A(as, as]. O
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Let eg = agby with ag € Alay, as] and by € B(b, b}), and choose eg so that Afay, ao] is
minimal.

Since GG* is 6-connected, then

(3) There exists e* = a*b* € E(G) with a* € A(ag, as] and b* € B — B[b}, b3).

By (2), we have a* ¢ A(as, as]; so a* € A(ag, as] and ag € Alay, as). Moreover,
(4) by € B(bj, bs] U Blbg, b3).

For otherwise, by € B(bs, bs) by ag € Alay, as) and the assumption that G has no edge
from B(by, b5 to Alay, as). Now, ag € Alaz, as) to avoid the doublecross es, €4, €7, €9. By
a* € Alag,as], b* € Blby,b}) to avoid the doublecross ey, e*, es5, es, and b* ¢ Blb, b3)
to avoid the doublecross es, e*, eg, ¢7. Hence, b3, b* € B(by,by), and (es, e, eg, €6, €7)

contradicts the choice of P. O

Case 1. by € Blbs, b3).

Then b* € Blby, b}) to avoid the doublecross eg, €*, e5, €.

We claim that G has no edge from B(b7, by] to Alay, as). For suppose e = ab € E(G)
with a € Alay,as5) and b € BIb}, by]. Note that b] and b} are feet of some connector .J, and
BIby,b5] € J. Let uy, uy denote the extreme hands for J. Note that e* is from A(zy, z2)
to Blby, b}); so we know (J — b}, uy, A(uy, us), usg, b}) is planar by Lemma 3.0.4. But this
cannot be the case because of ¢, ey, e5.

Because of (G1,G2), G has a separation (G, G4) such that V(G| N G%) = {b}, b4}
with b3, 0}, by, bg, by, b5 on B in order, B[b},b,] C G, and {ao,b},b5} C V(G,). We
choose (G, GY) such that B[bg, b5] is minimal and, subject to this, B[b}, b}] is minimal.

Let ej = agby € E(G) with ay € Alay, as] and by € B(b}, b)), and choose e, so that
Alay, ay) is minimal. We may assume that there exists ¢/ = a'b' € E(G) witha' € A(ay, as]

and b’ € B — BIb, by] (as G* is 6-connected).
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Then b, € Blbg, bYy) (since G has no edge from B(b7, by] to Alay, as)) and b’ € B[by, bj]—
b’ (to avoid doublecross with es, eg, €y, €'). So (ep, €, €5, €4, €’) is a 5-edge configuration.

By Lemma 2.0.9 and 6.0.3, G has a cut that contradicts the choice of (G1, Gs) or (G}, GY).

Case 2. by € B(b}, ba).

Then b* € B(b3, by] to avoid the doublecross eg, €*, €4, €5.

We claim that G has no edge from Blbg, b3) to Alay, as). For suppose ¢ = ab € E(G)
with a € Alay,as) and b € Blbg.b3). Note that b} and b} are feet of some connector .J, and
B[bi,b3] € J. Let uy, up denote the extreme hands for J. Note that e* is from A(uy, us)
to B(b3, ba]; so we know (J — b5, uy, A(uy, us), us, b}) is planar by Lemma 3.0.4. But this
cannot be the case because of ¢, e5, eg.

Because of (G1,G>), G has a separation (G, GY) such that V(G| N G) = {b}, b5}
with b}, 0], by, bg, by, b5 on B in order, B[V}, b,] C G, and {ag, b}, b5} C V(G,). We
choose (G, GY) such that B[b), b,] is minimal and, subject to this, B[b), b5] is minimal.

Let ey = agby € E(G) with ay € Alay, as] and by € B(b}, b)), and choose e, so that
Alay, ag] is minimal. We may assume that there exists ¢’ = a't/ € E(G) witha' € A(aj, as)
and ' € B — B}, b,] (as G* is 6-connected).

Then b, € B(b, ba] (since G has no edge from Blbg, bj] to Alay, as)) and b’ € B[bs, by]—
bl (to avoid doublecross €', ey, e4, €5). So (ey, €4, €5, €6, €') is a 5-edge configuration. By
Lemma 2.0.9 and 6.0.3, GG has a separation that contradicts choice of (G4, G») or (G}, GY).

a

Lemma 6.0.5 Suppose ~ is infeasible, and A’, B' is a core ag-frame in . Suppose P =

(€3, eq, €5, €6, €7) is a S-edge configuration w.r.t. an ideal frame A, B in v with ay, ag, ay, as

on Ain order and by, bz, by, bs, bg, b7, by on B in order. Let Gy := G— A, where (Gy, ag, by, B, bs)
is planar.

Then Gy has a separation (G1,Gs) such that b, b, € V(G1) N V(Gs),

V(G1) N
V(Gs)| < 3, |V(G1 — Ga)| > 1, {ag,a1,a2} C V(Gy), B[by, by C Ga, and one of the

following holds:
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(i) V(G1)NV(Ge) = {ag, b, by}, by € Blby, by, by, € Blbz, bs], and Gy has a path from

ag to B(b},,) through ajy and internally disjoint from B.
(ll) V(Gl) N V(GQ) = {bll, bé}, bll S B[bl, b4], and b/2 € B[b7, bg]

(iii) V(G1) NV (Gq) = {b}, b5}, b € Blby, by, by € Blbg, br), and G has no edge from
B(bé, b7) to A — ar.

(iv) V(Gy) NV (Gy) = {by, by}, by € B(by,bs, by € Blbr, bs], and G has no edge from
B(b4, b/l) to A — ay.

Proof. By Lemma 6.0.3, G has a separation (G, G) such that V (G )NV (G) = {b],0,},
B[b}, by € Gy, {ag, b1, b2} C Go, and one of the following holds:

(A) by € Blby, by, by € Blbg, b7), and there exists es = agbs € F(G) with ag € V(A —
CL7) and bg S V(B(bIQ, b7)), or

(B) V) € B(by,bs], b, € Blb7,bs], and there exists eg = agbs € E(G) with ag € V(A —
CL4) and bg € V(B(b4, bll))

So we consider two cases.

Case 1. (A) holds.

We choose {b], by} so that B[b], by] is minimal and, subject to this, B|b), b7] is minimal.
We also choose eg so that Afag, as] is minimal. Note that ag € Alas, ay), for otherwise,
(e3, €4, €5, €5, €7) contradicts P. So a5 # az.

We consider two subcases according to the positions of a5 and a;.

Subcase 1.1. a5 € A(ar, as).
First, we note that for e = ab € E(G) witha € V(A) and b € V(B), if a € A(as, as]
and b € B(b1,b)), then (e3, e, e5, €5, €7) contradicts the choice of P, and if a € A(as, as]

or b € B[by, b3) then e, e3, e, e4 form a doublecross. So we have
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(1.1.1) G has no edge from A(as,as] to B(by,b}), and G has no edge from A(asg, as] to
Blby, bs).

(1.1.2) G has no edge from A(as, as] to B(b}, by) + by.

For, let e = ab with a € A(as, as] and b € B(b}, by) + b;.

Suppose b = by. Then a # ay, and let e; = agb’ € E(G) with b € B(by,by). Then
b € Blbs, by) to avoid the doublecross e, e3, €7, e5. But now (eq, e, es, €3, €) contradicts
the choice of P.

So b € B(b,,be). If b € B(b),b;) then a € A(as, as| (by the minimality of Alas, as));
but then (es, e4, €5, e, e7) contradicts the choice of P. So b € B[b7, bs). Then a € A(as, as),
as otherwise (e, ey, €5, g, €) contradicts the choice of P. Now (e, e7, es, €6, €5) is a 5-edge
configuration. By Lemma 2.0.9 and 6.0.3, G has a separation, which admits (i) or (ii), or

contradicts the choice of {4, b5}. O
(1.1.3) G has no edge from A(ar, as] to bs.

To prove (1.1.3), let e = aby € E(G) with a € A(ar,as]. We claim that a € A(as, ay).
To see this, first note that a # ay. Moreover, a € A(as, as); as otherwise, (es, €4, €5, €6, €)
contradicts the choice of P. Now suppose to the contrary that a ¢ A(as,as). Then a €
Alay, az), and let e; = axbh, € E(G) with b, € V(B) — {b1, b2}. So b, € B(by, bs] to avoid
the doublecross e, e, e4, es. But then (e, e, €5, €6, €7) contradicts the choice of P.

Thus b7 = by, or else (e3, ey, €5, €7, €) contradicts the choice of P. Moreover, ag = as,
or else (es, ey4, €5, e, €) contradicts the choice of P.

Suppose ag € Alay,ar). Let €& = a;b, € E(G) with b, € V(B — b;). Then b, ¢
Blby, bg) to avoid the doublecross eg, e, e7, es. Also b, # bg as otherwise (e, 4, €4, es, €7)
contradicts the choice of P. So 0, € B(bs,bs). Then (es, ey, €5, €%, e7) contradicts the
choice of P.

So ag € A(as, as] for all choices of eg. Then ag € Alay, as, or else (e3, ey, €6, €3, €)

contradicts the choice of P. Let ¢/ = ab’ € E(G) with &/ € V(B — by). Then b/ # bg as
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ag € Alay, as) for all choices of eg. So &/ € B(bg, b) to avoid the doublecross eg, eg, €, €.

But then (e3, €4, €5, €/, e7) contradicts the choice of P. O
(1.1.4) There exists eg = agby € E(G) with ag € Alay, as) and by € B(b, b)].

For, suppose such an edge does not exist. Then ag € A(as, as] and G has no edge from
B(by, bs) to Alay, as) by the choice of P. Note that we have a5 # a; and a; € Alay, as)
and that, by (1.1.2) and (1.1.3), G has no edge from Bl[br, bs] to A(as, as]. Thus, we may

apply Lemma 6.0.4, a contradiction. O

(1.1.5) by € B(by, ], ag = as, and so all edges from B(b], b,| to Ala1, ag) must be from

B(b4, bIQ] to as.

First, suppose by € B(b),bs). Then (eg, ey, €5, €6, €5) is 5-edge configuration. Thus, by
Lemma 2.0.9 and 6.0.3, GG has a separation, which admits (i) or (ii), or contradicts the
choice of {b},b,}. So we may assume by € B(by,bS]. Suppose ag # az. Then ag €
A(as, ayq), to avoid the doublecross eg, eg, €5, 7. But now (e3, ey, €9, €5, €7) is a S-edge

configuration contradicting the choice of P. O
(116) as = ao.

Suppose a4 # ay. Let €5 = axby € E(G) with by € V(B). Then b € B(by, by] to avoid

the doublecross €3, ey, €9, es. Now (e3, e, 5, €5, €7) contradicts the choice of P. O

Thus, G has no edge e from B[by, b)) to v € V(A(as,as]); for, if v # ay then
e, €9, es, ¢4 would form a doublecross, and if v = ay then (es, ¢, e5, €6, €7) contradicts
the choice of P. Hence, by (1.1.2) and (1.1.5), G has a 5-separation (H;, Hy) such that
V(Hy N Hy) = {b}, b, as,a3,a2}, V(Alas,as]) U V(B[Y, b)) U {as} € V(H;), and

V' (Alas, as]) U {ao, a1, az,b1,b2} C V(H,), a contradiction.

Subcase 1.2. as € Alay, az).
Then ag ¢ A(ay,as) to avoid the doublecross ey, €4, €5, €7, and ag ¢ A(ar,aq) as,

otherwise, (es, e4, €6, €3, €7) contradicts the choice of P. Hence,
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(1.2.1) ag € Alay, as) or ag = ay.

(1.2.2) There exists v € {a4, by} such that all edges from A(as, as] to B(b}, b,] are incident

with v.

To prove (1.2.2), we first claim that G has no edge from A(as, as] — ay to B(b), 0] — by.
For otherwise, suppose there exists eg = agby € E(G) with ag € A(ag, as] — ay to by €
B(b), by —by. If by € B(V},bs) then ag € A(ay, as] to avoid the doublecorss ey, €4, €7, €53 SO
(es, eq, €5, €6, €7) contradicts the choice of P. Hence, by € B(by,b,). Then ag € A(as, as)
to avoid the doublecross ey, eg, €5, €7. Now (€3, €4, €9, €5, e7) contradicts the choice of P.
Next, we see that either no edge is from b, to A(ag, as] — a4, or no edge is from ay to
B(b, by] — by. In fact, by the choice of P, any edge from b, to A(as, as] — a4 must end in
A(ag, ay), and any edge from ay to B(b}, b5 — by must end in B(by, by]. If G has an edge
from by to A(as, as] — a4 and an edge from a4 to B(b},b,] — by, then such two edges and

e7, es form a doublecross in 7, a contradiction. O

Define a} € Alay, ag] such that G has no edge from A[ay, a}) to B(b}, b,] and, subject to
this, Afay, @] is maximal. By the definition of a}, G has an edge e; from a) to b € B(b/, b}).

We claim that @] € Alas,ag). For otherwise, a) € Alay,as). Now, if b € B(bs, bl]
then ey, e3, e4, eg form a doublecross; if b € B(by, bs] then (e, ey, e5, 6, €7) contradicts the
choice of P.

So ay, as, al, as, as, a7, ays, as occur on A in order.
(1.2.3) G has no edge from A(a}, ag) to B — B[b), b].

For, otherwise, a} # as, and there exists eg = aghy € E(G) with ag € A(a),ag) to
by € B — B}, b,]. Then by ¢ B[by, b)) to avoid the doublecross ey, eg, €4, €7.

We claim by = by and ag ¢ Alas, as). For, if by € B(b), b7) then ag € A(a), as) by the
choice of eg (that Alas, ag| is minimal); now (es, ey, €5, €9, e7) contradicts the choice of P.

Hence, by € B[br, by]. Thus, ag ¢ Alas, ag); as otherwise (es, ey, €5, eg, €9) contradicts the
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choice of P. Now suppose by # bs. Then (e7, eg, €3, €, €5) is a 5-edge configuration. Thus,
by Lemma 2.0.9 and 6.0.3, GG has a separation, which admits (i) or (ii), or contradicts the
choice of {b], b, }.

We see ag = as; otherwise, (es, ey, €5, €5, €9) contradicts the choice of P. Moreover,
a4 = ay; for otherwise, GG has an edge ¢’ from a, to B, then either (e3, €, e5, €4, €7) contra-
dicts the choice of P or €/, e4, e5, e; form a doublecross.

Next, we claim that all edges from A(ag, az) to B must end in {by, by }. First, G has
no edge from A(as,as) to by; otherwise, such an edge together with e, e3, 4 forms a
doublecross. G has no edge from A(as, az) to B(by, by); otherwise, such an edge together
with e3, e5, €1, eg forms a 5-edge configuration contradicting the choice of P. G has no
edge from A(ag, as) to B(by, bg); otherwise, such an edge together with e3, 4, eg, e7 forms
a 5-edge configuration contradicting the choice of P. G has no edge from A(ag, as) to
Blbs, b2); otherwise, such an edge together with e, ey, €5, €9 forms a 5-edge configuration
contradicting the choice of P.

Therefore, since a; € A(as, az), then {as, ag, bs, by} is a 4-cut in G separating a; from

{ao, a1, as, by, by}, a contradiction. O

By (1.2.2) and (1.2.3), G has a separation (H1, Hs) such that V (H,NHy) = {0}, b}, as, a}, v},

bs € V(Hy — Hy), and {ao, a1, as, by, bo} C Hy, a contradiction.

Case 2. (B) holds.

We choose (G'1, G3) such that B[}, by is maximal.

We claim that ag € Alay, as] U A(ay, as]. For, suppose ag € A(ag,ays). Then ag €
Alay,ag] and ag ¢ Alar, as]; for otherwise (es, ey, €3, €6, €7) contradicts the choice of P.
Therefore, as ¢ Alag, as] (since ag ¢ Alas, ar]). So (es, eq, €3, €5, €6) is a 5-edge config-
uration. Thus, by Lemma 2.0.9 and 6.0.3, GG has a separation, which admits (i) or (ii), or
contradicts the choice of {b/, b} }.

Therefore, we have distinguished two cases.
Subcase 2.1. ag € A(ay, as).
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Choose eg so that Alag, as] is minimal. Note that ag € Alag, as] and a7 € A(as, as),

since, otherwise, ey, eg and two of {es, eg, €7} force a doublecross.
(2.1.1) G has no edge from A(as, as] to Blby, bs) U B(bg, by].

For, let e = ab € E(G) with a € A(as, as] and b € B|by, by) U B(bg, ba).

Suppose b € B(bg, by]. Then a € Alas, as] to avoid the doublecross e, ey, €5, €. So
b € Blbs,byl, or else (es, e4, €5, €, e7) contradicts the choice of P. Suppose b = by. Then
a # ay, so there exists € = axb’ € E(G) witht € B(by,bs). Now 0’ € B(by, by] to avoid
the doublecross ey, e5, ¢, ¢/. But then, (es, €, e, eg, e7) contradicts the choice of P. Thus,
b # by. Now (e, e7, €5, €3, €4) is a S-edge configuration. Hence, by Lemma 2.0.9 and 6.0.3,
G has a separation, which admits (i) or (ii), or contradicts the choice of {0, b, }.

Thus, b € B[by, bs) for every choice of e = ab. Assume a € Alay, as]. Then b = by,
or else, (e, es,e5,eq,e7) contradicts the choice of P. Now, since G has no edge from
B(bg, by to A(as, az], G has an edge from ay to B(by, by), which together with e, e3, 7
forms a doublecross. So a € A(as,ay). Then either e, e4, €5, ¢ form a doublecross, or

(es, e, es, €g, €7) contradicts the choice of P. O
(2.1.2) G has no edge from B(b;, b3) to A.

For otherwise, let ¢ = ab € E(G) witha € Aand b € B(by,b3). If a € Alay,as),
then (e, ey, €5, €6, €7) contradicts the choice of P; if a € A(as, aq), then e, e3, €4, 7 form
a doublecross; if a € Alay, as), then (es, e, es5, eg, e7) contradicts the choice of P. Hence,

(2.1.2) holds.O

(2.1.3) b, = by and G has a separation (G, G5) that V(G| N GS) = {b1, b5, a0}, b5 €
B(b/h b,2)’ B[bla b/2/] C Gll’ and {CL(), bl? b2} C V<G/2)

For, otherwise, we claim that there exists v € {as, b5} such that all edges from B(b], b))

to Alay, ag) in G contain v. To prove this, we first assume that b; € B(b}, b)), and there
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exist ef = asb, el = atbs € E(G) with af € Alay,ag) and b, € B(l),b,) such that
ar # as and by # bs. Then er, ef form a cross to avoid the doublecross ef, eX, e4, es. But
now, by € B(bs, ) by the choice of P, and so (eg, €5, €%, es, €4) i a 5-edge configuration;
and since (i) or (ii) does not hold, then (2.1.3) follows from Lemmas 2.0.9 and 6.0.3 and
the choice of {b)b,}. So assume that such e}, e? do not exist. Therefore, if the claimed
v does not exist, then there exists ¢ = ab € FE(G) such that a € Alay,as) — a; and
b e B(b,by) — bs. If b € B(l},bs) then a € A(as, ag) to avoid the doublcross e, e5, ey, es.
Hence, (eg, €5, €, €3, €4) is a 5-edge configuration and (2.1.3) follows from Lemmas 2.0.9
and 6.0.3 and the choice of {bjb,}; or else, (i) or (ii) holds. So b € B(bs,by). Then
a ¢ Alas,ag) to avoid the doublecross ey, es5, es, €. Hence, (e, eq, es5, €5, €4) is a 5-edge
configuration and (2.1.3) follows from Lemmas 2.0.9 and 6.0.3 and the choice of {b}0}};
or else, (i) or (ii) holds.

Now, we see that G has no edge from A(as,as) to B — B[b}, b,]. For otherwise, by
our claim, G has an edge e = ab with a € A(as,a2) and b € B — [0}, b,]. By (2.1.1),
b € Blb4,b}). By the choice of P, b # by. So b € B(by, b)), which contradicts the choice
of eg.

Thus, G has a separation (H;, Hy) such that V/(H1NHy) = {v, as, as, b}, b}, ag, a1, as, by, by €
V(H,), and bg € V(Hy — Hy), a contradiction. O

By (2.1.3), a(A, B) < 1. We may assume

(2.1.4) b5 ¢ B[br, bs], and either b; = by (in which case let By = B[bf), bs]) or b; # by and
Go — (Blb1, by) U B[bz, be)) has a path B, from b to bs.

Clearly, b ¢ B|b;, bs] as otherwise the conclusion of the lemma holds. Now suppose b7 #
by and the desired path By in Gy — (B[by, b3) U Blb7, bs)) does not exist. Then there exist
by € V(BJbr, be)) and a separation (Hy, Hy) in G such that V(H; N Hy) = {by, b5, ao}.

This implies the conclusion of this lemma, a contradiction. O

We choose b so that B[, b7 is minimal.
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(2.1.5) G has two non-incident edges from B(b], bo] to Alay, as)].

For otherwise, b} = bs, and there exists v € {ar, b7} such that all edges in G from B(V, bs]
to Alay, as| are incident with v.

G has no edge from B(b}, bs] to A(as,ag). For otherwise, let e = ab € E(G) with
b € B(l,bs] and a € A(as,as). Now, since b} = by, then e, ey, €5, es form a doublecross,
a contradiction.

G has no edge from A(as, as] to Blby,b)). For otherwise, let e = ab € E(G) with
b € Blby, b)) and a € A(as, as]. By the choice of eg, b ¢ B(by, b)), and so b = by. But
then, (e, €, e5, €6, e7) contradicts the choice of P.

Now, combined with (2.1.1), G has a separation (H;, Hs) of order 5, such that V (H; N
Hs) = {v,b},ba,as,as2}, {ag,ar,as,b1,b2} C V(Hy), and V(B'[b], bo] U Alas, as]) C

V' (Hs), a contradiction. O

Note that no two edges of G from B(b], bo] to Alay, a4] can be parallel, as such edges
would form a doublecross with ey, es. Therefore, there exist two non-incident edges e; =
agby, eg = agby with ay, aj € Alay,as] and by, by € B(b), be] such that by, by, by occur
on B in order, and a1, ag, ag occur on A in order. Moreover, we further choose €5, g so
that Alag, as] U Blby, bo] is minimal. By the existence of e;, we have ag € Alar, as] and

b € Blbr, by).

(2.1.6) G has two parallel edges €', e¢” from 0/, 0" € B(bs, b)) to a’,a"” € Alay, as], with

by, b, b", by occurring on B in order.

Suppose it fails. Then b3 = b, as otherwise ey, eg give the desired edges for (2.1.6). Let
e =ab € E(G) withb & {by,bs,b3,b;}. Then b ¢ B(by, b3); otherwise, (e, ey, €5, €6, €7)
contradicts the choice of P. Moreover, b ¢ B(bs, b;) to avoid the doublecross e, e4, €7, es.
So b € B(by, by).

Now, since (e, eg, €5, €5, €4) is a 5-edge configuration, then b € Blbg, b;); or else, by

Lemma 2.0.9 and 6.0.3, (i) or (ii) holds, or it contradicts the choice of b}, b, or contradicts
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the choice of b5.

Now, let a* € Alay, as], such that G has an edge e* from b* € B(b}, b7) U B(b7, bs) to
a*, subject to this, A[a*, as] is minimal, and subject to this, B[b}, b*| is minimal.

We claim that a* ¢ A(as,as]. For otherwise, suppose a* € A(as,as]. Now, if b* €
B(b3,b7), then (e3, ey, €5, €*, e7) is a 5-edge configuration contradicting the choice of P. So
b* € B(b7,by). If a* € A(as,as), then ey, €5, eg, €* form a doublecross; if a* € Alas, as],
then (e, e*, es5, eg, €4) is a 5-edge configuration contradicting the choice of P. This finishes
our claim.

Now, we further claim that G has no edge from A(ay, a*) to B[by, b3) U B(bs, b}). For
otherwise, let ¢/ = d't/ € E(G) with @’ € A(ay,a*) and b’ € B[by, b3) U B(bs, by). Then
b ¢ B(bs, b)) to avoid the doublecross ey, eg, €', e*. So b € Blb,bs). But then o’ ¢
A(ag, a*) to avoid the doublecross e3, ey, €', e7. So a’ € Alay, as], and (€', ey, €5, €6, €7) is
a 5-edge configuration contradicting the choice of P.

We may assume G has an edge e/, from b7 to a, € A(a*, as] and an edge € from b3 to
ay € A(ay,a*). For otherwise, G has a separation (H;, Hy) of order 5, such that V/(H; N
Hy) = {ay,a*,v,05, by}, v € {bs,br}, {ao,a1,a2,b1,b} C V(H;), and V(Alay,a*] U
Bby, bs]) C V(Hy), a contradiction.

Now, G has a separation (Hy, Hy) of order 6, such that V (H,NHsy) = {ay,a*, bs, by, by, by},
{ap, a1,a2,b1,b2} C V(Hy),and V(Afay, a*] U B[bY, bo]) C V(Hy).

We see that any two edges from Alaq, a*| to B[b}, by| are not parallel; or else, such
two edges together with ey, eg form a doublecross. Moreover, by the choice of P, we can
further assume o/, € A(as, as].

Now, assume b* ¢ B(bj,b;). Then since any two edges from Alay,a*] to B[bY, bo]
are not parallel, then, combined with the choice of e*, we have (Hs, ay, b3, a*, by, by, bs) is
planar, a contradiction to Lemma 2.0.3.

So b* € B(by,b;). Butthen (e, e, e*, eg, €3) is a 5S-edge configuration. Now, by Lemma

2.0.9 and 6.0.3, (i) or (ii) holds, or it contradicts the choice of 5. O
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We choose €', €” in (2.1.5) such that Blbs, b'] is minimal and, subject to this, B[b", V]
is minimal.

Suppose Gy — B(by, bs] — B(b', bo] has disjoint paths Py, P, from by, ag to t/, b, respec-
tively. Let A’ := P,Ue” U A[d",as] and B’ := P, U ¢’ U Alay, '] U ey U Blby, b] U By.
Now, since A, B is a good frame, then the existence of A’, B’, Alay, ag] U ey U Blbg, bo],
and Alay, as] U ez U B[by, bs] shows a(A, B) = 2, a contradiction.

Thus, such P;, P, do not exist. Then G has a separation (Hy, Hy) with V(Hy N Hy) =
{b}, b5} such that bj € B(by, bs], B[bj,b"] € Hy, and {ag, b1,b2} C H,. We may assume
by € B[, b)) as otherwise we have (i).

Now, suppose G has no edge from B(b3, b)) to A, then, combined with (2.1.2), G has a
separation (K, K3) of order 5, such that V (K 1NKy) = {b1, b}, 05,0, a0}, {ao, a1, as,b1,ba} C
V(K1), and V(BJ[by, bi] U B[bs, b}]) C V(K3), a contradiction.

So we may assume G has an edge e from by € B(b5, b)) to ag € A. By the choice
of €',€”, ag € Alay,a”). So (es,€”, ey, g, €7) is a 5-edge configuration. Now, by Lemma
2.0.9 and 6.0.3, and by the existence of {b7, b5}, (i) or (ii) holds, or it contradicts the choice

of v, bh,.

Subcase 2.2 ag € Alay, asl.
Note that if b3 = b, we have symmetry between ez and ey, so by Subcase 2.1, we may

assume that
(2.2.1) if b3 = by then there exists eg = asbg € F(G) with by € B(by, b)).

(2.2.2) The following holds: (a) G has no edge from B(by,b;) to A(ay,as] and so ag ¢

A(ay, as]; and (b) G has no edge from B(bs, b7) to Alay, a3) and so ag = as.

We have (a) to avoid a doublecross formed by such an edge and ey, e7, es. Now suppose
(b) fails, and let ¢’ be an edge from B(bs, b7) to Alay, as). If by # by, e3,¢e4,€’, e; form a

doublecross. So b3 = by. Then by (2.2.1), e3, eg, €', e; form a doublecross.
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(2.2.3) There exists v € {ay, by} such that all edges from B[b;, b)) to A(as, as] must contain
g 1

.

Since we have proved ag € Alay,as] U A(ay, as], then, combined with (2.2.2), all edges
from B(by, ) to A must end in {as, a4}.

Now, we claim that G has no edge from B[by, by) to A(as, as]. For, lete = ab € E(G)
with b € B[by,bs) and a € A(as,az]. Then a € Alay,as], to avoid the doublecross
€, e4, €5, 3. S0 b = by by the choice of P. Then a # as; so G has an edge e; = asb’ with
b' € B(by,by). Then b’ € B[b;, by) to avoid the doublecross e, e7, es, €'. If by # by then
(€2, e7, €4, €3, €) contradicts the choice of P. So by = by. Then ey is defined by (2.2.1).
Hence, (es, e7, €9, €3, €) contradicts the choice of P.

Thus, if (2.2.3) fails, then there exist ¢’ = a4b’, ¢’ = a""by with o € A(as, as] — a4 and
b € B(by,b)). By the choice of P, a” € A(as, as4). So eg, €, e”, e; form a doublecross, a

contradiction.
(224) a; = as.

For, suppose a; # as. Then there exists e; = a1b € E(G) with b € B(by, b2). Indeed,
b ¢ B(by,by] by the choice of P; b ¢ B(by,b7) by (2.2.2). So b € B[bs, by). Moreover,
by = by, for, otherwise, (e1, 7, es, €4, e3) contradicts the choice of P. Thus eg in (2.2.1) is
defined.

We claim that G has no edge from B[b},b;) to A(ai,a7). For such an edge and
ey, er, eg, ez form a 5-edge configuration. Hence, by Lemma 2.0.9 and 6.0.3, (i) or (ii)
holds, or it contradicts the choice of b, b},.

Thus, combined with (2.2.2), ag € A(ar, a4]. So (e, €1, €5, €9, €3) is a 5-edge configu-
ration. Hence, V), = by; or else, by Lemma 2.0.9 and 6.0.3, (i) or (ii) holds, or it contradicts
the choice of b/, b),.

Now, we claim that {by, bs, ], as, a4} is a cut in G separating {a;,as} from {ag}, a

contradiction to that G* is 6-connected. In fact, since b, = b, we just need to show that G
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has no edge from B(by, b)) to Alay, as] — {as, as}. Suppose there exists e* = a*b* € E(G)
with a* € Alay, as] — {as,as} and b* € B(by,b)). By (2.2.3) and by the existence of eg,
a* € Alay,as). Then b* ¢ B(by, bs; otherwise, (e*, e4, €5, €5, €7) contradicts the choice of
P. But then, b* € B(bs, b)), and e*, e3, g, e7 form a doublecross. Hence, our claim is true,

which finishes the proof of (2.2.4). O

Let e = abt) € F(G) with o, € V(A) and b’ € B(b}, b)), such that Alay, aj)] is

minimal. We may assume that

(2.2.5) there exists e = apby € E(G) with ag € A(aq,a)y) and by € B — B[b], b,].

For otherwise, G has a separation (Hy, Hs) such that V(H, N Hy) = {b, b}, a1, ay} with

ag, ay, ag,b1,be € V(Hy), and bg € V (Hs), a contradiction. O
(2.2.6) by € Blby, b)) for every choice of e.

For, otherwise, by € B(bj, bs]. Then ag € A(aq, ay), to avoid the doublecross ey, es, €2, €.
Also, ag € Alas, apl; otherwise (e3, eq, €5, €6, €9) contradicts the choice of P. Moreover,
a; € Alag, agl; or else (es, eq, €6, €7, €9) contradicts the choice of P. But this shows that

ag € Alas, ay|, a contradiction. O

Now, combined with (2.2.3), G has a separation (Hy, Hs) such that V(H; N Hy) =
{al, (ZIQ, bll, blz,’l]}, {(Zo, ai, ag, bl, bg} - V(Hl), and V(A[(ll, &/2] U B[bll, bé]) - V(HQ), a

contradiction. O

Lemma 6.0.6 Suppose ~y is infeasible, and A’, B' is a core ag-frame in . Suppose P =
(€3, eq, €5, €6, €7) is an ideal 5-edge configuration w.r.t. an ideal frame A, B in ~. Then

(i)—(iv) of Lemma 6.0.5 do not hold.

Proof. For notation convenience, we assume ai, as, a4, o occur on A in order, and by, b3, by, b5,

be, b7, by occur on B in order. And we choose b/, b, satisfying the conclusions of Lemma
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6.0.5 so that b}, b, are defined from (i) or (ii) whenever possible, subject to this, B|b, b!] is
minimal, and subject to this, B[br, b}] is minimal.
Moreover, we define to,t1,t, € V(G), B(t1,t2), Blbi,t1), and B(ts, bs] according to
{07, 5}
(i) Suppose (i) of Lemma 6.0.5 occurs. We define t; := b}, to := U, ty = ay,
B(tq,t9) := B(y,b,), Blby, t1) := B[b1, b)), and B(ta, by] := B(b}, bs).

(ii) Suppose (ii) of Lemma 6.0.5 occurs. We define ¢y := t; := b, t2 = U}, to := ay,

B(ty,t2) := B(l},b,), Blby, t1) := Blb1, b)), and B(ta, by| := B(b}, bs).
(iii) Suppose (iii) of Lemma 6.0.5 occurs.
(a) If G has no edge from B(b), b;) to A, we define t; := b), ty := by, to := b,
B(tl,tg) = B(bll, b7), B[bl,tl) = B[bl, bll), and B(tQ, bg] = B(b7, bg]
(b) If G has an edge f; from b% € B(b}, b7) to a7, we define t1 := b, ty 1= az, tg :=
b/2, B(t1,t2) = B(bll, bé], B[bl,tl) = B[bl, bll), and B(tg, bg} = B[b7, bg]
(iv) Suppose (iv) of Lemma 6.0.5 occurs.
(a) If G has no edge from B(b4, b)) to A, we define t1 := by, to := b, to := b,
B(tl,tg) = B(b4, b/2), B[bhtl) = B[bl, b4), and B(tg, bg] = B(bIQ, bg]
(b) If G has an edge f, from b} € B(b4, b)) to ay, we define t1 := ay, to 1= b, to :=

bll, B(tl, tg) = B[bll, b/2), B[bl,tl) = B[bl, b4], and B(tg, bg] = B(bé, bg]

Note that by Lemma 6.0.5, when (7i7)(b) occurs, G has no edge from B(bj, b;) to
Alay, as] — az; when (iv)(b) occurs, G has no edge from B(by, b)) to Alay, as] — ay.

Let a}, a; be vertices on A such that a,, aj, a3, as occur on A in that order, G has edges
fi, i = 1,2, from a} to b} € B(t1,t2), and subject to these, A[a], aj] is maximal. Notice

that Alas, ag] C Alaj, a3).
Case 1. G has no edge from B|by,t1) to A(a}, a}), which is different from e,.
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Now, as G* is 6-connected, {t¢, {1, 2, a}, a3} is not a cut in G separating V (A(a}, a3) U
B(ty,t2)) from {ag, a, as, by, be}. Thus, combined with Lemma 6.0.5, G has an edge eg
from bg € B(ta,bs] to ag € A(aj,a3) (or ag € A(a},al) — ay if (iii)(b) occurs). Then,
obviously, bs € B(b}, bs] N Blbr, by].

We first see that ag € A(ag, a4). For, suppose ag ¢ A(as, ay). Hence, ag € A(aq, as] U
Alag, a). If ag € A(ay,as, then aj € Alay,as), and so eg, fi, e5, eg force a double-
cross, or (fi, eq, €5, €6, e7) contradicts the choice of P. Therefore, ag € Alay, as). Then
b5 € B(b},by]; otherwise ey, €5, fo, s force a doublecross. But now, (es, fa, €5, €6, €7)
contradicts the choice of P.

We claim that bg = b7, and so (#ii)(b) occurs with ag # a7 and f7 existing. For, suppose
bs € B(b7,bs]. Then (es, ey, €5, €6, e3) (When ag ¢ Alas, ag]) or (es, ey, €6, €7, €3) (When
ag € Alas, ag]) contradicts the choice of P.

Let e = agh € E(G) with b € B[by, by] — {bs, b7}. We also claim that b € B[by, by).
First, by bg = b7, b ¢ B(b7,bs]. By (iii)(b), b ¢ B(b),b;). Moreover, b ¢ B(by, b}];
otherwise, (e3, ey, e, f7,eg) is a 5-edge configuration contradicting the choice of P. This
finishes our claim.

Now, we may assume ag € A(as, ar); otherwise, e, e4, f7, eg form a doublecross.

Then a; € Alay, as|; otherwise, (es, eq, €5, f7, es) is a 5-edge configuration contradict-
ing the choice of P.

We see that ag € A(as, as]. In fact, if ag € Alaq, as), then ey, g, eg, e form a double-
cross; if ag € Alas, ay), then (es, eq, €4, f7, €s) is a 5-edge configuration contradicting the
choice of P.

G has no edge from B(by,bs] to Alay,as). For, otherwise, let eg = agby € E(G)
with ag € Alay,as) and by € B(by,bs]. Now, ag ¢ Alay,ag) to avoid the doublecross
e, ey, €8, 9. Moreover, ag ¢ Alas,ar) and by ¢ B(by,bs); or else, (e3, ey, €9, f7,€5) is a
5-edge configuration contradicting the choice of P. So a9 € Alar,as) and by = bs, but

then (es, e4, €9, €6, €7) is a S-edge configuration, contradicting the choice of P.
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G has no edge from Blbr, bs] to A(as, as|. For, otherwise, let eg = agby € E(G) with
ag € Alas,as] and by € Blbs, by]. Then (eg, es, f7, €6, €5) forms a 5-edge configuration.
Now, by Lemma 6.0.3, G has a cut {b, b5} or {b}, 05, ag} (w.r.t. (eq, es, f7, €6, €5)) satis-
fying the conclusion of Lemma 6.0.3, such that b, b}, b}, by occur on B in order. But then,
by Lemma 2.0.9, G has a cut, which contradicts the choice of {0, 0, }.

Now, the existence of {b}, t},} contradicts Lemma 6.0.4.

Case 2. G has an edge eg from bg € B[by, 1) to ag € A(a, a}), such that eg # ey.
Note that bg € B[by, by N B[by,}). Now, we distinguish two subcases, ag € A(as, a})

and ag € A(af, as].

Subcase 2.1. ag € A(as, a}).

We choose eg so that A[ag, as| is maximal.
2.1.1) by & B(by, by).

For, otherwise, by € B(by,bs). Then ag ¢ A(as, az] to avoid the doublecross eg, e4, €5, €7.
Now, by = by and ag € Alay, ay); otherwise, (es, es, €5, €6, e7) contradicts the choice of P.

But then, e3, ey4, e7, eg form a doublecross. O
(2.1.2) bg # by.

For, otherwise, bs = by, and (iv)(b) occurs with f, existing.

We see that ag ¢ A(ay, as]; otherwise, (es, es, €5, €g, €7) contradicts the choice of P.
So ag € A(as, ay).

G has no edge from A(as,a4) to B(bs, by]; otherwise, such an edge together with
es, s, f4 forms a doublecross. Hence, a; € Alaj,as] and ag ¢ A(as,ay). Moreover,
ag ¢ Alay, ar) to avoid the doublecross eg, €7, s, f1. S0 ag € Alay, as).

Now, since ag has degree at least 6 in G, then G has an edge e} from ag to b €

Blby,by] — {b1, b4, b5}. Since G has no edge from A(as, as) to B(bs, bo], then, combined
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with (2.1.1), b € B(by, bs). But then, (es, e4, €%, €6, €7) is a 5-edge configuration contra-

dicting the choice of P. O

Hence, by = by and b # b;. Now, ag € Alay, a3) to avoid the doublecross eg, ey, €3, €7.
And b} € B[b;, b)) to avoid the doublecross es, fa, €3, e;. Moreover, by = by; otherwise,
(f2, €7, €4, €3, €g) contradicts the choice of P.

Now, by no doublecross and by the choice of P, G has no edge from B(b;, b3) to A.
Also, a5 € Alay, af], or else (f2, e7, es5, €3, eg) contradicts the choice of P.

Finally, ag € Alay, as), as, otherwise, eg, eg, €3, ez (When ag € A(as, as]) would form a

doublecross , or ( f2, e7, g, €3, €s) (When ag € Alas, ag]) contradicts the choice of P.
(2.1.3) G has no edge from B(bg, bo] to Alay, as) and no cross from B|bg, bo| to Alas, as].

For, let ¢ = ab € E(G) with b € B(bg,bo] and a € Alay,as). Then b = by; or else,
(e3,e4,e5,€,e7) (when b ¢ B(bg, b)) or (fa, e, es5,€e3,es) (when b € B[br, by)) contradicts
the choice of P. But then a # a4, and e, eg and two edges from a;, as to B(by, bs) would
form a doublecross.

Moreover, suppose G has a cross from Blbg, b] to Alas, as], then such a cross and e, eg

would form a doublecross, a contradiction. O
(2.1.4) G has no edge from B(by, b3) to A.

For, otherwise, let ¢ = ab € E(G) witha € A and b € B(by,b3). Then a € Alay, as);
or else, (fo, €7, €4, €, eg) contradicts the choice of P. But now, (e, e3, 5, €6, e7) contradicts

the choice of P. O
(2.1.5) G has no edge from A(ay, as] to B(by, br).

For, otherwise, let e = ab € E(G) with a € A(ayq,as] and b € B(by,b7). Then b ¢
B(by, b7) to avoid the doublecross ey, €4, €7, ¢. But then b € B(by, by), and (e, es, €5, €6, €7)

is a 5-edge configuration contradicting the choice of P. O
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Let e* = agb* € E(G), such that b* € B(by,bs), and B[b*, by] is minimal. Then by
(2.1.3) and (2.1.5), b* € B[bs, by) and G has no edge from B(b*, bs] to A.

Let ¢/ = d't/ € E(G) with @’ € A(as,as] and b’ € B(bg, bs], such that B[V, bs] is
maximal. Note that e’ exists because of e*. And b’ € B[b7, b*] by (2.1.3).

Now, by (2.1.3), (2.1.5), and the choice of e¢*, ¢/, we have

(2.1.6) G has no edge from B(b*, by] to A and no edge from B(by, V') to A(as, az).
(2.1.7) G has no edge from b; to Afay, ag).

For, suppose there exists e = ab; € F(G) with a € Alay, ag). Then, obviously, by the
choice of es, a ¢ A(as, ag). Hence, a € Alay, as]. Since a # ay, thenletey = a1by € E(G)
with by € B(b1,bsy). Now, by € B|br,by) to avoid the doublecross e, e4, e7, . But then

(eo, €, €5, €4, €) is a 5-edge configuration contradicting the choice of P. O

(2.1.8) For any edge fi = aibi € E(G) with a§ € Alas, as] and b € B(bg, bo], G has no
edge from B(by, bg) to A(ag, as).

For, otherwise, let fj = ayby € E(G) with ay € A(ag, as] and by € B(by,by). Then
by ¢ B(bs,by) to avoid the doublecross es, g, f§, f5. So by € B(by, bs]. Moreover, by, ¢
B(bs, bs); otherwise, (e, e4, fy, €6, €7) is a 5-edge configuration contradicting the choice
of P. So by, = bs. Now, we see that a; € Alas,ay); or else, (es, ey, f§, €6, €7) is a 5-
edge configuration contradicting the choice of P. But then (e*, e7, f§, 3, €s) is a 5-edge

configuration contradicting the choice of P. O

(2.1.9) G, does not have a cut {b3, 0"} or {b3,b",a"} with " € Blbg, V'] separating B|bs, b"]
from {ao, by, b2 }.

For, suppose Gy has such a cut {b3, 0"} or {b3,0",a"} with b" € Blbg, V']. Now, let ay €
Alay, as] such that G has an edge fj from ay to by € B(bs, "), and subject to this, A[ay, as]

is minimal. Obviously, by the existence of es, ag € Alas, as].
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We claim that ay, ¢ A(as, as), and so by (2.1.7), G has no edge from b; to Ala,, ag). For
otherwise, by ¢ B(bs, b;) to avoid the doublecross eg, €7, eg, f§. But then by € Blbr, 1),
and f; contradicts the choice of ¢’.

By (2.1.3) and (2.1.8), G has no edge from B(b”, bs] to Alay, ag). Thus, {ay, b3, ", ag}
or{ay, b3, b’ a" a9} isacutin G separating V' (Alay, ag|UB[bs, b"]) from {ag, a1, as, by, b},

a contradiction. O

Since (¢, eg, €5, €3, €g) is a 5-edge configuration, G has a cut {b/, b5} or {b], 0], aj
(w.rt. (€, eq, €5, €3, €3)) satisfying the conclusion of Lemma 6.0.3, such that by, b7, b3, bs
occur on B in order.

Moreover, since (e, e4, €5, €, €7) is a 5-edge configuration, Gy has a cut {b7 b7} or
{be7 bf , a# } (wort. (es, eq, €5, €6, e7)) satisfying the conclusion of Lemma 6.0.3, such that

b1, bfé, bf, by occur on B in order.

Subcase 2.1.a. Conclusions (i), or (ii), or (iii) of Lemma 6.0.3 holds for {07, b5} or
{01,053, ap} w.rt. (€, eq, €5, €3, €s5).

We may assume conclusion (iv) of Lemma 6.0.3 holds for {b7 b7 } w.r.t. (e, e4, €5, €6, €7),
and so b € B(by,bs] and b¥ € B[bs, by]. For otherwise, assume conclusions (7), or (i),
or (iii) of Lemma 6.0.3 holds for {b7 b7} or {b7 0¥, a4} wrt. (es,eq, €5, €5, e7). Then
by the choice of {b/, b,} with b} # by, and by Lemma 2.0.8 and 2.0.9, we could find a cut
{bs3, 0"} or {bs, ", a"} with b € Blbg, V'] in G, which separates B[bs, b"] from {ag, b1, b2},

a contradiction to (2.1.9).

Now, suppose conclusion (i) of Lemma 6.0.3 holds for {4/, b5, ag} w.r.t. (¢, eg, €5, €3, es).
Then b € Blbg, b7) by b} # by and the choice of {l},b,}. Moreover, by Lemma 2.0.9,
bf = by, and bfé, b, by, ag are on a common finite face of Gy. Let ag € Alay, az] such that
G has an edge f} from B(b], by] to ag, and Alag, as] is maximal. Now, by (2.1.3), (2.1.4),
and (2.1.8), G has a separation (H;, Hy), such that V(H; N Hy) = {by,ba, by, b, ag},
{ag,a1,b1,b} C V(Hy), and V(Alag, as] U B[by, bs]) C V(Hz), a contradiction.

Suppose conclusion (i) of Lemma 6.0.3 holds for {07, 05} w.rt. (¢/,eq, €5, e3,€es). So
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! = by and b} € B[bg,b']. Then by Lemma 2.0.9, {b;,b¥} is a cut in G separating
Blby, b¥] from {by, by, ag}, which contradicts the choice of {b}, b,} (by b, # by).

So we may assume conclusion (7i¢) of Lemma 6.0.3 holds for {07, b, } w.r.t. (¢/, eg, €5, €3, €s).
Now, b/ € B(by, bs] and b} € Blbg, b']. Then by Lemma 2.0.9, {0/, b} } is a cut in G sepa-
rating B[b”, b7 from {by, by, ag}. Now, let al) € Alay, as], such that G has an edge f; from
aly to b, € Blby, b¥), and subject to this, Alaj, ] is minimal.

We see that G has no edge from B(bZ , by] to Alay, aly). For, otherwise, let f} = ajb} €
E(G) with a} € Alay,a}) and by € B(b¥,by). Since B(bY, by C B(br,by], then afy ¢
Alas, ay); or else, (e3, eq, €5, €6, €4) is a 5-edge configuration contradicting the choice of P.
By (2.1.3), ag € Alay, as]. Now, by (2.1.8), by = bs. But now, (es, f§, es, eg, €7) contradicts
the choice of P.

Thus, by (2.1.4), G has a separation (Hy, Hy), such that V (H; N Hy) = {by, 0", b, al},
{ag, az, by, by} € V(H,), and V (Alay, ay] U B[b!,b¥]) C V(Hs,), a contradiction.

Subcase 2.1.b. Conclusion (iv) of Lemma 6.0.3 holds for {b, b5} w.r.t. (¢, e, es, €3, €s).

Then b € Blbs,bg), b] = by, and {b1, b5} is a cut in G, separating Blb;, bj] from
{ao, b1,b2}. By Lemma 2.0.9, the choice of {b},b,}, and b} # by, we have b, = by, b} €
B(by, bs], and b}, b are cut vertices of G separating b, from {ag, b2}. So a(A, B) < 1.

We may assume b* = b;. For, suppose b* # br, then b* € B(b7, by]. We first see that
there does not exist a vertex u € B[b*,by), such that b}, u are incident with a common
finite face of Gl; or else, {07, b, u} is a 3-cut in G separating B[b], u] from {ag, b1, b2}, a
contradiction to the choice of {4/, b5}. Then we claim that Gy — B|by, b] — B[b*, b2) has
disjoint paths By, Ay from by, ag to by, bg, respectively. For otherwise, since Subcase 2.1.a.
does not hold, then, combined with the planar structure of Gy and the choice of {7, ,},
there exist ug € V(Gy), us € B[b*, bs), and a separation (H;, Hy) in Gy, such that V (H; N
Hy) = {5, up, us}, V(B[b], b5) UB(by, uz)) C V(Hy — Hy), and {ag, bo} C V(Hy— Hy).
By (2.1.6), {b3, ug, us} is a cut in G separating {ao, by} from {ay, as, by }, a contradiction.

Hence, By, Ag exist. Now, let A" := Alay, ag]UegUAg and B’ := Blby, bs|UesUA[as, a7|U
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e7 U By. Then the existence of A’, B, es U Alasg, as), and e* U B[/, by] implies a(A, B) = 2
(by Lemma 3.0.1), a contradiction.

Now, by (2.1.5) and (2.1.6), G has a separation (Hy, Hs), such that V(H; N Hy) =
{b1,b7,a4}, {ag,ar,b1,b2} C V(Hy),and V(A(ay, as]) C V(Hy — Hy), a contradiction.

Subcase 2.2. ag € A(aj, as).
Now, we may assume G has no edge from B[by,t;) to A(as,as). Choose eg so that

Alag, as] is minimal, and subject to this, B[bg, b] is minimal. Then G has no edge from

B[bl, b4] N B[bl, bll) to A(ag, aZ)
(2.2.1) G has no cross from Blby, by] to Alay, as], and so bg € Blbs, by].

For, suppose G has a cross from B[b, by| to Alay, as]. Then such a cross together with

e4, e; forms a doublecross, a contradiction. Now, by the choice of eg, we may assume

bs € Blbs, by). O

(2.2.2) G has no edge from B(bs, by) to Alay, as) N Alay, ar), and so if ag € Alay, az], then
bi € Blbr, by).

For otherwise, such an edge together with ey, e7, es (When by # by) or fy, e7, es (When

(7v)(b) occurs with bg = b,) forms a doublecross, a contradiction. O

(2.2.3) a7 € Alay, as).

For, suppose a7 € A(as, as]. Then b € Blbr, by) by (2.2.2). So by # by (by b} # by). Now,
we may assume (iv)(b) occurs with by = by; otherwise, bs € Blby, by) and (f1, e7, €5, €4, €3)
contradicts the choice of P. But then (fi, er, €5, f4, es) is a 5S-edge configuration, so by

Lemma 2.0.9 and 6.0.3, G has a cut contradicting the choice of {b, b,}. O

(2.2.4) G has no edge from B(bs, b7) to Alay, ar), and so ag € A(as, as).
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For, otherwise, let eg = agby € E(G) with ag € Alay,a7) and by € B(bs,br). Then
ag € Alaj,ag] and by € Blbr, by) by (2.2.2). So by # by (by b # by). Now, we may
assume (7v)(b) occurs with bg = by; otherwise, (f1, e7, eg, €4, €g) contradicts the choice of
P. But then, (f1, e, e, f4, €5) is a 5-edge configuration, so by Lemma 2.0.9 and 6.0.3, G

has a cut contradicting the choice of {b},t,}. O
(2.2.5) G has no edge from B(by, bs) to Alay, as).

For, otherwise, let eg = agby € F(G) with ag € Alay,as) and by € B(by, bs]. Then ag ¢
Alay, as); otherwise, (es, ey, fo, €6, €7) is a 5-edge configuration contradicting the choice
of P. Moreover, ag € Alay,ag] and b € B[bs, by) by (2.2.2). So by # by (by b # by).
Now, we may assume (iv)(b) occurs with bg = by; otherwise, (f1, €7, eg, €4, €g) contradicts
the choice of P. But then, by = b5, and (f1, e7, €9, f4, €s) is a S-edge configuration, so by

Lemma 2.0.9 and 6.0.3, G has a cut contradicting the choice of {6, b,}. O
(2.2.6) G has no edge from B(bg, ba] to A(as, as].

For, otherwise, let eg = agby € E(G) with ag € A(as,as] and by € B(bg, bs]. Then
by € Blbs, bs; orelse, (e3, e4, €5, €9, e7) contradicts the choice of P.

We see that by # bo. For otherwise, ag # as. Let e = asb € E(G) with b € B(by, bs)
and b # by. Then b ¢ B(by,bs); otherwise, (es, e, €5, f1, €9) contradicts the choice of P.
So b € B(by,by). Now, eg, eg, f1, e form a doublecross, a contradiction.

So by € B[by, by) and by # bs. Now, we may assume (iv)(b) occurs with by = by; other-
wise, combined with (2.2.2), (eg, e7, €5, €4, €g) (When a7y € Alay,ag)) or (eg, f1, €5, €4, €3)
(when ag € Alay,ar]) contradicts the choice of P. But then, (eg, ez, es5, fa, e5) (When
a; € Alay,ag)) or (e, f1,es, f1,es) (When ag € Alaq,ar]) is a 5-edge configuration. By

Lemma 2.0.9 and 6.0.3, G, has a cut contradicting the choice of {b/,t,}. O
Now, by (2.2.3)—(2.2.6) and by Lemma 6.0.4,

(2.2.7) G, does not contain a cut {b, b5} separating B[b}, ] from {ag, by, be} with 0] €

B[b1, b4] and bg € B[bﬁ, bg]
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By (2.2.7), we have

(2.2.8) Conclusions (i7) and (7i7) of Lemma 6.0.5 do not hold for {0/, b}, } w.r.t. (es, €4, €5, €6, 7).
(2.2.9) G has no edge from B[by, by) to A(as, as].

For, suppose G has an edge e from b € B[by, by) to a € A(as, as]. Then we may assume
b = by. For otherwise, b € B(by,by). Now, a € A(as,as) and b € B(b, by]; or else,
(es, e, es, €g, €7) contradicts the choice of P. But then e3, e4, €, e5 form a doublecross.

So a # as (by b = by). Now, let g = asby € E(G) with by € B(by,bs). If by €

B(by, b7), then eq, e, e3, e; form a doublecross. So, by € Blbr, by), contradicting (2.2.6). O

(2.2.10) G hasno parallel edges from A[ay, ag| to B[b4, bo] and no parallel edges from Afay, as]
to B[bﬁ, bg]

For otherwise, such two parallel edges together with ey, eg or e5, eg form a doublecross, a
contradiction. O
Let ef = atl, € E(G) with a, € Alay,ar] and b, € Blbr, bo], such that Afay, a}] U

BIb%, by] is minimal.
(2.2.11) af, € Alay,as), and G has no edge from B(l, by] to A.

For, suppose a’, ¢ Alay, ag). Since af € Alay, as), then by the choice of €., b} € B(bg, V%),
and so eg, e4, f1, €, form a doublecross.

By (2.2.6) and (2.2.10), and by the choice of €/, G has no edge from B(,, by] to A. O

Let ¢/ = a'b € E(G) with o' € Alay,as] and V' € B[by,t1), such that Alay,a’] U
Blby, V'] is minimal.

By (2.2.1) and (2.2.9), and by the choice of ¢/, we have

(2.2.12) €', eg do not form a cross, and G has no edge from B[b, V) to A, and no edge from

B(V,bs) to Alay,a’) U A(as, as].
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(2.2.13) If conclusion (iv) of Lemma 6.0.5 holds for {b}, b5} w.r.t. (es,eq, es, s, €7), then
there does not exist a 3-cut {b7, b}, ag } in Gy with 0] € Blby, by| and b € B(bs, ba),

which separates B[b, 0] from {ao, by, bs }.

For, suppose conclusion (iv) of Lemma 6.0.5 holds for {b|,b,} w.rt. (es,eq,es, eq,€7),
and (2.2.13) fails. Then O}, € B(by, b5, by, € Bl[bz, bs], and G has no edge from B(by, b))
to A — ay. Now, by the choice of {b],b,} and by Lemma 2.0.9, b} = by,by € B(bs, br),
ay = ag, by = by, and a(A, B) < 1.

By the choice of {7, ,}, and by planar structure of G, we may assume Gy — ap —
BIl., by) contains a path By from b, to 0.

Let ¢}, = a4b), € E(G) with b)) € Blby, b)) such that B[V}, b}] is minimal. Since
bs € Blby,t1), then bg # V).

We claim that if b} # b4, then G has no edge from B[b, b)) to A(as,as] — ay. For,
suppose b € B(by,b}) and G has an edge e from b € B[by, b)) to a € A(as, as] — ays. Now,
by (2.2.9), b € B[bs, b}). By (iv) of Lemma 6.0.5, b ¢ B(by, b};). So b = by. By the choice
of P, a € A(as,as). Now, let e = aby € E(G) with by € Blby,by] and by ¢ {b4, b5}
By (2.2.9), by ¢ Blbi,bs). Moreover, by ¢ B(bs, by] to avoid the doublecross e, ey, €}, €.
So by € B(by,bs). But then e, eg, €}, e5 form a doublecross (when ag € A(as,ay)), or
(es, e4, €, €6, €7) contradicts the choice of P (when ag € Alay, as)).

By the choice of eg, (2.2.1), (2.2.9), (iv) of Lemma 6.0.5, and our previous claim, if
by, = by, then G has no edge from B(bg, b)) to A; if b # by, then G has no edge from
B(bg, b)) to A — ay.

Now, we see that ¢/ N eg = (). For, suppose there exists a vertex v € ¢’ N eg. Then, by
(2.2.12), (iv) of Lemma 6.0.5, and our previous analysis, {b1, v, by, b}, bo} (when b = by)
or {by, v, a4, b, by} (When b # by) is a cut in G separating a( from V' (A), a contradiction.

We may assume Gy — B(by, b'] — B[b], bo] contains disjoint paths By, Ay from by, ag to
bs, b}, respectively. For, suppose not. There exists a vertex v € V(Gy), such that v is a cut

vertex in Go — B(by, b'] — B[V}, bs] separating by, ao from bg, b). We see that v ¢ B[V, bs];
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otherwise, v and b are incident with a common finite face of Gy, and so {v,b},b,} is a
3-cut in G separating Bv, b,] from {ag, b1, b2}, a contradiction to the choice of {b],b,}.
Moreover, v ¢ B}, b}]. For otherwise, there exists a vertex v; € B(by, '], such that vy, v
are incident with a common finite face of GGy. By (2.2.12), (iv) of Lemma 6.0.5, and the
choice of €}, {vy,v,0]} is a cut in G separating {ag, b; } from {ay, as, b2}, a contradiction.
Now, we may assume v ¢ V(B), and so there exists a vertex v; € B(by, V'], such that
vy, v are incident with a common finite face of Gy, and v, b} are incident with a common
finite face of Gy. But then, combined with (2.2.12), {vy, v, b} } is still a cut in G separating
{ag, b1} from {ay, as, by}, a contradiction.

Now, combined with Lemma 3.0.1, the path By U eg U Alag, as| U e5 U Blbs, by| U By
from b; to by, the path Afay, as] U €} U Aj from as to ao, the path Ajay,a'] U e’ U Blby, ']
from a, to by, and the path Afa,, a] U e/, U B[b%, by] from a; to by show that a(A, B) = 2,

a contradiction. O

(2.2.14) Conclusion (i) of Lemma 6.0.5 holds for {b},0,} w.r.t. (es,eq, €5, €6, €7), bs # by,
and G has no edge from B[by, b)) to A(as, as].

For, suppose conclusion (i) of Lemma 6.0.5 does not hold for {b/,0,}. By (2.2.8), con-
clusion (iv) of Lemma 6.0.5 holds for {0}, by} w.r.t. (e, eq, €5, €6,€7). So b € B(by, bs]
and b, € Blbs, bs]. By (2.2.1) and (2.2.5), b; € B(bs, by). Hence, (f1, €, €5, €4, €g) (When
(iv)(a) occurs) or (f1, €6, €5, fa1, es) (When (iv)(b) occurs) is a 5-edge configuration. How-
ever, by Lemma 2.0.9 and 6.0.3, G has a cut contradicting (2.2.13) or the choice of {b7, 0} }.

Hence, conclusion (i) of Lemma 6.0.5 holds for {0}, b} w.r.t. (es, e4, €5, €6, €7), which
implies that b, € B[by, by]. Since bg € Blby, b)), then by # by. By (2.2.9), G has no edge
from B[by, b)) to A(as,az]. Now, by the choice of eg, G has no edge from B[b, b)) to

A(CLg, CLQ]. O

(2.2.15) G has no edge from B(bg, bg) to Alaq, ag), and so (f1, eq, €5, €4, €g) is a 5-edge con-

figuration with b} € Blbg, bo).
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We first claim that G has no edge from B(bs, bs) to Ala,ag). For, suppose there exists
e = ab € E(G) with b € B(bs,bs) and a € Alay,as). We may assume a; € A(ay,al
to avoid the doublecross ey, e7, es, e. But now, since ag € Alay, ay), then, combined with
(2.2.1), bg € B(by, bs], and so (es, es, €, e, e7) contradicts the choice of P.

Now, by our claim, b; ¢ B(bs, bs), and so (f1, eg, €5, €4, €s) is a 5S-edge configuration

with bT S B[bG,bg). a

We choose f; so that Blbg, bj] is minimal. Moreover, we let ef = arbl € E(G) with
a; € A(aj, as) and b € Bbs, bg) so that B[bL, bg| is minimal. Now, since ( f1, g, €%, €4, €g)
is a 5-edge configuration, G has a cut {b7, b7 } or {b7 b7 ai'} (wrt. (f1,es, €, €4, e5))
satisfying the conclusion of Lemma 6.0.3, such that b, bf, b#, by occur on B in order.

By (2.2.7), we have

(2.2.16) Conclusions (i7) and (ii7) of Lemma 6.0.3 do not hold for {b7, b7 } w.r.t. (f1, eq, €5, es, €s).
(2.2.17) Conclusion (i) of Lemma 6.0.3 holds for {a]", b7 b7} w.rt. (f1,eq, €5, e4, es).

For, otherwise, by (2.2.16), conclusion (iv) of Lemma 6.0.3 holds for {b7 b7} w.rt.
(f1, €6, €5, e4,e8). So b € Blby,bs] and bf € Bb}, bs). Then by Lemma 2.0.9, and
by the choice of {b,b,}, we have b = by, b, = by, ag = a}, and a(A, B) < 1. We further
choose {07, b} so that B[bZ , by] is minimal.

By the choice of {7, ,}, and by planar structure of G, we may assume Gy — ag —
B(by, b)) contains a path B; from b; to b.

We let ¢, = alb, € E(G) with a, € A(as, ag] and b, € B(bY, bg], such that A[b}, bs] is
maximal.

G has no edge from B(bg, b;) to A. For, suppose G has an edge e from b € B(bj, bg)
to a € A. Then by the choice of ej, a € Alay, as]. By the choice of ef, a ¢ A(aj, ag). So
a € Alay,a}], which contradicts (2.2.15).

Let A, be the path from aq to b} on the boundary of Gy — Bby, b} ] without going

through b,. Since (2.2.17) fails, then combined with the choice of {67, b7 }, we may assume
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Ag N B(bg, ba] = 0.

We claim that G has an edge €7 from a7 € A(al,as) to b7 € B(bg,bs). In fact,
we see that G has an edge e from a € Alay,as) to b € B[V, bs] — {bs}, such that
e N e, = (); otherwise, by (2.2.1) and (2.2.10), G has a separation (G1,G2), such that
V(G1 N Gy) = {b1,b),as, b, u, a1} with u € {al, 0.}, V(Alay, as] U Blby, by]) € V(Gy),
{ag, a1, as,b1, b} C V(Gs), and (G, by, by, as, bg, u, ay ) is planar, a contradiction to Lemma 2.0.3.
Now, by (2.2.15), b ¢ B(bs, bs), and so b € B(bg, by|. Finally, by (2.2.10) and the choice
of e, a € A(al,ag) and b € B(bg, V), which finishes our claim.

We further choose ¢ with a” € A(a’, ag) and b7 € B(bg, V,) so that Alay, a] is max-
imal. Now, we may assume a7 € A(d’,ag). For otherwise, a” € Alai,d’]. By (2.2.10),
(2.2.15), and the choice of e, {b;,0],d,as,bs} is a cut in G separating V (A[d’, ag] U
Blby, b}]) from {ag, a1, as, by, bo }, a contradiction.

We may also assume G — Ay — B[b~, by) contains a path B, from by to b7. For otherwise,
b, # by, and there exist a vertex v; € Ay and a vertex vy € B[}, by), such that vy, vy are
incident with a common finite face in Go. If v; = aop, then {vy,v9,b9} is a cut in G
separating N (by) from {ag, a1, as, by, b2}, a contradiction; if v; # a, then combined with
(2.2.11), {by, b?, v1, Vg, by} is a cut in G separating ag from {ay, as}, a contradiction.

Now, combined with Lemma 3.0.1, the path By U B[b, bs] U e5s U A[a”, as] U € U By
from b, to by, the path Alag, as] U ey U Ag from ay to ap, the path Alaq,a’] U e’ U Blby, V]
from @, to by, and the path Afa,, a] U e/, U B[b%, by] from a; to by show that (A, B) = 2,

a contradiction. O

Now, by (2.2.17), b € Blby, bg] and b € Blbg, b]. Moreover, we choose {b, b } so
that B[b¥, b is maximal. By (2.2.7), G contains a path from aq to B(by, bs), internally
disjoint from B. Then by Lemma 2.0.8, and by the choice of {b/,0,}, we have bfé =

by, b, = bo, and one of the following holds:

(N1) ag = a) = aff, and so ¢(A, B) > 2;

114



(N2) alf = ao, b¥ is a cut vertex of G separating by from {ag, b}, al, ai b} b, are

incident with a common finite face of G, and so (A, B) < 1;

(N3) a}) = ag, b, is a cut vertex of G separating by from {ag, by}, aj, ail , b7, b/, are incident

with a common finite face of Gy, and so a(A, B) < 1.

Obviously, by (N1)~(N3), there exists a vertex a;, € {al),al}, such that {¥, b7 a3}
is a 3-cut in Gy separating B[V, b¥] from {ag, b1, bs}. We let eg = aghy € E(G) with

by € B(V,,b¥) and ag € Alay, as), such that Afa,, ag] is minimal.
(2.2.18) There exists ¢} = ayby € E(G) with aly € A(ag, as] and by € Bby, b)) U B(b¥ , by].

For otherwise, {af, b, b7 , ag, as} is a cut in G separating Alag, as]UB[b,, b} ] from {ag, a1, as, by, by},

a contradiction. O
(2.2.19) by € B(V,,by], ag € Alag, as), aly € A(ay, as), and by € B(b¥, bs).

We first prove that ag ¢ Alaq,ag). For, suppose ag € Alay, ag). Then by (2.2.15), by ¢
B(bs, bg), and so by € Blbg, b#), a contradiction to the choice of f;.

We claim that b, € B(bY, b,]. For, suppose, by € Blby, b,). By (2.2.9), a} ¢ A(as, as),
and so ag € A(ayg, as), a contradiction to the choice of eg.

By (2.2.6), a} ¢ A(as, as],and so ay, € A(ag, as). Furthermore, we have b, € B(b¥, bs];
or else, (es, e4, €5, €6, €y) contradicts the choice of P.

Now, since ay € A(ayg, as], then ag # as, which implies that ag € Alag, as).

Finally, by € B(V/, by. First, by ¢ B(bs,b?) to avoid the doublecross €}, e5, eg, €9. By
(2.2.5), by & B(by, bs). So by € BV, by]. O

Now, we choose ¢} so that B[b¥ | bj] is minimal. Since a, € A(ag, as), then a5 # aq.

(2.2.20) (N1) does not hold.
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For, suppose (N1) holds. By the choice of {¥},b,}, and by planar structure of Gy, Gy —
B(by,b,) — ao contains a path By from b; to b,. Moreover, by the choice of {67, b7}, and
by planar structure of Gy, Gy — B (b2#, by) — ap contains a path B, from bf to by.

We may assume G has two disjoint edges fs, fo from af, a € A(aq,ag) to b}, b €
B(b, by], respectively. For otherwise, there exist a vertex v € V/(G) and a separation
(G1,Gs) in G, such that V(G N Gy) = {b, ag, b1, a1, v, as}, {ag, ar,as,b1,b2} C V(Gy),
V(A(ai,as) U B(by,b))) C V(Gs), and (Ga, b, ag, b1, a1, v, as) is planar, a contradiction
to Lemma 2.0.3.

By (2.2.15), b}, by € Blbg, ba]. Moreover, by (2.2.10), fs, fo form a cross. So we may
assume ay, ag, ag, az occur on A in order, and by, b, b§, b2 occur on B in order. We further
choose fs, fo with aj, a5 € A(aq,ag) and bf, b5 € Blbg, by so that Afay, af] is maximal.
By the existence of €} and (2.2.10), we may assume b € B(b}, bs].

We claim that G has an edge f5 from bf € B[b, 1)) to af € A(ay,af). For otherwise, all
edges from B[by, b)) will end in {a; } UV (Alas, as]). By the choice of fs, fo, G has no edge
from A(ag, as) to B(bs, bs]. Hence, G has a separation (G, G2), such that V(G N Gy) =
{b}, ap, b1, a1, al, as}, {ag, a1, as, b1, b2} C V(Gy), V(A(ag, as)UB(b1, b)) C V(Gs), and

(Go, b}, ag, by, ay,al, ag) is planar. By Lemma 2.0.3, |V (G2 — G1)| = 1. So V(G — G1) =
{bs}, and G has edges from bg to b}, ag, b1, a1, ag, as, respectively. But then, b; has degree
1 in G, a contradiction.
By (2.2.7), there exists a path Ay from ag to B(by, bg) in Gy, internally disjoint from B.
Now, combined with Lemma 3.0.1, the path By U B[b},by] U eg U Alag, ag] U fo U
BIbE, b ] U B, from by to by, the path Bby, b] U f5 U AlaZ, ai] U fs U B[bE, by] from by to
by, and the path Ay U B(b4, bg) U e5 U Alas, az| from ag to as show that (A, B) = 2 and

¢(A, B) = 0, a contradiction. O
(2.2.21) (N2) does not hold.

For, suppose (N2) holds. We may assume G has an edge e/ from a7 € Alay,ag) to b €

B(b), bs], such that e? N e, = (). For otherwise, by (2.2.1), (2.2.10) and (2.2.15), G has a
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separation (G, Gs), such that V(G N Gy) = {v, as, b}, ap} with v € {a%, b}, ag,a1,b1 €
V(G2), |[V(Ga—Gh)| > 4, as, by € V(G1), and (Ga, ag, by, a1, v, ag, by, ag) is planar. Now,
it contradicts Lemma 2.0.3 (when v = a’, = a;) or Lemma 2.0.4 (when v # a;).

By (2.2.10) and (2.2.15), a” € A(a%, ag) and VY € Blbg, b’;). Now, we choose €7 so that
Alay, a?] is maximal. Then we may assume o’ € A(d’, ag). For otherwise, a7 € Alay,d'],
and so G has no edge from A(d’, ag) to B(b), bs] by the choice of 7. But then, G has a
separation (G, G3), such that V(G N Ga) = {d’, as, b}, ag, ap, b1}, {ao, a1, as, by, be} C
V(G1), and (Ga, d', ag, b, af, ag, by) is planar, a contradiction to Lemma 2.0.3.

By the choice of {affE , b’f, b#}, and by planar structure of Gy, we may assume Gy —
BIb,, by) contains a path B, from b, to b .

Now, let Ay be the path from ag to B(by, bs) in Gy, internally disjoint from B. More-
over, we further choose Ay such that Ay|ao, af] is on the boundary of G without going
through b;.

We claim that Gy — B(by, 0] — Ay contains a path B; from b, to b}. For otherwise,
b} # by, and there exist a vertex v; € Aplag, ap] and a vertex vy € B(by, b'], such that vy, vy
are incident with a common finite face of GGo. Now, combined with (2.2.12), if v; # ay,
then {by, vy, v9, b2} is a cut in G separating ay from {aq, as}, a contradiction; if v; = ay,
then {v;, v9, b1 } is a cut in G separating N¢(b;) from {ag, a1, as, by, b}, a contradiction.

Now, combined with Lemma 3.0.1, the path By U B[b/, bg] U eg U AlaZ, ag] U € U
B[V, b¥] U B, from by to by, the path Ay U B(by, bg) U e5 U Alas, as] from ag to ay, the
path Alay,d’| Ue' U B[by, b'] from a; to by, and the path Alay, a’,| U e? U B[b,, by] show that

a(A, B) = 2, a contradiction. O

Hence, (N3) holds. We may assume G has an edge ¢” from a? € A(d’,ag) to b €
B(b}, by], such that e’/ Ne?, = (. For otherwise, by (2.2.10) and (2.2.15), G has a separation
(G1,G3), such that V(G; N Gy) = {v,d,as,b1,b} with v € {al, b}, V(Ald,as] U
Blby,b)]) C V(Gh), and {ag, a1, as,b1,b2} C V(G3), a contradiction.

By (2.2.10) and (2.2.15), we may also assume a7 € A(a%,ag) and b € Blbg, ;). By
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the choice of {ay, b}, b5}, and by planar structure of G, we may assume Gy — B(by, V]
contains a path B from b, to 0.

Now, let Ay be the path from ag to B(by, bg) in Gy, internally disjoint from B. More-
over, we further choose Ag such that Ag[ao, a#] is on the boundary of G, without going
through bs.

We claim that Gy — B[V, by) — Ao contains a path By from by to b#. For otherwise,
b, # by, and there exist a vertex v; € Aglag, al’] and a vertex v, € B[, by), such that vy, v,
are incident with a common finite face of GGo. Now, combined with (2.2.11), if v; # ay,
then {by, vy, v2, b2} is a cut in G separating aq from {aq, as}, a contradiction; if v; = ay,
then {vy, v9, bo} is a cut in G separating N¢(b2) from {ag, a1, as, by, by}, a contradiction.

Now, combined with Lemma 3.0.1, the path By U B[b|, bg] U eg U AlaZ, ag] U € U
B[V, b¥] U B, from by to by, the path Ay U B(by, bg) U e5 U Alas, as] from ag to ay, the
path Alay,d'| Ue' U B[by, b'] from a; to by, and the path Alay, a’| U e? U B[b, by] show that

a(A, B) = 2, a contradiction. O
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CHAPTER 7
FUTURE WORK

7.0.1 A characterization of two-three linked graphs

In fact, Robertson and Seymour asked for a characterization of two-three linked graphs.
Here, we believe we have such a characterization, although it is quite complicated (even to

state) and its proof is longer.

We say that (G, ag, a1, as, by, by) is reducible, if one of the following holds:
(R1) G has an edge e with one end in {ao, a1, az} and one end in {by, b }.
(R2) There exists a separation (G, G») in G of order at most 1.

(R3) There exists a separation (G, G5) in G of order 2, satisfying one of the following

properties:
(@) {ao,a1,az,b1,b2} € V(G1) and V(G2 — G1) # 0 or
(b) ‘V(GQ — Gl) N {Clo, ai, ag, b17 bg}’ =1 and ’E(GQ)’ > 3, or
(c) for some ¢ € {0,1,2} and some j € {1,2}, V(G N Gs) = {c1, ¢}, a;, b5 €

V(GQ — Gl), {ao,al,ag, bl,bg} — {ai,bj} g V(Gl), and (GQ,G/i,bj,CQ,Cl) is
planar; or
(d) for some j € {1,2} and some permutation 7 of {0, 1,2}, V(G; N Gy) =
{c1, ea}, Ar(0), Ar(1), bj € V(Gy—Gh), ar(2),b3—; € V(G1), and (Go, ar(0), bj, ar(1), C2, c1)
is planar; or
(e) for some i € {0,1,2}, V(G1 N Gy) = {c1,¢}, a;,b1,00 € V(G — Gy),
{ao, ay, g, bl, bg} — {ai, bl, bg} Q V(Gl), and (GQ, bl, a;, bg, Ca, Cl> is planar.
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(R4) There exists a separation (G, G5) in G of order 3, satisfying one of the following

properties:

(a) {CL(), ap, ag, bl, bQ} - V(Gl) and V(GQ - Gl) 7é Q); or

(b) V(G1NGs2) = {c1, c2, cs}, {d} = {aop, a1, az, by, bo }NV (G2—Gh), (Ga, d, c3, ¢2, ¢1)
is planar, and |V (G5 — G1)| > 2; or

(c) forsome i € {0,1,2} and some j € {1,2}, V(G1NGy) = {c1,ca, 3}, ai, b; €
V(G2 - Gl)’ {a07 ay, a2, b17 62} - {ai7 b]} - V(Gl)’ (GQJ ag, ij C1, C2, 03) is
planar, and |V (Gy — G1)| > 3; or

(d) for some permutation 7 of {0, 1,2}, V(G1NG2) = {c1, 2, c3}, ar(0), ar(1), bj €
V(G — Gh), ar(2),bs—;j € V(G1), and (G2, ax(0), bj, ar(1), C3, C2, 1) is planar;

or

(e) for some i € {0,1,2}, V(G NGsy) = {c1,¢2,¢3}, bi,a;,by € V(Gy — Gy),
{(lo, az, CLQ} — {CLZ} g V(Gl), and (GQ, bl, a;, bg, C3, Co, Cl) iS planar.

(RS) There exists a separation (G, G5) in G of order 4, satisfying one of the following

properties:

(a) let W be a graph with V(W) = {wo, wy, we, w3, wys}, E(W) = {wow;;i =
1, 2, 3,4} U {wl'LUQ,U)l’lUg}, then agp, a1, Ay, bl, bQ € V(Gl), V(GQ — Gl) 7& (Z),
and (5 is not a subgraph of WW; or

(b) V(G1 N GQ) = {Cl, Co, C3, C4}, agp, a1, Ay, bl, bg € V(Gl), V(G2 — Gl) = {C},
G has edges from c to ¢y, ¢, ¢3, ¢4, G has edges from c¢; to co, c3, and for some
i € {0,1,2} and some j € {1,2}, a;,b; € V(G N Gy); or

(c) for some ¢ € {0,1,2} and some j € {1,2}, V(G1 N Gs) = {c1,¢2,a4, b5},
ao, a1, az, by, by € V(Gy), V(Ge—G1) = {c}, G hasedges from cto ¢y, ¢z, a;, bj,

and G has an edge from c; to co; or
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(d) V(G1 N Gs) = {c1, 9,3, ¢4}, ag,a1,a2,b1,ba € V(Gy), V(G — Gy) = {c},
G has edges from c to ¢y, s, c3, ¢4, G has an edge from c; to ¢, and for some
permutation 7 of {0, 1,2}, {ax), axa)} € V(G1 N Gs) and {ax (o), axa)} N
{c1,c0} # 0; or

(e) forsomei € {0,1,2}, {a;} = V(Gy—G1)N{ag, a1, az,b1, b2}, V(G1NGy) =
{b1,bs,c1, ¢}, (Go, a;,by, 1, o, by) is planar, and |V (Gy — G1)| > 2; or

(f) for some permutation 7 of {0, 1,2} and some j € {1,2}, {b;} = V(G2—G1)N
{ao, a1, a2,b1,02}, V(G1NG2) = {ax1), ar(2), €15 C2}5 (G2, b5, arr), €1, C2, Ar(2))
is planar, and |V (G2 — G1)| > 2; or

(g) for some permutation 7 of {0, 1,2} and some j € {1,2}, {ar0)} = V(G2 —
G1)N{ao, a1, az, b1, ba}, V(G1NG2) = {b;, ax(1y, 1, 2}, (Ga, ar(o), bj, €1, Ar(1), C2)
is planar, and |V (G2 — G1)| > 2; or

(h) for some permutation 7 of {0, 1,2}, V(G1NG2) = {c1, ¢, 3, Gr(0) }> (1), bj €
V(GQ - G1>, Qr(2), bg_j € V(Gl), (G27 C1, C2, Ax(0), C3, Ax(1) bj) is planar, and
‘V(GQ — Gl)l 2 3; or

(i) for some permutation 7 of {0, 1,2}, V(G1NGs) = {c1, €2, C3, An(0) }> An(1), bj €
V(GQ - G1>, CLW(Q), bg_j S V(Gl), (G27 Az (0), bj, Qr(1), C3, C2, Cl> is planar, and
|[V(Gy — Gh)| > 3; or

() for some i € {0,1,2} and some j € {1,2}, V(G N Gs2) = {c1,¢2,¢3,b;},
ai7b37j € V(Gz - G1), {al,a2,a3} —a; C V(G1), (G27b37j7ai7 bj703702701)
is planar, and |V (G2 — G1)| > 3; or

(k) for some permutation 7 of {0, 1,2}, V(G1NG2) = {c1, ¢a, 3, ¢4}, ar(0), @r(1), bj €
V(G2 — Gl), aﬂ(g), b3*j € V(Gl), (GQ, aﬂ(o), bj, (Iﬂ(l), Cy4,C3, Co, Cl) is planar,
and |V (G — G1)| > 4; or

(l) V(Gl N GQ) = {01762763704}9 ai7b17bQ € V(G2 - G1>’ {a17a27a3} — a; -

V(Gl)’ (G2a b17 a;, b27 C4, C3, C2, Cl) is planar, and |V(G2 - G1)| 2 4, or
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(m) for some permutation 7 of {0, 1,2}, ax(0), ar(1), b1, b2 € V(G1), {ar(0), Gr(1), b1, b2 }N
V(G2) # 0, ax2) € V(G2)—V(G1), and G4 has a disk representation in which
ar(0), b1, Gr(1), b2 Occur on the boundary of the disk in the order listed and the

vertices in V' (G1) N V(G2) are incident with a common finite face.

(R6) There exists a separation (G, G) in G of order 5, satisfying one of the following

properties:

(@) V(GiNGy) = {c1, ¢, ¢3,¢a, 5}, {ao, ar,a2,b1, b2} C V(Gh), E(G[{c1,c2,¢3,c4,¢5}]) C
E(G1), (Ge,c1,ca, 3, ¢4, ¢5) is planar, and |V (Gy — G1)| > 2; or

(b) V(Gl N Gg) = {Cl, Co,C3,Cy4, 05}, {ao, ai, as, b17 bg} Q V(Gl), and for some
permutation 7 of {0, 1,2}, G has a disk representation with the vertices a (), b1,
ar(1), b2, r(2), C1, C2, C3, C4, c5 drawn on the boundary of the disk in the order

listed; or

(c) for some permutation 7 of {0, 1,2}, V(G1NG2) = {c1, 2, b1, b2, az(1)}, ar2) €
V(G1 — G2), ar) € V(G2 — G1), (Ga, b1, ¢1, ar1), C2, ba, ax(o) is planar, and
|[V(Gy — Gh)| > 4; or

(d) for some j € {1,2} and some permutation 7 of {0, 1,2}, V(G; N Gy) =
{c1, e, ¢3,a701), 05}, aney € V(G1—G2), a0y, bs—j € V(Ga—Gh), (G, axry,

C1,Co,C3, bj, aﬂ(o), bgfj) is planar, and ’V(GQ — G1)| Z 3.

Actually, we can prove that if (G, ag, ai, as, by, by) is reducible, then we could either
easily determine whether or not (G, ag, a1, ag, by, by) is feasible, or reduce (G, ag, a1, az, by, b)
to (G', ay, ay, ay, by, by) with (|[V(G)|, |E(G)]) > (|[V(G')], |E(G")]) in lexicographic or-
der, such that (G, ag, a1, as, by, by) is feasible iff (G', ay, a}, aj, b], b)) is feasible.

With all these, we can state our main result.

Theorem 7.0.1 Let (G, ag,ay,as,by,by) be a rooted graph. Then one of the following

conclusions holds:
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(C1) There exists a cluster { X1, X5} in G such that {ag, a1, a2} C X and {b1,b3} C Xo.
(C2) (G, agp,ay,as,by,bs) is reducible.

(C3) Forsomei € {0, 1,2}, G—a; has no cluster { X1, X2} such that {ay, a1, a2} —{a;} C
X1 and {bl, bg} g X2.

(C4) There exist a permutation 7 of {0, 1,2}, a graph H and vertices s,t,s',t' € V(H)
such that G is obtained from H by identifying s with s' and t with t', respectively, and
H has a disk representation with the vertices ar o), b1, ar1), b2, ar(2), 5,t, 8", drawn

on the boundary of the disk in the order listed.

(C5) G has a separation (G, Gs) in G of order 4, such that V(G1NG3) = {c1, 2, 3, ¢4},
ag, ai, az, by, by € V(G1), and there exist a permutation 7 of {0, 1,2}, a graph H
and vertices ¢y, ¢y € V(H), where G is obtained from H by identifying ¢, with ¢},
(H, axqy, b1, ar(0), b2, Gr(2), 5, 4, €3, Cy, 1) is planar, and c, € V (G1) is the vertex

obtained by identifying c, with cj.

7.0.2  Clarifying (C3)

Note that if (C4) or (C5) holds, then (C1) will not hold. However, if (C3) holds,
(G, ag, a1, as, by, by) may be feasible or may be infeasible. Although by using 2-linkage
algorithms, it is easy to judge whether (G, ag, ai, as, by, by) admits (C3), we want to give a
more precise characterization of feasible rooted graphs when (C3) holds.

We will still assume G is not reducible. So by applying Seymour’s version of 2-
linkage theorem in [37], when (C3) holds, there exists i € {0,1,2}, such that (G —

a;, a1, b1, a;_1, be) is planar. So G actually is an apex graph.

7.0.3 A faster algorithm

Another possible future work is to develop a faster polynomial time algorithm for the

Two-Three Linkage Problem.
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Note that the existence of such an algorithm with polynomial running time is guaranteed
by the work of Robertson and Seymour in [40]: Given a graph G and k > 1 pairs of
vertices {s;,t;},7 = 1,---,k of G with k fixed, there exists a polynomial time algorithm
for deciding if there are £ mutually internally vertex-disjoint paths in G joining s; and ¢;,

1 =1,---, k. In fact, to resolve the Two-Three Linkage Problem, we just need to check:

(i) whether for some i € {0, 1,2}, G contains 3 mutually internally vertex-disjoint paths

joining the pairs {by, b2}, {a;_1,a;} and {a;, a;41}; or

(ii) whether for some vertex v € V(G) — {ag, a1, a9,b1,b2}, G contains 4 mutually

vertex-disjoint paths to join the pairs {b1, b2}, {v, a0}, {v,a:} and {v, as}.

Clearly, the answer is yes iff (G, ag, ai, as, by, by) is feasible. The disjoint paths algo-
rithm of Robertson and Seymour has running time O(|V(G)|?). So the above algorithm
runs O(|V(G)[*) time.

However, the disjoint paths algorithm of Robertson and Seymour is not practical, since
it involves an enormous constant. Hence, it is meaningful to come up with a faster algo-
rithm for the two-three linkage problem. In fact, to the best of our knowledge, Tholey [41]
found the O(m + na(n,n))-time algorithm, the currently best known nearly linear time
bound, of 2-linkage problem, where o denotes the inverse of the Ackermann function. By
repeatedly using 2-linkage algorithm, we expect to obtain a O(|V(G)|?)-time two-three

linkage algorithm.

7.0.4 Related conjecture

A graph G is apex if G — v is planar for some vertex v € V(G). Jgrgensen [34]
conjectured that every 6-connected graph with no K4-minor is apex.

In the two-three linkage problem, we only consider finding disjoint connected sub-
graphs Gy, G5 such that {ag, a1,a2} € V(Gy) and {b1, b2} C V(G3). However, it is also

natural to ask whether we can find such disjoint connected subgraphs G, G5 satisfying
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additional properties. For example, we have

Conjecture 7.0.2 Any 6-connected non-apex graph G with distinct vertices ag, a1, as, by, by €
V(G) contains disjoint connected subgraphs Gy, Gy such that {ag,a1,a2} C V(Gy),
{b1,02} C V(Gs), and the following properties hold:

(P1) there exists a vertex v € G1 — {ag, a1, as} such that Gy has three disjoint paths from

v to ag, ay, as, respectively;

(P2) for each vertex v € (G4, the vertices ag, a1, as are contained in one component of

Gl—’U.

One observation is that if there exists v € V(G) such that (G —v, a1, by, as, bs) is planar,
then there do not exist disjoint connected subgraphs Gy, G5 in G such that {ag, a1, as} C
V(G1), {b1,b2} C V(G3), and G satisfies (P1) and (P2). Note that such G is apex, and G
can be 6-connected.

If Conjecture 7.0.2 is true, we may prove that given a 6-connected graph G and triangles
a;bibya; for i = 0,1,2, G — byby — {a;b; : i = 0,1,2and j = 1,2} contains disjoint
connected subgraphs G, G5 such that {ag, a1, a2} C V(Gy), {b1,b2} C V(G3), and G4
satisfies (P1) and (P2). Such properties could be useful in resolving Jgrgensen’s conjecture

for 6-connected graph in which some edge is contained in three triangles.
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